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Abstract

The online advertising industry heavily relies on auction
mechanisms to allocate impression opportunities to advertis-
ers, and price them. In real-world auctions, we want to max-
imise welfare for auction participants while being incentive-
compatible (allowing bidders to bid truthfully), but we may
also wish to include other constraints such as improving rev-
enue for the seller, or mitigating externalities on non-bidding
third-parties. Whilst the first two goals can be attained by
drawing on auction theory, more general constraints lead to
objectives that cannot be optimised exactly.
In this work, we propose a general framework to learn
incentive-compatible auction mechanisms via gradient de-
scent. Following related work on “neural auctions”, we resort
to approximate continuous relaxations of the discrete sorting
operation that render our objectives differentiable and thus
amenable to optimisation in modern Deep Learning frame-
works. We inject Gumbel-noise into the allocation rule, lead-
ing to a smoother loss surface and a stochastic auction mech-
anism under the Plackett-Luce model. Additionally, we de-
rive a pricing rule that preserves incentive compatibility in
this probabilistic setting. We present experiments for a known
difficult case for exact optimisation: that of maximising rev-
enue while maintaining optimal welfare and incentive com-
patible pricing. Results show we are able to improve on clas-
sical mechanisms, even under non-deterministic allocation.

1 Introduction & Motivation
Online advertising opportunities are sold through advertis-
ing auctions, where advertisers bid for a given impression
opportunity, and the auctioneer decides (1) which ad to
show, and (2) what price the advertiser needs to pay. Auc-
tioneers can have multiple objectives, including: (1) for the
auction to be efficient (i.e. welfare-maximising), (2) for the
auction to be incentive-compatible (i.e. it is a dominant strat-
egy for bidders to bid truthfully), and (3) for the seller’s rev-
enue to be optimised.

Objectives (1) and (2) are achieved by classical Vickrey
(or sealed-bid second-price) auctions [38]. However, the
auctioneer may have a range of other objectives: to opti-
mise (or at least consider) revenue for the seller; to limit
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externalities or consider the welfare of non-bidding par-
ties; and to ensure statistical properties of the auction if
the mechanism is repeated many times. Even for simple
revenue maximisation, the optimal mechanism is compli-
cated. Myerson provides the revenue-optimal single-item
auction [31]. However, real-world implementations of My-
erson auctions require knowledge of the bidders’ valuation
distributions. For most multi-bidder and multi-item auction
set-ups, exact revenue-optimising auction mechanisms are
yet to be discovered.

In this paper we consider auctions with a broader set of
objectives, where exact optimisation is infeasible and mech-
anisms are learned rather than specified. Computational ef-
forts to design mechanisms are not new, but typically fo-
cus on a specific use-case [37]. Advances in machine learn-
ing have allowed auction mechanisms to be learned to op-
timise flexible objectives. Embracing the “deep learning”
paradigm, Duetting et al. propose specific neural network ar-
chitectures and objectives to learn general-purpose, approx-
imately incentive-compatible auctions [11]. These advances
have found their way into advertising applications, and sev-
eral data-driven approaches to optimise auction mechanisms
have been proposed in recent years [13, 25, 42]. We consider
extensions in a similar vein, allowing approximate optimisa-
tion of arbitrary objectives for the auction. Our work addi-
tionally enables stochasticity of allocation to facilitate ex-
ploration, escape feedback loops, enable counterfactual rea-
soning and increase diversity.

We propose a general framework to learn auction mecha-
nisms through gradient descent. Following earlier work [25],
we adopt a continuous relaxation of the inherently non-
differentiable discrete sorting operation. Beyond that, we
propose to smooth the resulting objective by injecting
Gumbel-distributed noise [4], which gives rise to a proba-
bilistic lens under which stochastic auction mechanisms can
be understood. We further provide an incentive-compatible
pricing rule for the class of auctions we consider. We empir-
ically validate our proposed methods using real-world data
from an online advertising system, and show that: (1) auc-
tion mechanisms optimised through our framework out-
perform traditional mechanisms, (2) the injection of Gum-
bel-noise yields additional improvements, and (3) our frame-
work naturally accommodates stochastic allocation without
impact to welfare or revenue We illustrate our approach by



focusing on a known challenging case for manual auction
design, that of optimising revenue for the seller. However,
we note that our framework naturally accommodates any
objective that can be formalised into a loss function, and we
anticipate real world settings will use more complex and bal-
anced objectives.

2 Related Work

We briefly review the related literature on learned auction
mechanisms. For a more general overview of auction theory,
see [22]. For accounts more specific to advertising applica-
tions, refer to [7].

Duetting et al. were the first to frame auction design as
optimisation of a parameterised function [11]. They propose
neural allocation and payment rules for various setups, de-
pending on bidders’ valuations for bundles of items being
sold. In the style of Myerson [31], they assume access to the
bidders’ valuation distributions, using them to formulate a
regularisation term that penalises non-incentive-compatible
mechanisms. In contrast, our work focuses on single-item
auctions that are incentive-compatible in an exact manner.
We do not require access to (estimated) valuation distribu-
tions, and derive incentive-compatible prices directly from
the structure of the allocation rule.

Zhang et al. propose the “Deep GSP” framework to learn
ranking scores in GSP-style auctions, optimised for flexible
objectives [42]. They do not directly consider gradient-based
optimisation of inherently non-differentiable quantities such
as revenue, but adopt a deterministic policy search approach
instead. They regularise the learned allocation probability
to be monotonic with respect to the bid—but as this is not
an exact approach, the incentive compatibility constraint is
not guaranteed. In contrast, we leverage the structure of the
allocation policy to allow for exact incentive-compatibility,
for either stochastic or deterministic auctions.

Driven by the observation that Myerson’s optimal mech-
anisms are significantly simplified in cases where bidders
are homogeneous [31], Golrezaei et al. propose the “boosted
second price” framework to optimise revenue in the more
realistic case where bidders are heterogeneous [13]. Even
though their optimisation is data-driven, it focuses on a spe-
cific instance of deterministic boosted virtual bids, and is not
amenable to gradient-based optimisation.

The work of Liu et al., introducing “neural auctions” [25],
bears the closest resemblance to our work and is the main
source of inspiration for this work. Notwithstanding this,
there are several key differences. Indeed, whereas they focus
on specific neural network architectures, we allow for any
parameterisation within our framework. Because of the fea-
ture set they adopt, they deal with approximately incentive-
compatible auctions, whereas we guarantee the constraint in
an exact manner. Finally, the injection of Gumbel-noise im-
proves the smoothness of our objective and helps gradient-
based optimisation, whilst allowing for stochastic auctions,
which were not considered by Liu et al. [25].

3 Problem Setting & Methodology
We deal with a single-slot auction setup in online advertis-
ing, similar in spirit to the one presented by Jeunen, Mur-
phy, and Allison [20]. The main difference is that we do not
expect bidders to model click-probabilities themselves. In-
stead, modelling click probabilities is the responsibility of
the auctioneer. Nevertheless, our framework accommodates
the former use-case, as we discuss further below.

Ad opportunities are denoted as x ∼ P(X) with support
in X . A feature vector to represent x is denoted in bold as
x ∈ Rd, with d the dimensionality of the feature space. The
ad catalogue A := {(ai, vai

)}Ni=1 consists of N ads ai that
are tied to a private valuation vai ∈ R+ representing the
advertiser’s willingness-to-pay for a conversion-event after
an impression (in USD). Note that this formulation is gen-
eral: “conversion-events” subsume views, clicks, sales, in-
cremental sales, or other outcomes resulting from render-
ing an ad. Competing advertisers can target heterogeneous
outcomes—in an attempt to minimise notational clutter we
do not explicitly model this here. Advertisers define their
target outcome and valuation, and are subsequently only
charged when their event occurs. We denote this with a bi-
nary random variable C. In this formulation, an advertiser’s
valuation of an impression opportunity is dependent upon
the probability of C occurring. We can write the expected
social welfare ω of showing ad ai in context x as:

E[ω|A = ai;X = x] := vai
· P(C = 1|A = ai;X = x).

(1)
Note that this formulation assumes that the self-reported ad-
vertiser valuations vai are truthful. Naturally, for general
conversion-events the distribution P(C) is unknown, and
it can be arbitrarily hard to estimate. Still, the auctioneer
typically approximates this distribution by a parameterised
model P̂θ(C|A;X) ≈ P(C|A;X) that gives rise to a wel-
fare estimate that can inform an auction mechanism. For
completeness:

ω̂θ(ai, x) := vai · P̂θ(C = 1|A = ai;X = x). (2)

Under the assumption that P̂θ(C) is an unbiased estima-
tor of P(C), we can say that bidding according to ω̂θ repre-
sents truthful bidding on the advertisers’ behalf in expecta-
tion. Note that is a strong assumption. Nevertheless, because
it is at the heart of many web-based platforms, it has given
rise to a rich body of literature dedicated to improving these
models [2, 16, 18, 19, 27, 29, 39].
In what follows, we assume P̂θ(C) to be given and fixed,
and place our focus on the auction mechanism instead.1

3.1 Auction Mechanisms
An auction mechanism is a procedure that leads to two de-
cisions: (1) which bidder wins the impression opportunity,
and (2) at what price. Common examples in online advertis-
ing include first-price auctions (i.e. the highest bidder wins,

1Note that our formulation subsumes auction setups where the
bidders themselves estimate P(C): we can assume that their self-
reported valuation vai represents their estimate, and their targeted
“conversion-event” is then simply constant with P(C = 1) ≡ 1.



paying their bid), and second-price auctions (i.e. the highest
bidder wins, paying the runner-up bid). In what follows, we
describe a general framework to reason about auctions. We
will assume w.l.o.g. that we have a fixed ad catalogue A, to
reduce notational clutter.

Allocation is a stochastic decision rule mapping impres-
sion opportunities to a distribution over ads π : X → ∆N

(i.e. the N -dimensional probability simplex). The payment
decision is a rule mapping impression opportunities to (a dis-
tribution over) prices per ad ψi : X → R+. The price ψi for
an ad ai is dependent on competing ads A\i; we suppress
this for notational convenience. An auction mechanism is
the conjunction of allocation and pricing rules ϕ := {π, ψ}.
Note that deterministic auction mechanisms are allowed in
this setup when π is a degenerate distribution.

We can formalise metrics of interest that are used to evalu-
ate auction mechanisms in practice. The expectation of wel-
fare ω is:

E
i∼π(x)

[ω|Φ = ϕ] :=

∫
vai

P(C = 1|A = ai;X = x)didx.

(3)
The expectation of revenue ρ is:

E
i∼π(x)

[ρ|Φ = ϕ] :=

∫
ψi(x)P(C = 1|A = ai;X = x)didx.

(4)
Unless we run online experiments where we actively sam-

ple i ∼ π(x), these quantities are not observable. Neverthe-
less, we can obtain Monte Carlo samples from ϕ, and gen-
erate value-based counterfactual estimates for these quanti-
ties via the Direct Method by plugging in P̂θ(C|A;X) for
P(C|A;X), among other approaches [10]. If we have ac-
cess to a dataset containing logged auctions D, we can use
this to obtain counterfactual estimates of expected revenue
for any auction mechanism, denoted as ρ̂(ϕ).

If we can evaluate any auction mechanism ϕ with respect
to a certain metric of interest, a natural next question to ask is
whether we can optimise ϕ to maximise that metric, or even
multiple objectives. In what follows, we will focus on the
classical task of maximising the revenue an auction mecha-
nism yields to the seller. As such, we aim to find:

ϕ⋆ = argmax
ϕ∈Φ

ρ̂(ϕ). (5)

3.2 Incentive-Compatible Auction Mechanisms
If we do not place any restrictions on the space of auction
mechanisms Φ to consider, the problem at hand might seem
trivial at first glance. If we want to maximise the expected
welfare of allocated ads, we simply show the ads with max-
imal predicted welfare ω̂θ (Eq. 2). If an auctioneer want
to maximise revenue, we would simply increase the prices
charged to advertisers ψi(x). Rational agents would prefer
not to participate in this auction as soon as prices exceed
their personal valuations. Indeed, these valuations vai

are
called advertisers’ willingness-to-pay in the economics liter-
ature. This gives rise to the Individual Rationality (IR) con-
straint, stating that no auction participant will ever pay more
than their (reported) valuation [38].

Adhering to the IR constraint, we cannot increase prices
beyond advertisers’ valuations. As such, when the goal is
to maximise revenue under an IR constraint, we can sim-
ply charge advertisers their reported willingness-to-pay for
every conversion event: ψi(x) = vai

. This is a first-price
auction and is still problematic: advertisers do not have an
incentive to truthfully report their valuation under these dy-
namics [12]. When advertisers strategically misreport their
valuations, it obfuscates identifiability of the welfare that is
generated through the auction mechanism (Eq. 1) — which
clearly affects revenue as well. Furthermore, such strate-
gic behaviour can lead to market instabilities we would
generally prefer to avoid [15]. As such, following earlier
work [11, 13, 25, 31, 42], we focus on auction mechanisms
that are dominant-strategy incentive-compatible (DSIC) as
well as IR [38]. That is, bidding truthfully is optimal for all
advertisers, regardless of competitors’ strategies.

Second-price auctions are arguably the most famous type
of auction mechanism in the class we consider, and have
seen broad adoption in the advertising industry. Here, the
winning bidder pays the runner-up bid, which can be inter-
preted as the minimum bid the advertiser could have placed
and still won the opportunity (sometimes referred to as the
critical price). In the general case, IC auction mechanisms
need to adhere to: (1) monotonicity of the allocation prob-
ability to the submitted bid, and (2) the payment needs to
be the critical price. This result holds for utility and value
maximisers alike in single-slot settings [13, 40].

The monotonicity of the allocation rules π (w.r.t. valua-
tions vai

) can be enforced through its functional form. This
can either be done through a min-max partially monotonic
neural network [9] as adopted by Liu et al. [25], other neu-
ral approaches [6, 36], or by adopting any other monotonic
functional form for π that does not rely on a neural network
parameterisation.

When monotonicity is guaranteed, we additionally need
an efficient way to compute the critical price. For neural net-
work parameterisations, Liu et al. provide one possible ap-
proach that inverts the rank score function [25, §3.3, Eq. 7].
Other function forms exist that facilitate this inversion. As
an example, we consider “bid squashing”, prevalent in the
sponsored search literature [23]. Bid squashing introduces a
parameter α ∈ R+ that squashes the estimated conversion
probability. It transforms rankings scores as:

fα(ai, x) := vai
P̂θ(C = 1|A = ai;X = x)α. (6)

Now, we can denote the ad that wins the auction a⋆ as:

a⋆ = argmax
ai∈A

fα(ai, x). (7)

A deterministic allocation rule is:

π(x)|ai
=

{
1 iff ai = a⋆,

0 otherwise.
(8)

We define asp as the runner-up or second-price ad, that is:

asp = argmax
ai∈A\a⋆

fα(ai, x). (9)



This gives rise to the following critical price:

ψi(x) =
vasp

P̂θ(C = 1|A = asp;X = x)α

P̂θ(C = 1|A = ai;X = x)α
. (10)

Here, the monotonicity constraint holds by design, and the
critical price is available analytically. Furthermore, our def-
initions of a⋆ and asp ensure that the impression cost can
never exceed an advertisers’ willingness to pay:ψ(x) ≤ va⋆ .
Indeed, bid squashing is IC and IR. Although squashing
typically uses a single global parameter α, we can param-
eterise α as a function of the opportunity x, and substitute
all occurrences with α(x) in Eqs. 6–10. In our experiments,
we will refer to this variant as “personalised squashing”
(P-Squash).

All of the IC and IR auction mechanisms discussed above
((P-)Squash as well as more general instantiations of our
framework) can be extended to allow for stochastic alloca-
tions; we discuss this in detail in Section 3.4. Because the
single-parameter squashing parameterisation allows us to il-
lustrate behaviour visually, we will focus on it as a running
example in the following subsections.

3.3 Towards a Differentiable Objective
We have now formulated our general problem setting, and
can focus on the task at hand: learning the auction mecha-
nism ϕ⋆ that maximises expected revenue. Furthermore, we
restrict ϕ⋆ to be both IR and IC. For illustratory purposes, we
adopt the squashing parameterisation laid out in Section 3.2.

For simplicity, assume we have no contextual covariates
and a fixed catalogue of |A| = 3. Furthermore, we have
valuations v = {1.25, 1.00, 1.50}, and conversion prob-
abilities c = {0.75, 0.90, 0.50}. Assume these probabili-
ties are known and exact. In this simplified example, we
can compute our metrics of interest: expected welfare ω,
and expected revenue ρ. Varying the squashing parameter
α, we plot these quantities in Figures 1(a) and 1(b), re-
spectively. As expected, the parameter α affects both wel-
fare and revenue. It is clear from Figure 1(b) that the tradi-
tional second-price auction mechanism of α = 1.0 is not
revenue-maximising in this toy example setting, and that
setting either α ≈ 0.45 or α ≈ 1.2 can yield signifi-
cant improvements. However, the grid-search optimisation
does not generalise or scale to real-world settings where we
wish to learn the parameters that maximise our objective.
Instead, we wish to rely on widely established gradient-
based optimisation techniques to find ϕ⋆. Gradient-based
techniques are not directly applicable to optimising arbi-
trary objectives because of the non-continuous and non-
differentiable nature of ρ. Discontinuities are a direct re-
sult of the argmax operations in Eqs. 7 & 9. To allow
for gradient-based optimisation, we must resort to alterna-
tives. Liu et al. [25] adopt the NeuralSort approxima-
tion, a continuous relaxation of the sorting operation [14].
Recently, Prillo and Eisenschlos proposed SoftSort [35],
an extension that improves computational complexity. We
will adopt SoftSort for the remainder of this work.
SoftSort includes a hyper-parameter τ that controls the
exactness of the approximation. As τ approaches 0, the re-

laxation becomes more exact. Nevertheless, an exact ap-
proximation can give rise to a highly non-smooth loss sur-
face that can still hinder gradient-based optimisation. In
practice, τ is a hyper-parameter that needs to be tuned for
the downstream task. Figure 1(c) shows the true discontinu-
ous values of ρ given α, along with the approximation ρ̃ for
varying values of τ .

3.4 Towards a Smooth Objective
We have obtained a differentiable approximation to the ex-
pected revenue of an auction. Leveraging automatic differ-
entiation, gradient descent and well-known optimisation li-
braries such as Tensorflow [1] and PyTorch [33], this enables
large-scale learning of incentive-compatible auction mech-
anisms to maximise inherently non-differentiable metrics.
Nevertheless, gradient-based optimisation has known fail-
ures for non-convex objectives. This is clear, even for the
toy example approximation ρ̃ presented in Figure 1(c): be-
cause of its non-smoothness and local minima, the initialisa-
tion for any optimisation algorithm will influence its conver-
gence and the final learned mechanism. When local optima
are only approximations to the true objective, converging on
them can be especially problematic. Given that we depend
on approximations due to the model P̂θ(C) as well as the
SoftSort relaxation, this is exactly the situation we find
ourselves in.

Recent work in the related field of Learning-to-Rank
(LTR) has dealt with similar situations, where a ranking
model is learnt to maximise some non-differentiable listwise
ranking metric through approximations (e.g. NDCG@k) [4].
They propose stochastic allocations via the Gumbel-max
trick [28], which improve the generalisation capabilities
of models learnt to optimise approximate ranking losses.
By adding independently drawn noise variables from a
Gumbel(µ = 0, β)-distribution and adding them to the
ranking scores (Eq. 6), we can emulate sampling from
a Plackett-Luce distribution that is defined by the rank-
ing scores [26, 34, 41]. Indeed, it corresponds to repeated
sampling without replacement from a categorical distribu-
tion where the probabilities are defined by a temperature-
controlled softmax with parameter β > 0. This approach has
seen widespread success in LTR scenarios since [17, 32]. For
completeness, given our running example, this replaces the
deterministic ranking scores from Eq. 6 with the following
stochastic variant in every forward pass:

fGα (ai, x) := vai P̂θ(C = 1|A = ai;X = x)α +Gi,

where Gi ∼ Gumbel(0, β).
(11)

Aside from this (very efficient) sampling procedure, no fur-
ther changes to the learning setup are necessary. Figure 2
illustrates how this transforms the objective function, for
12 randomly sampled instantiations of Gi, with β = 0.01.
We expect this stochasticity to help gradient-based optimis-
ers, and lead to more robust learnt auction mechanisms.
In our experiments, we will refer to an auction mecha-
nism optimised for such a stochastic objective as “Gumbel-
Personalised squashing” (GP-Squash).
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Figure 1: Expected welfare, revenue, and approximated revenue (using SoftSort) for a squashed second-price auction,
varying the squashing parameter α and the approximation parameter τ . More details on this toy example can be found in §3.3.
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Figure 2: Approximated revenue for varying values of α, ob-
tained through SoftSort with Gumbel-distributed noise.

Incentive-Compatible Pricing in Stochastic Auctions
We have introduced the injection of Gumbel-noise to in-
crease the stability of the optimisation procedure, even
for deterministic auctions—but its interpretation as sam-
pling rankings from a Plackett-Luce model enables us to
model auction mechanisms with stochastic allocation rules.
Stochastic auctions have a range of desirable properties: they
allow us to escape from feedback loops, reason about coun-
terfactual allocation decisions, and increase diversity com-
pared to deterministic rules. However, with stochastic allo-
cation we can no longer directly use the second-price pay-
ment rule introduced in Eq. 10. If we use the pricing rule
above, the winning bidder is incentivised to increase their
reported valuation to increase the allocation probability for
their ad (as the softmax-transform now allocates additional
probability mass to the inflated value), without increasing
the price (when it is still solely defined by the runner-up).

In order to preserve incentive-compatibility, we need to
adapt the pricing rules ψi(x). An auction mechanism is IC
when the bidder’s expected utility with respect to their bid is
maximised for truthful bidding. This implies that the deriva-
tive of their utility with respect to the bid needs to be zero
when vai

is truthful. This gives rise to a differential equation
(dependent on the allocation rule π), that can be solved to
obtain the IC pricing mechanism (see e.g. [30, §2.1, Ex. 1]).
High-performance open-source software packages like JAX
can be used to efficiently obtain ψi for any parameterisation
of π [3]. Although feasible, this is a costly approach.

Alternatively, we can adopt a stochastic pricing mecha-
nism such as the one proposed by Meek, Chickering, and

Auction Mechanism ∆ρ̂(train) ∆ρ̂(test)

Second-Price 100% 100%

Squash + 0.01% + 0.01%

P-Squash + 1.34% + 1.10%
GP-Squash + 1.42% + 1.25%

Table 1: Relative improvements in estimated revenue for
auction mechanisms learnt with and without Gumbel-noise
injection, compared to traditional auction mechanisms.

Wilson [30, §2.2]. The main advantage of this approach is its
computational simplicity and efficiency compared to solv-
ing the necessary differential equations for deterministic IC
pricing. For a set of sampled Gumbel-instantiations Gi, as-
sign the winning and runner-up ads according to Eq. 11. We
can then compute IC prices as follows:

ψi(x) =
vasp

P̂θ(C = 1|A = asp;X = x)α +Gsp −Gi

P̂θ(C = 1|A = ai;X = x)α
.

(12)
This approach extends to general forms for the allocation

rule π, and is not solely applicable to the squashing parame-
terisation we have adopted for illustratory purposes.

4 Experiments & Discussion
We run experiments to validate our approach on real data.
We use a dataset that contains logged information about
real-world advertising auctions. Our data contain informa-
tion about the ad catalogue A, contextual covariates X , and
model estimates P̂θ(C). To the best of our knowledge, no
such dataset is publicly available at the time of writing.
Recent work introduces a simulation environment that cur-
rently encodes the P̂θ(C)-model as bidder-side instead of
auctioneer-side logic [20]. As such, even though it might
be adaptable to our use-case, it is not directly applicable.
Because of the lack of publicly available data and simula-
tion environments that fit our needs, we use a proprietary
dataset containing advertising impression and auction logs.
Note that the approximation in reported evaluation metrics
only stems from the use of P̂θ(C) instead of the true P(C),
as we can use the non-differentiable but exact argsort op-
eration here.



Methods and baselines. We evaluate the classical second-
price mechanism [38] as well as the traditional squashing
parameterisation with a single global parameter optimised
through grid search [23]. We compare to two learned vari-
ants: P-Squash and GP-Squash. For both, we parame-
terise αΞ(x) as a 3-layer feed-forward neural network with
parameters Ξ, ELU activations [8] and a Softplus output, op-
timised with Adam [21] in PyTorch [33]. We initialise the
models to imitate the second-price mechanism (αΞ(x) ≡
1,∀x ∈ X ). The input features X are a set of aggregation
functions over the model estimates P̂θ(C) for all ads. In-
deed, to preserve the IC property, the model cannot use ad-
vertiser valuations as its inputs.

When optimising P-Squash, we do not inject Gumbel-
distributed noise into the objective function, as described
in Section 3.4. In contrast, GP-Squash is optimised for
this noisy, stochastic objective. Note that GP-Squash still
remains a deterministic auction mechanism: the injected
Gumbel-noise was only used to smooth the loss surface dur-
ing learning, and no further noise was injected at evaluation
time (unless explicitly noted otherwise).

Efficacy of Learnt Auction Mechanisms (RQ1–2)
Because we have access to the model estimates P̂θ(C), we
can obtain value-based counterfactual estimates of welfare
and revenue under any auction mechanism that can be ex-
pressed as an allocation policy π and pricing policy ψ (see
Section 3.1 for more detail). As a result, these counterfactual
revenue estimates allow us to evaluate the efficacy of auction
mechanisms learnt via our framework.

We perform an 80-10-10% train-validation-test split, op-
timise hyper-parameters through grid search to maximise
revenue estimates on the validation set, train models until
convergence on the training set and report revenue estimates
on the test set. Table 1 shows relative improvements of the
learnt mechanisms over the classical Vickrey auction.

As expected, we can see positive improvements for both
the P-Squash and GP-Squash variants. This result is
encouraging, as we have so far only dealt with very sim-
plistic parameterisations: the squashing approach, and feed-
forward neural networks. We expect extensions to yield fur-
ther improvements, e.g. a richer feature set, as well as more
advanced modelling techniques for both the allocation and
pricing policies [24]. We additionally observe that the in-
jected Gumbel-noise has beneficial effects as a regularisa-
tion term—reducing the gap between the estimated revenue
on the training and test sets. Finally, because of improved
stability during the optimisation procedure, we observed
faster convergence rates for GP-Squash as compared to
P-Squash.

Revenue and Diversity in Stochastic Auctions (RQ3)
There are several motivations for stochastic allocation. It can
help increase the diversity of ads that are shown, and adds a
level of exploration to the collected data that is used to train
future models, which can be beneficial as well [5]. Neverthe-
less, these advantages can quickly be overshadowed if they
come at significant decreases in the short-term value gener-
ated by the auction (e.g. welfare, revenue). We now estimate

the impact on welfare and revenue that comes with varying
levels of stochasticity, by varying the scale-parameter β of
the Gumbel-distribution. Note that to consider revenue un-
der this stochastic allocation mechanism, we adopt the IC
pricing rule defined in Eq. 12.

Figure 3 shows the relative impact on estimated welfare
(ω̂), estimated revenue (ρ̂), and the percentage of allocation
decisions that would have been impacted by adopting the
auction mechanism learnt under GP-Squash with the scale
of the Gumbel-distribution set to β when deploying the pol-
icy. We can observe that for a wide range of β, the percent-
age of impacted allocation decisions can be significantly in-
creased (nearly 20%) without significant impact on welfare
or revenue. This result highlights the efficacy of the learnt
auction mechanism and the market: when the ranking scores
for the top and runner-up ads are very close to one another,
this allows for the Gumbel-noise to change their ordering
without significantly impacting the welfare or revenue that
the auction mechanism yields. In these cases, stochastic al-
location is highly preferable due to the aforementioned ben-
efits. Naturally, for ever-increasing levels of noise, we do
observe a negative impact on both ω and ρ.

These empirical results show that our proposed frame-
work allows us to learn stochastic auction mechanisms that
can significantly increase the revenue obtained by traditional
auction mechanisms, with minimal impact on welfare.

5 Conclusions & Future Work
In this work, we have presented a general probabilis-
tic framework that allows well-established gradient-based
optimisation techniques to be used, to learn incentive-
compatible auction mechanisms that maximise inherently
non-differentiable objectives. Complementary to existing
work, we propose to inject Gumbel-noise into the rank-
ing scores as a regularisation technique. Its probabilistic in-
terpretation as sampling rankings according to a Plackett-
Luce model allows us to learn principled stochastic alloca-
tion rules, for which we derive an efficiently computable,
incentive-compatible pricing mechanism.

For a simple class of auction mechanisms we call “Per-
sonalised Squashing” (P-Squash) and using logged data
from a real-world advertising domain, we empirically vali-
date that (1) auction mechanisms learnt through our frame-
work are effective in improving the objectives they were op-
timised for, (2) the injection of Gumbel-noise is effective as
a regularisation and smoothing technique, and (3) our frame-
work enables stochasticity with minimal impact on welfare
and revenue, but increased diversity and exploration.

Our work is only a step in the right direction, and there are
many possible avenues to consider as future work. First, ex-
tending our framework to multiple objectives (beyond sim-
ple scalarisation techniques) will make it more applicable
in real-world systems. Second, specific instantiations of our
general framework leveraging advanced neural network ar-
chitectures can lead to larger performance improvements.
Third, we wish to validate our framework on open-source
benchmarks that enable reproducibility for the wider re-
search community [20]. Further development is necessary
to achieve these goals.
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Figure 3: Relative impact on estimated welfare, estimated revenue and the percentage of impacted allocation decisions for
varying values of β, the scale of the injected Gumbel-noise. We observe that, for a wide range of β, we can observe significantly
diversified allocation decisions (nearly 20%), for no discernible impact on welfare or revenue.
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