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Abstract

Completely randomized experiments, originally developed by Fisher and Neyman
in the 1930s, are still widely used in practice, even in online experimentation. However,
such designs are of limited value for answering standard questions in marketplaces,
where multiple populations of agents interact strategically, leading to complex patterns
of spillover effects. In this paper, we derive the finite-sample properties of tractable
estimators for “Simple Multiple Randomization Designs” (SMRDs), a new class
of experimental designs which account for complex spillover effects in randomized
experiments. Our derivations are obtained under a natural and general form of cross-
unit interference, which we call “local interference.” We discuss the estimation of main
effects, direct effects, and spillovers, and present associated central limit theorems.
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1 Introduction

Randomized experiments, introduced in the 1920s [Neyman, 1923, Fisher, 1937], are an
indispensable tool for estimating causal effects across many disciplines. For example, the
Food and Drug Administration in the United States requires such experiments as part of
the drug approval process. Recently, online experimentation has also become an integral
part of product development in the private sector. Gupta et al. [2019] list some online
businesses that collectively run hundreds of thousands of experiments annually.

Modern experimental contexts differ markedly from those that inspired early experi-
mental designs: experiments are carried out in marketplaces, often online, where multiple
populations of units interact strategically (e.g., buyers and sellers; riders and drivers; renters
and property managers; viewers, content creators and advertisers). A challenge posed by
these settings is that cross-unit interactions often lead to interference or spillovers. In our
running example of buyers and sellers, the treatment assigned to one unit in a popula-
tion (e.g., a seller) might affect the outcome for a different unit of the same population
(another seller). If present, this interference invalidates conventional analyses of standard
experimental designs.

We study the finite sample properties of tractable estimators for a new class of experi-
mental designs, “Multiple Randomization Designs” (MRDs for short), which are tailored for
experimentation in marketplaces [Bajari et al., 2023, Johari et al., 2022|. The distinguishing
feature of these designs is that they involve multiple populations of units: treatment assign-
ments and outcomes are measured at the level of a tuple of units, one from each population
(e.g., the impact of providing additional information on a buyer’s past expenditure to a seller,
measured at the buyer-seller level). The experimental designs correspond to distributions of
assignments for these tuples of units, e.g., over the buyer-seller pairs.

In the leading case we consider, a “Simple MRD” or SMRD, a subset of buyers is
selected at random, and a subset of sellers is selected at random, and only the buyer-seller
pairs where both the buyer and the seller was selected are exposed to the binary treatment.
This two-level randomization serves to isolate and measure interference between units, thus
distinguishing it from classical designs with multi-level randomization (e.g., Latin square
and split-plot designs).

This paper provides the first formal analysis of MRDs, showing that they may be used
to (i) test for the presence of spillovers, (ii) estimate and conduct inference for the overall
treatment effect in the presence of a large class of spillovers, and (iii) obtain—even without
interference or spillovers—more precise estimates of the average causal effect than standard,
single-sided randomization designs.

Our work contributes to the rapidly growing literature on causal inference under in-
terference [Hong and Raudenbush, 2006, 2008, Hudgens and Halloran, 2008, Rosenbaum,
2007, Aronow, 2012, VanderWeele et al., 2014, Ogburn and VanderWeele, 2014, Athey et al.,
2018, Ugander et al., 2013, Blake and Coey, 2014, Basse et al., 2019]. Recent research has
focused on experimental design in settings with complex spillovers, differing mainly in the
settings they consider and the corresponding assumptions placed on cross-unit interference.
Some work considers cases where spillovers between units are mediated by low-dimensional
measures, such as prices in a marketplace or shares of treated units in a peer group [Wager
and Xu, 2021, Munro et al., 2021, Aronow and Samii, 2017]. Another line of work focuses
on the role of clustering to mitigate interference, e.g., Viviano et al. [2023]. A separate



approach models interference in terms of a bipartite graph between units and treatment sites
(e.g., advertisers bidding on the same keywords, as in Zigler and Papadogeorgou, 2021, and
Harshaw et al., 2022). Others consider crossover or switchback designs in dynamic contexts
where treatments vary over time and have lasting effects [Cox and Reid, 2000, Bojinov
et al., 2020, Xiong et al., 2023, Shi and Ye, 2023]. Finally, some work has modeled spatial
or network spillovers in order to improve precision in survey experiments [Verbitsky-Savitz
and Raudenbush, 2009).

Multiple Randomization Designs were informally introduced by Bajari et al. [2023] and
Johari et al. [2022]. The key feature of MRDs is the presence of two or more populations,
e.g. buyers and sellers, where interventions can be assigned and outcomes measured at
the level of the buyer-seller pair. We provide exact characterizations of the design-based
variance, together with corresponding variance estimators, and central limit theorems that
allow for inference under these designs.

On the surface, MRDs share common features with Latin squares [Welch, 1937] and
split-plot designs [Fisher, 1928, Zhao et al., 2018, Zhao and Ding, 2022], but they are
fundamentally quite different. In all three cases, the experimental units are organized in
a matrix or clustered structure. However, they differ in important ways: for example,
Latin square designs are aimed at reducing variance through balance of the location of
experimental units in a geographic space, whereas MRDs address interference and spillovers
between experimental units. Meanwhile, although split-plot designs have been used to
study spillovers (e.g., Hudgens and Halloran 2008, Zhao and Ding 2022), they consider units
grouped into clusters as opposed to a two-dimensional array.

Multiple randomization allows us to account for interference in ways not possible
with completely randomized experiments, but in doing so they complicate estimation and
inference. Challenges arise from the intrinsic dependence structure in the assignment
process across the two populations: buyers and sellers in our generic example. We address
these using a randomization-based approach, where we take the potential outcomes under
different treatment regimes as fixed. We exactly characterize the finite-sample variances of
the proposed estimators with respect to the random design. We also propose conservative
variance estimators, similar to those available for conventional randomized experiments.
Finally, we prove design-based central limit theorems, extending the recent results of Li
and Ding [2017a], Shi and Ding [2022a] for single population experiments to our setting
with multiple-population experiments, under appropriate side assumptions.

Most similar to our work is Johari et al. [2022], who studied how spillover effects caused
by interference can lead to bias in standard experimental designs, and analyzed a special case
of the MRDs we consider in this paper. Johari et al. [2022] produce a dynamic, stochastic
model of a two-sided marketplace with cross-unit interference. Following a detailed analysis
of the model, they use it to illustrate the favorable properties of SMRDs in comparison to
standard experimental designs.

2 Experiments in Marketplaces: Interference

We start by introducing a framework for randomized experiments in marketplaces with
multiple populations of agents. We use the two-population buyer-seller (or customer-
product) case as our generic example, but we emphasize that the ideas we present apply to



other settings and extend to higher-order unit tuples, e.q., subscriber-creator-advertiser,
customer-restaurant-driver or passenger-airline-travel agent. Interference or spillover effects
arise naturally in these settings: treatment of one unit can impact the outcomes of other
units, invalidating assumptions that serve as the basis for analyzing standard experiments.
An example of the treatment is the presentation of additional information (e.g., in the form
of more detailed reviews) shown to buyer i when viewing products from seller j.

In our generic buyer-seller example, one of the populations consists of I buyers, indexed
by i € [I] := {1,...,1}. The buyers interact with members of the second population,
consisting of J sellers indexed by j € [J] :=={1,...,J}. Over a fixed period of time, say a
week or a month, we measure for each buyer-seller pair an outcome metric of engagement
Yi; (e.g., the amount of money paid by buyer i to seller 7). The experimenter performs
an intervention at the level of the buyer-seller pair (i, j), via the randomized treatment
assignment W;; € {C, T}. Critically, the treatment might not be offered to all buyers who
interact with a particular seller, nor to all sellers for any given buyer. Let W € {C, T}/*/
denote a random / x .J matrix of treatment assignments with typical element W;; € {C, T},
and w a realization of this matrix.

We adopt the potential outcome framework [see e.g., Fisher, 1937, Neyman, 1923/1990,
Imbens and Rubin, 2015]: for each value w of the I x J assignment matrix, y;;(w) is
the corresponding potential outcome for unit (7, j), which is non-stochastic. An example
assignment matrix is shown in (1), where rows identify five buyers and columns identify
six sellers. Colors highlight four sets of experimental units (buyer-seller pairs), instead of
the usual two. Three of these groups (pink, blue, and yellow) are assigned to the control
treatment, and are differentiated by the fraction of “neighboring” buyer-seller pairs—units
in the same row or column—which are assigned to treatment. For example, pairs (i, 7)
colored in pink are exposed to control, with 4/4 of units (¢, j), i # i in the same column
also exposed to control, and 5/6 of units (7, j’), 7/ # j in the same row exposed to treatment.
Similarly, yellow pairs are also exposed to control, again with 4/4 of units in the same
column also exposed to control, but only 2/6 of units in the same row exposed to treatment.
Prior to intervention, all four groups are comparable due to randomization. After the
intervention, even the three groups of control units need not be comparable: their outcomes
might differ systematically due to spillovers.

Buyers : 7
Sellers : 5 — 1 2 3 4 D 6 1
C C T C T C 1
c ¢ T C T C 2 (1)
W= |T T T C T C 3
C C T C T C 4
T T T C T C 5

Consider the buyer-seller example in which for pairs of buyers and sellers assigned to
the treatment group the buyer gets to see more information about the seller or product in
the form of additional reviews. Buyer 1 gets the additional information when interacting
with sellers 3 and 5, but not when interacting with sellers 1, 2, 4 and 6. If the information
is generally helpful, this may lead buyer 1 to switch engagement from sellers 1, 2, 4 and 6



to sellers 3 and 5, a common form of spillover. Sellers 3 and 5 are in the treatment group
for all buyers. If the information raises the engagement with those sellers relative to, say
sellers 4 and 6 who are always in the control group, this may lead sellers 3 and 5 to change
other behaviors, such as their marketing strategy, leading to a different type of spillover.

Formally, spillovers are present whenever potential outcomes y;;(w) and y;;(w’) differ for
assignments w and w’ where the treatment for the pair (7, j) is identical, w;; = wj;, but some
other elements of the assignment matrices w and w’ differ. Obtaining unbiased estimates of
causal effects in the presence of spillovers is challenging: classical causal analyses typically
impose strong assumptions that rule out any form of cross-unit interference (e.g., the stable
unit value assumption or SUTVA, Rubin, 1974).

We now introduce different assumptions on the potential outcomes, leading to different
structures for the interference. We later discuss in section 3 how alternative forms of
interference can be effectively addressed using specific experimental designs. The simplest
possibility is to rule out any type of interference (a version of SUTVA where the experimental
unit is given by a buyer-seller pair).

Assumption 2.1 (Strong No-Interference). Potential outcomes satisfy the strong no-
interference assumption if yi;(w) = yi;(W'), for all (i,7) such that wi; = w;.

Under assumption 2.1, a natural approach is to randomize all pairs, subject to treatment
balance within buyers and sellers. This generally allows for more efficient estimation than
designs which randomize only buyers or only sellers.

A natural way to weaken assumption 2.1 is to allow the outcome for a given buyer-seller
pair to additionally depend on the treatment assignments involving the same buyer but
different sellers (but not to depend on the assignments received by other buyers). Let
w, W’ be assignment matrices where the treatment for the pair (4, j) coincides, so w;; = w;j,
but there is a seller j' for which w;; # wj;,. Under this type of interference, it may
be that y;j(w) # yi;(w'). However, for any assignment w” with wj;, = wiy,Vj" € [J],
yi;(w) = y;;(w"). We formalize this form of interference in assumption 2.2.

Assumption 2.2 (No-Interference for Buyers). Potential outcomes satisfy the no-interference
for buyers assumption if y;;(w) = yi;(w') for all (i, ) such that w;y = wj; for all j" € [J].

Under assumption 2.2, changing one or more of the treatment assignments for a different
buyer i’ does not change the outcomes for buyer-seller pair (7, j). But, changing one or more
of the treatments for a different seller j may affect the outcome y;;. Under this assumption
a buyer-randomized experiment, corresponding to the matrix assignment later introduced
in eq. (3), is a natural strategy. Similarly, a seller-randomized experiment is natural if we
expect the following “no-interference for sellers” assumption to hold.

Assumption 2.3 (No-Interference for Sellers). Potential outcomes satisfy the no-interference
for sellers assumption if yi;(w) = yi;(W') for all (i,7) such that wy; = wj; for all i € [I].

Next, we consider an assumption first introduced in Bajari et al. [2023] that allows for
some forms of interference across both buyers and sellers. This is a key assumption in our
paper. It attempts to balance competing interests: allowing for a substantial degree of
interference and at the same time imposing enough structure so that questions of interest
are answerable.



Assumption 2.4 (Local Interference). Potential outcomes satisfy the local interference
assumption if y;;(w) = y;;(W'), for any pair (i,7), such that (a) the assignments for the
pair (i, j) coincide, wij = wy;, (b) the fraction of treated sellers for buyer i coincide under
w and W', and (c) the fraction of treated buyers for seller j coincide under w and w'.

Consider the following two assignment matrices w, w':

¢ T C C CC ¢ T T C C

B T ¢ T C T ) ¢ T C C C
W= T C¢C T T T » W= T ¢ T T T
¢c ¢ ¢ C cC ¢c ¢ ¢ T T

Under local interference, the outcome for buyer-seller pair (3,3) must be identical for the
assignment matrices w and w’ (that is, ys3(w) = ys3(w’)), because (a) the (3,3) elements
of w and w’ are identical, and (b) the third columns of the assignment matrices (given
in purple) have the same fraction of treated pairs (1/2), and (c) the third rows of the
assignment matrices (also given in purple) have the same fraction of treated pairs (4/5).

Although obviously weaker than assumption 2.1 which rules out all interference, and
more flexible than assumption 2.2 which rules out interference between buyers while allowing
for interference within sellers, local interference does still substantially restrict the possible
forms of interference between units. In particular, for a given unit pair (¢, ) only I + J — 1
of the total I.J unit-level assignments defining w are relevant to the realized outcome: those
of pairs (7, j') and (¢, j). Further, the unit-level outcome is a function of only three sufficient
statistics: the unit’s own treatment assignment (w;;), and the averages of the (same) row
and column to which the pair belongs (3, wy;/I, and > wyyr/J).

Similar forms of interference were previously proposed by Manski [2013] (cf. “anonymous
interactions”) and Hudgens and Halloran [2008] (cf. “stratified interference”). Despite its
simplicity, we believe that this assumption is a natural starting point for approximating
many types of interference that arise due to strategic behavior in a two-sided market. To
illustrate, we now provide a simple example of a two-sided marketplace in which—at Nash
equilibrium—ypotential outcomes exhibit both buyer and seller interference, and satisfy local
interference. Later we show that under some designs, including the leading Simple MRD,
local interference has no testable implications. We also show in section 6 that more complex
MRDs do lead to testable implications on the conditional expectations (over treatment
assignments) of the outcomes.

Example 2.5. Consider a two-sided platform where content creators i € [I] and advertisers
J € [J] interact. Each content creator i produces corresponding content with score ¢f, and
each advertiser places ads with corresponding advertisement quality ¢j. In this model, each
creator-advertiser pair generates revenue y;;. In the absence of any intervention, revenue
generated by (i, 7) is given by
Yij = mi{q; +qj

where the (fixed) scalar factor m;; € R reflects the compatibility between i and j (e.g.,
footwear ads might have higher compatibility with content produced by a creator focusing on
sports). Creators and advertisers are compensated by the platform according to a contract:
for each pair (4,7), creator i is compensated 7{y;; and advertiser j is compensated 7$y;;,
and the platform keeps (1 —r¢ — r;-‘)yij; the platform negotiates 7, r§ with each creator and
advertiser. In practice, generating high-quality content requires costly effort. In particular,
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we suppose that both creators and advertisers maximize their total compensation minus
the cost of effort:

- () : (a)”
Us = Z riyi | — lT, and Us = Z Y | — ]T
=1

i=1

In the static Nash equilibrium, each creator and advertiser solves the maximization problem
treating the other agents’ inputs ¢f, ¢ as fixed and known. This leads to the equilibrium

actions
J I
c __ c a __ a
q; = E TiYij, and q; = E T Yij-
j=1 i=1

The platform hosting the content creators and advertisers tests the impact of a subsidy via
a binary intervention w affecting the revenue as follows:

Yij (W) = (my; + nwi){g (w) + gj (w)}.

Here, for n € R, the factor nw;; € {0, n} represents an extra incentive paid by the platform (n
is the incentive, and w;; is a binary treatment variable). Notice that each agent’s incentives
depends on the average treatment status of their interactions. This influences their action,
which creates precisely a local interference structure. At Nash equilibrium, the revenue y;;
and profit 7;; both satisfy local interference; they are given by

Yis (W) = (mij + nwq;) [Jrs (m§ +nag) + Ir§ (m§ +nwf)] @
mij(w) = {(1 = = r§)m; — (rf + r)mwi) } [Tr§ (m + naf)) + Ir§ (mf +nwf)]
where @§ = % Z;‘I’:I wij, and m§ = = Z}Ile m;j and m§, w§ are defined symmetrically.

Y

Example 2.5 shows a two-sided-marketplace with strategic agents in which agents
equilibrium actions lead potential outcomes (revenue or profits) to satisfy local interference
(as in eq. (2)). Local interference arises somewhat naturally, as it assumes the outcome of
an interaction between two agents will depend non-parametrically on the interaction-level
treatment, as well as both agents’ cumulative exposure to treatment. More generally, local
interference may be viewed as a natural, tractable first approximation to the complex
spillover effects arising in a two-sided marketplace. In section 5, we simulate the above
example to show that agents’ strategic responses can lead to large spillover effects, which
are neglected by traditional designs. In this way, our results are closely related to but
distinct from the work of Munro et al. [2021] on treatment effects in market equilibrium: for
example, the above Nash equilibrium in a finite marketplace is not captured by that work.
It is also related to the works of Harshaw et al. [2022] and Aronow and Samii [2017] in that
potential outcomes depend on low-dimensional measures of “exposure,” though distinct in
that we place agents on both sides—as opposed to one side —of the bipartite network.

3 Multiple Randomization Designs

Multiple Randomization Designs (MRDs) are a generalization of standard A/B tests to
allow for spillover effects common in marketplaces [Bajari et al., 2023, Johari et al., 2022].
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These designs can provably detect and measure spillover effects of the type introduced in
section 2, as we will discuss in section 4. Let W denote the set of 2!/ values that the random
binary assignment matrix W can take. We now formally define MRDs.

Definition 3.1 (Multiple Randomization Designs). A Multiple Randomization Design
(MRD) is a probability distribution over W, p : W — [0, 1), such that (i) p(-) is row and
column exchangeable, and (ii) there exists w € (0, 1) such that for any w = (w;;) € {0,1}1*7
in the support of p,

Note that a probability distribution p(-) over matrices w is said to be row (or column)
exchangeable if, under p(-), any two assignments which differ by a permutation of the rows
(or columns) are assigned the same probability. By imposing exchangeability of p(-) through
definition 3.1(i) we rule out the possibility of degenerate experiments in which a single
value w has probability one. Condition 3.1(ii) ensures that all assignments with positive
probability have the same fraction W of treated buyer-seller pairs. It is not strictly necessary,
but it helps us to derive exact finite-sample results in section 4, clarifying what can be
learned without large sample approximations.

Given an assignment matrix w, for each buyer i let WP be the fraction of sellers j for
which (i, j) received the treatment, and let EJS- be the symmetric quantity for seller j:

5N\~ Ww; =T) g N~ Hwi; =T)

w; = ; 7 , and w; = ; 7 .
Definition 3.1 implies that @ = Y- @’ /I = 3~ w}/J. A key feature of an MRD is that
it allows both buyers and sellers to be exposed to different treatments within the same
experiment. We refer to the presence of such variation in the assignment as inhomogeneity
of the buyer or seller experience.

Definition 3.2 (Homogeneous and Inhomogeneous Experiences). Assignment w induces
a homogeneous experience for buyer i if we € {0,1}, and an inhomogeneous experience
for buyer i if wP € (0,1). Similarly, it induces a homogeneous experience for seller j if
@]S- € {0,1} and an inhomogeneous experience for seller j if @]S- € (0,1).

In assignment matrix (1), sellers 3, 4, 5 and 6 have a homogeneous experience while
sellers 1 and 2 and all buyers have an inhomogeneous experience. Inhomogeneous experiences
are at the heart of spillover concerns in our set-up. Suppose that the treatment corresponds
to offering more information to some buyer-seller pairs. Buyers with an inhomogeneous
experience may shift their engagement from sellers in the control group to sellers in the
treatment group, without changing their overall engagement or expenditure.

Next, we showcase the flexibility of MRDs by defining three classes of experimental
designs that fit within the general Definition 3.1. These three classes do not exhaust
the possibilities, but make specific points: they show that MRDs (i) encompass standard
experimental designs, (section 3.1), (ii) can increase efficiency (section 3.2) and (iii) most
importantly, in certain cases can answer questions that standard designs cannot answer, as
we discuss in section 3.3. We conclude the section by discussing connections between these
designs and the local interference assumption introduced in section 2.
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3.1 Single Randomization Designs

A Single Randomization Design (SRD) is an MRD where each buyer or seller has a
homogeneous experience with probability one: i.e. a buyer experiment (w? € {0,1} and
w; = W), or a seller experiment (w; =W and @} € {0,1}). A buyer experiment is a simple
buyer-randomized A /B test, where assignment matrices are of the form of (3), with identical
columns and constant rows:

(3)

ONOR-RO!
aa+Hda
aa+da
aa+da
ONOR-RO!
aa+Hda
aa+da
aa+da

Here buyers 1, 3,4 are in the control group, and buyer 2 is in treatment. All buyers here
have a homogeneous experience, whereas none of the sellers have a homogeneous experience.

3.2 Crossover Designs

In contrast to standard (buyer or seller) experiments, MRDs include experiments in which
neither all buyers nor all sellers have homogeneous experiences. The simplest such an MRD
is one in which all interactions (7, j) are randomly assigned. This design is widely used in
settings where the second dimension is time, and where such designs have been referred
to as rotation experiments [Cochran, 1939], crossover experiments [Brown Jr, 1980], or
switchback experiments [Bojinov et al., 2020], although it is not limited to settings where
time is one of the dimensions. An example is given in assignment matrix (4):

Time Period

Individual Unit ¢|—>l 2 3 4 5 6 7 8
/T T C C C T CT
21T T T C T C C C
w= 3|C CCTTTTCT (4)
41C ¢ T ¢ Cc T T T
50 T C T T C T C
6c\T ¢ T T C C T C

In assignment matrix (4) we consider a balanced design, where each unit is in the treatment
group for four periods, and in every period exactly three units are in the treatment
group. It is particularly attractive in settings where strong no-interference is reasonable
(assumption 2.1), where, under additional assumptions on the potential outcomes, it can be
shown to improve efficiency [Masoero et al., 2023].

Remark 3.3. A related experimental design is that of staggered adoption, or the “stepped
wedge” design. There, units are assigned to the treatment at different points in time, but
once assigned to the treatment they never exit. See Athey and Imbens [2022], Hemming
et al. [2015] for analyses of these experiments, and Xiong et al. [2023] for optimal design.



3.3 Simple Multiple Randomization Designs

The next design we consider introduces systematic variation in w? over buyers and variation
in sz. over sellers. Such variation allows for the detection of spillovers, as well as for
estimation of their magnitude. To accomplish this goal, we randomize buyers and sellers
separately: we select at random Ir buyers, with 1 < I < I — 1 and assign them W = 1.
For the remaining buyers, W2 = 0, so that we have a buyer-assignment random vector

WP ¢ {0,1} with 33, WP = I;. Symmetrically, we select Jp sellers at random, with
1 < Jr < J—1 and assign them I/VjS = 1. The remaining sellers are assigned I/Vjs =0,

yielding a seller-assignment random vector W8 e {0,1}7 with > ; VVjS = Jp. Then the

assignment for the pair (4, ) is a function of the buyer and seller assignments W2 and I/Vjs.

Definition 3.4 (Simple Multiple Randomization Designs). Given a population of I buyers
and J sellers, a Simple Multiple Randomization Design (SMRD) is an MRD in which, for
fized proportions p® = Iy /I € (0,1) and p° = Jp/J € (0,1), we randomly assign to each
buyer W2 € {0,1} such that >, WP = Ir, and independently randomly assign each seller
W3 e {0,1} such that O W3 = Jp. The pair (i,]) is exposed to treatment via

W — T if min (wB,wS) =1, (5)
C  otherwise.

While SMRDs do not have the richness of the full class of MRDs, they contain many
of the insights that apply to the general case. This special case of MRDs has also been
discussed in Johari et al. [2022], where the focus is on the bias of the difference in means
estimator for the average treatment effect. See also Bajari et al. [2023], Li et al. [2021].

An assignment example for an SMRD is given in matrix (6), where the buyer-assignment
vector W = (0,0, 1, 1] and seller-assignment vector 6> = [0,0,0,0,1,1, 1, 1] lead to:

¢ CcCCcCccCcCcCcC
| € C CCCCCC (6)

T T T T

T T T T

In these SMRDs, the pairs of binary values (wf’,w]s) induce four assignment types of

buyer-seller pairs (each type identified by a different color in the assignment matrix (6)):

. i B = S — .

ce ifwp =0,w; =0 (so wy = 0),

if wP =1,w} =0 (so w; = 0),
Yii =y . f wB — s - (7)

is ifwy =0,w} =1 (sowy =0),

e B _ S _ _

trifw] =1,w; =1 (so wy = 1)

Here, cc is “homogeneous control”, ib “inhomogeneous buyer control”, is “inhomogeneous

seller control”, and tr “treated”. Consistent with eq. (5), w;; = T if 7;; = tr and w;; = C
otherwise. The values w? and sz can be inferred from the assignment matrix w, hence the
type can be inferred from the assignment matrix, v,; = 7;;(w). These assignment types play
an important role under the local interference assumption (2.4), as highlighted in lemma 3.5.
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Lemma 3.5. For w,w’ consistent with an SMRD and assuming that potential outcomes
satisfy local interference (assumption 2.4 ), potential outcomes can be written as a function
of the assignment types only: for w,w’ it holds that

Vii (W) = 7i5(W') = yi(W) = yi; (W).

This simplification, where potential outcomes depend only on a function of their original
argument, is related to the exposure mapping concept in Aronow and Samii [2017].

Of the four groups of buyer-seller pairs induced by an SMRD—all of which are comparable
prior to treatment due to physical randomization—types cc, ib, is are all exposed to control.
Having multiple sets of pairs which are (i) comparable prior to treatment, (ii) all exposed
to the same treatment (control) and (iii) not comparable post-treatment, gives SMRDs the
ability to detect interference. This ability is based on comparisons of average outcomes
for these three groups in which pairs are all exposed to control. Under a simple buyer or
seller experiment, where only two types are present, and only one is exposed to the control
treatment, spillovers could not be detected.

An interesting feature of the SMRD is that the local interference assumption is not
testable here: differences between expected outcomes for the comparison groups can always
be rationalized in a way that is consistent with local interference. We observe outcomes for
four types of pairs, v;; € {cc,ib,is, tr}. The local interference assumption does not restrict
the distribution of the outcomes for these four types. In contrast the no-interference for
buyers assumption, assumption 2.2, does have testable implications in settings with a large
number of buyers and sellers: it would imply that the distribution of outcomes for the cc
pairs is the same as the distribution of outcomes for the ib pairs.

4 Estimation and Inference for SMRDs

We now describe methods that make the experimental designs introduced in the previous
section practically useful by enabling statistical inference. Specifically, we provide five
results. First, we introduce estimands and estimators for causal effects in the presence of
local interference for the SMRD (section 4.1). Second, we show the proposed estimators
are unbiased (section 4.2). Third, we characterize the exact finite sample variance of these
estimators (section 4.3). Fourth, we derive, in the tradition of the causal inference literature,
conservative estimators for their variances (section 4.4). Finally, we provide central limit
theorems that allow for the construction of confidence intervals (section 4.5). Proofs are
deferred to the appendix. While seemingly standard, our results require a non-trivial amount
of technical complexity due to the fact that randomization acts jointly on the multiple
dimensions through which potential outcomes are indexed.

In what follows, for a given type 7, we let L, (J,) denote the number of buyers i (sellers )
for which there is at least one pair (4, j) such that 7;; = 7. For example, in the assignment of
eq. (6), I, =2 and J, =4 for all v € {cc,ib,is, tr}. This is because the first two buyershave
pairs exposed to cc,is (so that Ic = [;s = 2) and the last two have pairs exposed to ib, tr
(so that I, = I, = 2). A symmetric argument holds for sellers. Moreover, whenever we
consider an SMRD for which local interference holds, we leverage lemma 3.5 and — with
some abuse of notation — write y;;(7y) instead of y;;(w).
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4.1 Causal Estimands and Spillover Effects

Under the local interference assumption 2.4, lemma 3.5 proves that the potential outcomes
y;; are indexed by type 7;; € {cc,1b,is, tr}. Define the population averages by type:

I
%ZZ ), for v € {cc,ib,is, tr}. (8)

For B = [Bees B, Bis; Bir] T, we consider causal estimands that can be written as linear
combinations of the 7., defined in eq. (8):

7(8) == Becee + BT, + Bislis + BerTor- (9)

This class of estimands includes many interesting quantities that shed light on the direct
effect of the treatment, the spillover effects on untreated units stemming from applying
treatment to other pairs, and the total effect. For example, BATE :=[~1,0,0,1]" corresponds
to Tark = T(BATE) = Uiy — Yo, Which is the average treatment effect of assigning both buyer
1 and seller 7 to treatment versus both being assigned to control under an SMRD design.
Like all other estimands in our setting, 7arg is implicitly parametrlzed by the fractions

B € (0,1) of treated buyers, p° € (0,1) of treated sellers. For BB = [—-1,1,0,0]7,
TS%HI = T(,B-;Bpﬂl) =Y., — Y. measures a “buyer”-spillover effect. If there are no spillovers
within buyers (assumption 2.2), this average causal effect is equal to zero. Thus, the
estimated counterpart of this estlmand sheds light on the presence of buyer spillovers.
Slmllarly, for :3sp111 = [-1,0,1,0]", 724 = ¥is — Y. measures a “seller”-spillover effect.

spill :

Bdlrect :=[1,—1,—1,1]", which induces the effect Tgiect, is a measure of something closer to
the direct effect of the treatment, removing the spillover effects.

To elaborate and be more precise about the value of these estimands for decision making,
note that within the class of SMRD’s indexed by the probabilities p® and p®, the population
averages ?V depend on the values of these probabilities, other than 7. A natural object
of interest for a decision maker is the average effect of switching from no exposure to all
buyer /seller pairs exposed. This can be written as

ﬁtr(pB = 17ps = 1) - Ecc(pB = OapS = O)

This cannot be estimated directly from an SMRD experiment with a single pair of values
(pB,p%), as it requires extrapolation to p® = 1 and p® = 1. Either doing an experiment with
pB and p° close enough to one or carrying out a more complex experiment with variation in
p°> and pP would facilitate this. A second goal for the decision maker may be to assess the
magnitude of the spillovers relative to direct effects. SMRD experimentation lowers precision
relative to completely randomized experiments, and if one finds the the spillovers are modest,
one may not need to be concerned about the spillovers in future experimentation.

Note that our analysis is richer than that presented in Johari et al. [2022], where the
focus is only on the estimand defined as the average outcome for the treated, 7,,, and the
average outcome for all pairs exposed to the control group, not adjusting for any spillovers.

12



4.2 Unbiased Estimators for the Causal Effects

In what follows, we use capital letters to denote stochastic counterparts of the corresponding
population quantities. In particular, we use I';; to denote the random “type” assigned to
pair (7,7) in the context of an SMRD. Define the realized counterpart of the population
average of the buyer-seller pairs by type introduced in eq. (8):

Il

h<

I J
1
T DY ()T =), (10)
gl =1 j=1

lemma 4.1 shows that in an SMRD under assumption 2.4, eq. (10) provides an unbiased
estimator of the corresponding population average ﬁv defined in eq. (8).

Lemma 4.1. Consider an SMRD in which local interference (assumption 2.4) holds. The
plug-in estimators in eq. (10) satisfy

E {VW] =7, Ve {cc,ib,is, tr},

In light of lemma 4.1, a direct application of the linearity of the expectation implies that

—

simple plug-in estimators of causal effects 7(3) of the form of eq. (9) are unbiased.

Theorem 4.2. C’orks*z'der cmASMRD iuhere assumption 2./ holds. The plug-in estimators
%(B) = BCC?CC + 05 Y, + ﬁis?is + ﬁtr?tr for T(B) defined in eq. (9) satisfy

E[#B)] = (B (11)

4.3 Variances of Linear Estimators

—

We now characterize the variances of linear estimators 7(3) (theorem 4.3) and provide
conservative estimates for their variances (theorem 4.5). Our results generalize classic
results for SRDs, but their derivation is more complex because of the double summation
over buyers and sellers, and requires additional notation. Define the (population) average
outcome for each buyer and each seller, for a given type ~:

PO =35m0 ad  B0) = w0, (12)

Define the deviations from population averages for buyer i, seller j, and interactions (i, j):

GV =77y () =70 -7,

and

52°(Y) =y (V) =T () =7, () + Ty
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Next define the population variances for each type at the buyer, seller, and interaction level:

B Zz‘Izl [5?(7)}2 S Z}'Izl [533(7)]2 BS . Zz 123 1 [558( )] '

=, 0=, 0. ! 77

I 7 J

g

We additionally define for all v,7" € {cc,ib,is, tr} the following quantities, which can
be interpreted as the average square deviation from the mean at the buyer, seller, and
interaction level:

I ol Uil PO s 2‘]: [85(7) — 85(+)]

s ] ) VY — J )
=1 . . J=1 (13)
1 2
BS BS BS
A ﬁ Z Z [513 (7) - 61] ('}/)]
i=1 j=1
Last, define for v € {cc,ib,is, tr} the weights
1 I-1 1 J-J
B 2l S 2l
P d = ) 14
YT S A A (14)
Let
B al/2if v =7, or (v,7") € {(cc,is), (is, cc), (ib, tr), (tr, D)}
I —1/(2( — 1)) otherwise,
and

S {a?y/z if v =+ or (7,v) € {(cc,ib), (ib, cc), (is, tr), (tr,is)}
e —1/(2(J — 1)) otherwise.

We now characterize variances and covariances of all the estimators of the sample average
defined in eq. (10).

Theorem 4.3. For an SMRD where assumption 2./ holds, and for all ~,',

vy v B S (B
COV{ Y ] Yy +V +Vvv ¥ S

where for x € {B,S,BS}, (7, =03 + 0%, — &7 .

Variances for the type estimator ?V are obtained using the formula above whenever
7' = 7. Exact variances of estimators 7(3) can be directly obtained by noting that 7(3) is
a linear estimator, for which the following decomposition holds:

Var(aX +bY) = a® Cov(X, X) 4+ b* Cov(Y,Y) + 2ab Cov(X, Y).

4.4 Variance Estimation

We now present unbiased estimators for the variance of the sample average of potential
outcomes defined in eq. (10); these are given in theorem 4.4. We then give lower and upper
bounds on the variance of the linear estimators 7(3) in theorem 4.5.
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Towards this goal, we proceed to define the sample counterparts of the population
quantities introduced in section 4.3. Given a randomly drawn SMRD assignment matrix
W € W, inducing corresponding types I, let Z, := {i € [I] s.t. I';; = ~ for some j} with
size |Z,| = I, and J, = {j € [J] s.t. I';; = 7 for some ¢} with size |J,| = J,. From eq. (7),
each i € [I] belongs to exactly two sets Z,: if WP =0,i € Z.. and i € Zs. If WP =1,
i € 7y, and i € Zy,. Symmetrically, each j € [J] belongs in exactly two sets J,: if st =0,
j € Jeand j € T, andiijS =1,j€ Jsand i € Jy. Fori €1, j e J, the sample

~B ~S
counterparts Y; () of 7;’() and Y, (7) of y;qf(fy) are:

Z Yij (v Z Yis (v

JEJ»Y zeI.Y
We define estimator counterparts f]l? for o (buyers) and ig for 0% (sellers):
~ 1 ~B = 2 R 1 [=S = 2
B._ S._
27._1—2{1@() Y] , 27._2{]—{Yj(7)—yv] .
i€l jedy 7
For the interactions, we define the estimator counterpart i?s for 01738:
~B ~8 =\ 2
R (ya () =Y () =Y;(v) + Yv)
B8 =
; 2 T

iEI’ijeJ'y

Theorem 4.4. For an SMRD where assumption 2.4 holds, for all v € {cc,ib,is, tr},

~

E [i(’y)] — Var <i> . where

R aEiE + aEES + a, agZES
2(y) = 1— P — aS &+ aBaS
ay —af + Qo

ob (ym(’y) v, (7)) e (yJ () = i? (7)) |

_ (1=aB) _ (1=af)
(J—1)(Jy—1) (I-1)(Iy—1)
TV ez, 5Ty (JfJZ) Ly Jy i€y, j€Ty (171:)

El

Young’s inequality yields a conservative estimator for the variance of 7(
Var (F(B) = Y B+ 3 Bby (5 +2y) (15)
~ye{ce,ib,is,tr}

This result mirrors the case of SRDs [Neyman, 1923/1990]. We provide the result for 73,
in theorem 4.5. See lemma A.18 in the Appendix for the case of a generic T(ﬁ).

Theorem 4.5. Under the assumptions of theorem 4.4 a conservative estimator of Var(T, Splll)
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18:
—hi . R
Var (Ts]?)ill) =2 (E( )+ E(CC)) .

B

/\h AN . . . /\hi AN AN
Var (7) is conservative in the usual sense that E [Var (Tgiin)] > Var(72).

We emphasize that, while it is possible to provide an unbiased estimator for the variance

of ?W (theorem 4.4), one cannot provide an unbiased estimator for the covariance of ?,y

and 77/ for v # ~" without stronger assumptions on the potential outcomes. The same
phenomenon occurs for conventional randomized experiments. This is because the terms £,
introduced in eq. (13) depend on covariances of potential outcomes for the same buyer-seller
pair, which cannot be identified from the observed data.

It is however possible to show that the variance estimator f](y) converges to the

~

true underlying variance X, i.e. Var (?W), under relatively weak assumptions. By the

continuous mapping theorem, this implies convergence of the general estimator Var [#(8)]
to its (conservative) limit. A stronger version of this result was communicated to us by
Sudijono et al. [2025]; a proof is given in appendix A.4 for completeness.

We now state the result. To do so, we introduce two additional assumptions which will
also be used in section 4.5 to derive a central limit theorem.

Assumption 4.6. Consider an SMRD with I buyers and J sellers, and assume that the
local interference assumption assumption 2.4 holds. We impose the following reqularity
conditions.

(a) Balance: for all v € {cc,ib,is, tr}, a valid assignment is characterized by fized I, and

Jy, with 1/1,,J/J, < C.

(b) Boundedness: for all buyers and seller interactions (i, j) and all types v, |y;; ()| < Co.

-

—hi. >
Theorem 4.7. Let 7(3) be the linear estimator given in Equation (11), and let Var [7(3)]
be its conservative variance estimator given in theorem J.J. Then, in any sequence of

—hi_ =
SMRDs satisfying assumption /.6 and in which (I7* + J=2)/E{Var [7(8)]} — 0, we have

i -
~

Var " [7(8)]
B {Var [7(8))}

=14 0,(1).

4.5 Finite Population Central Limit Theorem

We conclude this section by providing a quantitative central limit theorem for the estimators
introduced in section 4. Notably, we do not assume that the observed units are drawn from
an underlying “super-population,” nor do we consider a sequence of experiments. Instead,
our approach quantifies the distribution of our estimates using only the randomness of the
design, in terms of well-defined properties of the finite population. This approach allows
us to limit assumptions imposed on the potential outcomes. Our contribution can be seen
as an extension to the multi-population setting of recent advances in the causal inference
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literature, and in particular of the works of Li and Ding [2017a] and Shi and Ding [2022a]
for single-sided experiments. Our setting presents additional technical challenges, as the
outcomes exhibit a complex dependence structure. Theorem 4.8 serves as the basis for
statistical inference in the context of multiple randomization designs.

Theorem 4.8. Consider an SMRD where assumption 2./ and assumption 4.6 hold. Then
we have

sup [P 7(B) —1(8) <ty —d(t)| < CAilog <%) , (16)
Iex Var |#(8)]
with A = ST n i where ® denotes the standard normal cumulative density

var{#(8)}2 /18]
function (CDF), and C' > 0 is a universal constant.'

Remark 4.9 (Boundedness and sparsity). In addition to ruling out heavy-tailed potential
outcome distributions, an important limitation of theorem 4.8 is sparsity, when a large
fraction of unit potential outcomes y;;(y), or their differences y;;(v) — y;;(7’), are zero.
Sparsity can also cause problems in CLTs for conventional randomized experiments such
as the ones cited above. It may be especially relevant in our setting, however, where units
correspond to pairwise interactions between large populations.

Since 7(3) is linear in observed outcomes Yi;, the quantity Cz = Cy/{Var{#(8)}2/|18/}
appearing in our bound (16) is invariant to re-scaling observations (e.g., to ensure non-
degeneracy of T(B)) Theorem 4.8 requires that Cz be small in comparison to {r-t+J-1}-1
for I and J large, allowing a limited degree of sparsity. For example, if potential outcomes
are binary, if I and J are of the same order, and if half of the rows and columns have a
fraction 2p of non-zero entries (while the rest are all zero), then our result requires u to be
much larger than I'/2. Generalizing theorem 4.8 to better accommodate heavy-tailed and
sparse potential outcomes is an important direction for future work.

We articulate our proof in three main steps, described in detail in appendix B. First,
we prove that if we fix the assignment of one of the two populations (e.g., sellers), an
analogous version of the results proved by Li and Ding [2017a] and Shi and Ding [2022a]
holds for the multi-population setting, where the parameters of the CLT are indexed by the
seller assignment (appendix B.1). Second, we show that with high probability, these fixed
parameters are either themselves normally distributed, or else are close to their expected
value (appendix B.2). Last, we combine these results to prove a CLT for simple double
randomized experiments (appendix B.3).

The main challenge in proving our result is that separate randomization of the two
populations creates two-way dependence in the realized outcomes, complicating the appli-
cation of standard techniques. Similar settings have been studied using Stein’s method of
exchangeable pairs, although the proofs are quite complex [Zhao et al., 1997]. Interestingly,
the proof of theorem 4.8 treats the two populations asymmetrically, although the final
bound is symmetric in / and J.

We are very grateful to Sudijono et al. [2025], who communicated an important idea that led to the
correction of an error in the proof of Theorem 4.8.
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Finally, we comment on the application of theorem 4.8 in practice. It is natural to
= ——hi —
replace the variance Var|T its estimated upper bound Var [7(3)]. Rou speakin
place the variance Var[7(B3)] by its estimated upper bound Var [7(8)]. Roughly speaking,

the Studentized statistic 2, = {#(8) — 7} /\//a}h1 [#(3)]*/2 will be approximately normally
distributed with variance at most 1 provided the denominator converges, which follows by
theorem 4.7. One can then test one- and two-sided hypotheses on T(B) by comparing Z, to
standard normal critical values. We empirically verify normality of the Studentized statistic
and illustrate the resulting tests with synthetic data in section 5.

5 Simulations

We now verify the results of section 4 for SMRDs under local interference. Our simulations
follow the model of strategic agents in a two-sided marketplace introduced in example 2.5,
which naturally produces local interference. Additional experiments from a simple additive
Gaussian model satisfying local interference are provided in appendix C. Python code
to replicate all our simulations is available at https://github.com/lorenzomasoero/
MultipleRandomizationDesigns.

The simulations following example 2.5 also illustrate the practical value of SMRDs. In
the underlying model, higher quality ads increase the incentive to produce high quality
content, and vice-versa. This is an example of strategic complementarity, a prominent and
well-studied feature of many real-world marketplaces [Milgrom and Roberts, 1990]. In this
model, it leads to significant positive spillovers for both advertisers and creators. These
spillovers are neatly captured by the MRD, but cause conventional, single randomized
experiments to underestimate the treatment effect, possibly leading to sub-optimal policies.

To empirically validate the results presented in section 4, we first instantiate the model
from example 2.5 by fixing the incentive level n = 5% and drawing independent and
identically distributed parameters m;; ~ Exp(1), r{,7§ ~ Unif([0,1/5]) across advertisers
i € [I] and creators j € [J] (notice: here creators and advertisers have roles analogous to
that of buyers and sellers in the discussion of sections 2 to 4). In our simulation, we let
I =200 and J = 150. Taking these parameters—which determine the fixed population—as
given, we fix the treatment group size I = 100 and J; = 80. We then sample treatment
assignment matrices W at random from the SMRD W, which determine realized equilibrium
outcomes Y;;(W) to be the platform’s profit following eq. (2).

Since local interference (assumption 2.4) is satisfied, Y;;(W) depends only upon the
type I';; € {cc,ib,is, tr} of unit (4, 7), conditional upon the parameters Ir, Jr, and the
fixed population. Each assignment W then corresponds to an observed matrix of I x J
realized potential outcomes. We use the collection of outcomes from 10,000 independent
re-randomizations to empirically verify the properties of the proposed estimators. Figure 1
reports the histogram of the values attained by Y. (}\eft) and icc (right) across the 10,000

Monte Carlo replicates. As follows from lemma 4.1, Y. is centered at the true population

value ?w, and, using theorem 4.8, under mild conditions ?V is approximately normally
distributed. Moreover, the distance between the 2.5% and 97.5% quantiles of the distribution
of the type estimator (red vertical lines) is close to the length of the 95% confidence interval

around the population value Ew formed by using the true variance of ?v- In the right panel
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Figure 1: Distribution of ?CC (left) and of the variance estimator i:c (right). Black lines
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Figure 2: Distribution of the estimator for the spillover effect 7% (left) and corresponding

s
variance estimator Var (72,) (right). Black lines correspond to the population quantities.

of fig. 1, we show that S is an unbiased estimator for the variance of the type estimator,
as proved in theorem 4.4. Analogous results hold for ib, is, tr.

We focus on the spillover effect 70, in ﬁg 2: the left panel shows the distribution of
the unbiased estimator 72, (theorem 4.2). 722 is Gaussian (as shown in theorem 4.8), and
conservative confidence mtervals can be derived. The right panel contains the distribution

of the upper bound Var ( 7o) for the variance Var(70y,) (theorem 4.5). Additional plots

and implementation details are provided in appendix C.
Under mild conditions laid out in theorem 4.8 and the following discussion, one can
practically test for the presence of positive spillover effects by constructing the Studentized

statistic 2o := 79/ {Var (Tspﬂl)}l/ 2 and comparing it to standard normal critical values.
For our model, the conservative test 2, rejects the null hypothesis of no effect 99.5% of the
time (Type-II error is 0.5%), showing substantial power to detect positive spillovers.
Finally, we compare MRDs to the standard practice of single randomization—randomizing
exactly 50% of creators i € [I] into treatment, and treating all of their interactions as in
eq. (3), and then using the standard difference-in-means estimator 7sgp. In our model, such
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Figure 4: Distribution of the standard difference-in-means estimator 7sgp across 10,000
single randomized experiments (yellow), compared to the distribution of 7oTg in as many
SDRDs (red). The estimators are produced by re-drawing different randomization designs
for the same underlying finite population, with potential outcomes given by Example 2.5.

an estimator neglects positive spillovers mediated by advertisers’ strategic responses. By
comparing the distribution of the difference-in-means estimator 7sgp under the standard
creator-randomized design given by eq. (3) to the distribution of 7aoTg under the SMRD,
we illustrate in fig. 4 that in our model the standard design usually produces the incorrect
sign of the platform’s profit relative to that which would be obtained by treating the whole
population, while the SMRD usually produces the correct sign.

6 Extensions and future work

The designs discussed in section 3 are a few of many possible designs that fit into the MRD
framework. While we have focused in detail on the “Simple” MRD case, many other designs
fit the MRD paradigm—including clustered experiments, experiments involving three or
more populations, etc. These generalizations also include time-randomized experiments:
e.g., recently Masoero et al. [2023] used the MRD framework to show that under certain
assumptions on the potential outcomes, switchback designs based upon the MRD framework
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can lead to more efficient estimates of causal effects. MRDs have also been used in practice
in the context of online marketplaces, to quantify the direct and indirect effects of certain
interventions; see, e.g., Masoero et al. [2024], Zhu et al. [2024], Bright et al. [2024].

Additionally, as highlighted in the discussion following assumption 2.4, we emphasize
that the local interference assumption is only a starting point from which to rigorously
study causal inference with MRDs. We envision that future work will study how MRDs
can be used in conjunction with more complicated interference structures. Characterizing
minimal restrictions on interference under which similar, design-based inference results can
be derived is an open question beyond the scope of this paper.

To illustrate the richness of our framework, we conclude by describing four additional
designs which fit within the MRD setting. First, instead of partitioning buyers and sellers
into two groups each, we can assign them to a finite number of groups, with the assignment
a function of this finer partition. This allows to generate more variation in w? and E]S-
and in turn to build models for the dependence of the potential outcomes on the share of
treated buyers and sellers that will permit more credible extrapolation to full exposure to
treatment or control. As a simple example, we could endow each buyer 7 and seller 7 with
scalar scores wP and sz» (as opposed to binary values), and let the treatment assignment
be defined by a modified version of eq. (5), e.g., f(w?, sz) = 1(wP + sz) > k for a given
threshold x (e.g., Kk = 0.5 in 17).

Seller —1 2 3 4 5 6 7 8 [DBuwer
Score 0 0 02 02 04 04 06 06 [SGOY@
ccc Cc c Cc T T\ 0
ccc c c ¢ T T|2 o0
W= C ¢ T T T T/|3 02 (17)
C ¢ T T T T4 02
T T T T T T |5 04
T T T T T T)/6 04

Second, one can first partition one of the groups (e.g., sellers) into two random groups
(A, B), and run a buyer experiment for one group and a seller experiment for the other.

Seller —1

2 3 45 67 8 oo
Exp—A4 A A A A B B B[ :
T C T\!
T C T|2
w=|TTTTT T C T|3
T C T4
TTTTT T C T/5

Third, when one wants to do a seller-clustered experiment, one may partition the buyer
population into two groups, A and B, and then run a seller clustered experiment in one
group and a regular seller experiment in the second group. This would allow the researchers
to infer within the context of a single experiment the within-cluster spillovers, as well as get
estimates of the overall average effect.
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Buyer

Seller —1 2 3 4 3) 6 Exp.
Cluster —1 | IT 11 I11 I1 17
C C T T C C 1 A
C C T T C C 2 A
C C T T C C 3 A
C C T T C C 4 A
W= T C T T T C 5 B
T C T T T C 6 B
T C T T T C 7 B
T C T T T C 8 B
Fourth, we can consider designs where the local interference assumption is testable.
Seller =1 2 3 4 5 6 7 § [Dwe
c C CCC C C C\I
c C CcCCcCcCc ©cCCc|2
T T C C C C C C|3
w=|T T C ¢ ¢ C C C]|4
c T TT T T TI|5
cocTTT T T T/)O6

Consider the red C and the blue C. In both cases they correspond to buyers who are
in the control group for all sellers, and in both cases they correspond to sellers who are in
the treatment group for 1/3 of the buyers. However, sellers in the red C pairs are in the
treatment group for buyers who are very rarely in the treatment group, whereas the sellers
in the blue C pairs are in the treatment group for buyers who are often in the treatment
group. When local interference holds, that should not matter, but if local interference is
violated, it may matter.
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APPENDIX

A Proofs for Multiple Randomization Designs

We here prove the results presented in Section 4. We consider conjunctive SMRDs (as per
Definition 3.4) where local interference holds (assumption 2.4), with a total of I buyers,
J sellers, and I x J units. All buyers and sellers are endowed with random variables
WE W2 € {0,1}, so that I > It > 1 and J > Jp > 1, where Iy := 33, WP, Jp:= 3 W}

Lemma A.1 (Lemma 3.5). Under local interference (Assumption 2./ ), potential outcomes
can be written as a function of the assignment types only: for w,w' € {0,1}*7 it holds that

Yii (W) = 7i5(W') = yi(W) = yi; (W).

Proof. Under Assumption 2.4, for any (4, j) and any pair of assignment matrices w, w’ €
{0,137 y;j(w) = yi;(w') whenever (a) wi; = wj;, (b) the fraction of treated sellers for
buyer i coincides in w,w’ and (c¢) the fraction of treated buyers for seller j coincides in
w,w’. If (a), (b) and (c¢) hold, it must be the case that v;;(w) = ~;;(w’), yielding the
thesis. O

A.1 Useful definitions

Recall the definitions of the average outcomes for each buyer and each seller:

J I I J
1

PO =5 0) B0 =5 () and F= 303 (),

J=1 i=1 i=1 j=1
For each type v € {cc, b, is, tr}, buyer 7 and seller j, define the following deviations:

O =T = GO =00 =0, 05 (0) = w0 =T () = 7,(0) +

By definition, the sum of these deviations is equal to zero:
I I J J
() =0, > 85() =0, > &y =0, > 5y =
i=1 i=1 j=1 =1
We decompose y;;(7y) as
Yig (7) = T+ 67 (7) + 85 () + 6 (7)-

Last, for v € {cc,ib,is, tr} we let I, be the number of buyers eligible for type v and J,
be the number of sellers eligible for type 7. Define I := I — It and Jo := J — Jr, then
I.= [Ca Jee = JC7 I, = [Ta Ji, = JC) Iy = [Ca Jis = JT7 I, = [Ta Jor = Jr.
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A.2 Linear representation of the type estimators

Recall from Definition 3.4 that W2 and I/VjS are random variables which determine whether
buyer ¢ and seller j are eligible to be exposed to the treatment.

Lemma A.2. The (doubly averaged) sample mean estimator Y ., can be decomposed as

~ 1 J

= _ 1 1

Vi =Tu+— Y WPS(tr) + W65 (tr) WEWPs2S (tr),

t t IT; ( ) JT; ( ITJT;JZI

~ 1 I 1 J 1 1 J

Y=, +— Y WEB(b) +—Y (1 -WH(ib) + WE (1 —W2)ap(ib),
Y ]T; (ib) chz_;( ;)05 (ib) ITJC;; (1 )9;;”(ib)

~ 1 I 1 J 1 I J

Yi=70.+—> (1—-WEeB(s)+ — ) WiS(is) + 1 — WEBYWSBS (is),
y ]C;( )9 (is) T]Z_; ;705 (is) ICJTz-lj-l( JW3 05 (is)

-~ 1 A 1<

> _ = B\ ¢B SAEYS

Yee =Yoo + o Z(l Wi?); (cc) + 7o (L= Wy)d3 (cc)

1>

~ I J I J
S Byi/S _ 1 Byi/S (= B S BS
1 o 1 < 1 !
_ = B B S 5S ByiS sBS
Results for v # tr are similar and are omitted. m

A.3 Moment characterization

~

We use lemma A.2 to re-write the estimator ?7 of ?7 as a linear combination of the
random labels W2, VVjS with non-stochastic coefficients. We use this to derive the first two

~

moments of (?7, ? /) under the SMRD design. To do so, we define the demeaned treatment
DE=WEB —1Ir/I, and DS WS Jr/J.

Lemma A.3. Fori#d € [I], E[DP?] =0, Var (D) =15*, Cov(DP,D}) = —pGy.

For j,j' € [J], j # j', EID§] = 0, Var(Dj) = %5=,  Cov(D§, D}) = — 555 Finally,

because D and DS are independent, we have Cov(DP, D) =0, Vi, j.

Proof of Lemma A.3. W2 is a Bernoulli random variable with bias given by p® = I /I,

(2
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hence E [DZB] = 0. Moreover, Var (D?) = Var (I/VZ-B) = ITT (1 — ITT) = Iﬁ# Last,

IpIr—1 1§ Icit
I I1—-1 12 I2(I-1)

Cov(D?, Dy) = E[W W] — E[WF]E[W;] =

)

Corresponding proofs for DJS are analogous and omitted. O

Note that the covariance between DP and D% for i # ¢ differs from zero because we
fix the number of selected buyers at I, rather than tossing a coin for each buyer. Fixing
the number of selected buyers is important for getting exact finite sample results for the
variances. Define the average residuals by assignment type, for v € {cc, ib,is, tr}:

I
_ 1 _g —BS
B_ — DB5B DS(SS DBDS5BS
6’7 IT ; 17 (7)7 87 JT Z s'y [TJT Z Z 7]

=1 j=1

~

These representations allow us to split the averages of observed values ?v into deterministic
and stochastic components.

Lemma A.4. (a) The sample estimates ?7, v € {ce,ib,is, tr} can be written as the sums
of four terms:

~

Y, =7, +& +& +5 ,

(b) ¥ v € {cc,ib,is, tr}, the € in the decomposition above are mean-zero error terms:

E[2] —E[S] —E[&F] =0

v v ’Y

(c) For all v # ~" € {cc,ib,is,tr}, the error terms above are uncorrelated:

Cov (55,57) Cov( Ers By ) Cov( S,S) = 0.

Before proving this lemma, let us just provide an intuition about the decomposition of

the four averages Y., Y., Y, and Yy, described above, as this is a key step to obtaining
the variance of the estimator for the average treatment effect. In particular, looking at (),
the first term 57 is deterministic (the unweighted average of potential outcomes over all
pairs (7, j), not depending on the assignment). The other three terms, E,]?, g 55 are
mutually uncorrelated stochastic terms with expectation equal to zero. The variances of the
four averages will depend on the variances of the three stochastic terms, and the covariances
will depend on the covariances of the corresponding stochastic terms, e.g., the covariance of
B B ) =BS _BS

g, and g7, or the covariance of €., and &

Proof of Lemma A.J. For part (a) consider Yi,. Now consider for the treated type the
average of the observed outcomes, decomposed as in Lemma A.2:

Vi =Ty + Z WGP (tr) + — Z W35S (tr) [T 9 Z Z WEWS65S (tr).
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4 J
(D]S- + 7T> 35(tr)

LIS

Via Lemma A.3, substituting D + I/I for W2 and D$ + Jy/J for W9, we can write

T

= 1 <
Ve =Gut S (D2
=Vt (D
=1
I J
DS+ 1) 55(t
Fm e (P T ) (05 )t
i=1 j=1
6B5(tr), 62 (tr) and 6%(tr) sum to zero. Hence the equation above simplifies to
Dig(tr)  ~xm DPDJORS(tr) ¢ ms
— +Z ];J; = tr+8‘153r+5§r+5tr

By definition, d;;
o Y 2 5 2100
i=1 j=1 Jr i=1 j=1

This concludes the proof of the first part of (a). The proofs of the other parts of (a)
follow the same argument and are omitted. Given part (a), (b) follows immediately because
' in (c). O

D and D% have expectation equal to zero. The same holds for the covariances in (c)

=i
t@ll

i j '
Unbiasedness results in Lemma 4.1 and Theorem 4.2 follow directly from Lemma A.4
Lemma A.5 (Lemma 4.1 in the main paper). Consider a SMRD in which Assumption 2./

holds. The plug-in estimators in Equation (10) satisfy
O

E [?y} = 37,7, Vv € {cc,ib,is, tr}
Consider a SMRD where

Proof of Lemma /.1. Apply Lemma A.4, and linearity of the expectation operator
. on (9

]

Theorem A.6 (Already Theorem 4.2 in the main paper)
Assumption 2./ holds. The plug-in estimators 7(8) for T(8) defined in Equation (9) satisfy
§) := ﬁcc?cc + 6 ? 618?18 + ﬁtr?tr-

E|#B)| =(B). with #(B):=
Proof of Theorem 4.2. Apply Lemma 4.1, and linearity of the expectation operator
ion. For v € {cc,ib,is, tr}, recall the

)2

We now move to the variance characterization
definitions of the population variances of 62(7) and §%(7) given in Section 4
I (5B< 2 J S 2 I J BS
_ c() S ._ (5 () BS ._ (%5
S @OF e S GO e s G0
i=1 j=1 i=1 j=1
Lemma A.7. For~y € {cc,ib,is, tr}, the variance of ?W is:
= 1—-1, 1 J—J, 1 I-r, 1 J—-J, 1
Var, :=Var (Y, | = 7 B i S gl ol BS
o ar( ”) R S T Ay By R U R Ay o
B S _BS
aso”,

B
ava +a o ~|—a7

where o and o where defined in eq. (14) in the main text
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Proof of Lemma A.7. We consider vy = tr, (i.e., I, = I, J, = Jr). For y=tr, I[c =1 — I,
and Jo = J — J,. We show the three following equalities hold:

e 1 4
Irl—1

CJe 1 g <—BS> e 1 Jo 1 oBS
- Tur  Var T Il —1Jp g -1t
(A.2)

Because Lemma A .4 implies that Var,, = Var (?tr) = Var (EE) + Var (Ea) + Var (??f) ,

Var (zp) =

showing the three equalities in eq. (A.2) yields the thesis.

ZZDBDB(SB (tr) 5B(tr)]

=1 /=1

I 2
Var (28) = E (Ii 3 D?d?(tr)) _
T

i=1

I I
= > S B [DPDR) 6P ()60 er)

T =1 =1

_ % S E[(DP)] o) + 7 Z S E [DPDE] 63(tr)a% (tr)

T i=1 i/#q
I
1 ]C]T ITIC B B
S0 DL TCTIS D pp g en Ty
i=1 i=1 i'#i

1 1 1

1 K Ioly N Ip]c ]TIC
:EZ = (07(tr) —Ezzm(m r)6B (tr) IQZP 55 (6r)2.

i=1 i=1 /=1

Because Y, 62 (tr) = 0, the term above involving the double sum is equal to zero:

1

I
1 IT]C B 1 ITIC B 2 IC 1 B
Var (gtr) = Em 2(51 (tr))2 —+ E 2 Z (61 (tr)) = Emgtr.
=1

=1

The second equality in eq. (A.2) is proved analogously. For the last equality in eq. (A.2),

I J
Vart? := Var (qr > Var (I 7 ZZDBDS5BS tr) )
TJT

=1 j=1

ey e Jz S5 S DR DD DS e /<tr>] .

i=1 /=1 j=1 j'=1

By independence of D} and D5, this is equal to

I J J
Vars = 2 JQ ZZE [DPDP] > > E[DSDS] 658 (tr)615 (tr).

i=1 i'=1 j=1 j'=1

Now we expand the four-way sum above, noting that it is either the case that (a) : i =4’
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and j =4, (b):i=4dand j#j,(c):i#i and j=7 or (d):i#1i and j # j'

a

VarPs & 7 J2 ZZE (DP)?) E[(DS)?] (625 (tr))”

=1 j5=1
S 1S 1sBS S
[2 P ZZZE (D) E[DS D5 655 (tr) 655 (tr)
i=1 j= 13#1
DS S S
[2J2 ZZZE DBDB ‘)2]55‘ (tr)é?,j(tr)
=1 z’;éz j=1

[2 J2 Z Z Z Z E[DF DP) E[DS D505° (tr) 05 (tr).

i=1 i'#i g=1 j'#j

Now we “complete” each of the last “incomplete” sums (b), (c¢), (d). For (b):

!  E[(DP)]E[DSDS L) (7355 ) L
35 5~ B EOIR] gy - D) S5
TJ7 7 =1 j=1 j'#j

=1 j=1 j'#j
() (5

+ 5 72 ij
ITJT =1 j=1 !
I
REYE ( g ) (J2(J— 1)) 2 2 (05 (),
TIT i=1 j=1

where we observe that ZZ ) S =1 Z o1 000 (tr)077 (tr) = 0. A similar derivation allows us

to “complete” (c), yielding:

L - E[DPDE|E[(DS)?)685 (tr)sh5 (tr) <%> oW

ZZZ ]%J% B I%J% i=1 j=1

=1 i'#i j=1

Last, for (d),

" E[DP D} E[D§ DF)opS (tr) 675 (tr) (f;?fl—%)) ( e

I I J
222, ¥ R Va9

i=1 1 j#5'
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Plugging these back in Varp®,

I J
1 Ielpde) 1 1 1
BS CLTJCIT BS 2
1 B
Vi = { LSS R B R Ry ——1)] ;§;;§;<5w )
1 J
1 IelpJedy sz Lo L Jo 1 ns
—~ (6P c .
22 12 {U—l —1]2222 Inl—1JpJ—1%

In order to characterize the variance of the spillover effects, we need to characterize the
covariance between the estimators Y 7 , for v, ~" € {cc
provided in Section 4: for all v £+ € {Cc

sy PO -F@)

_ 3~ (50) = F) (551
Y Ji ’ ¥ T J

,1s, tr}. Recall the definitions
.18, tr} for buyers and the sellers

=1

I J
B Z
j=1 =
.18, tr}, covariances of type estimators are

Covyy,, := Cov (?tr,? >
:I—C<UB+0B_€B)_—(O_S+O_S_§S )
2[T([ o 1) tr tr, 2<J _ 1) tr tr,
Ic

_ BS _ ¢BS
ST —1) % T )

Lemma A.8. Fory # v € {cc,

Similarly,

COVtr,is = Cov (?tra?is)

J
21 —1) (o + of — fg,is) + Wc—l) (oh 40k — &;Sr,is)

e — BS BS
(1) o e i)

~

Covtr,(:(: := Cov (?tra ?(x:)

1
2(I —1) (UE« +op — é‘g,cc) - m (atsr +05 — & CC)
1

BS BS
TR pE - o o )
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COVn.,is = Cov (?ﬂn?is)

. B, B_ (B \ _ S, S _ 4S8
2([ _ 1) (O-il) + Tis fﬂv,is) Q(J . 1) (0i|> + Ois )
1 BS

i|v,iS
BS _ ¢BS
2([—1)(J—1) (O-ih +0_is f )7

ih,is

+

~

Covip, e := Cov (?n,,?m>

J
U gy Jo (s s s
2(1 — 1) (O'll) + Occ 511),CC) QJT(J — 1) (0'11, + (o fll\,cc)
Jo BS BS BS
AT D7) 70+~ Eee).
and last
COVis,CC = Cov (Yisa?cc)
— IC B B B 1 S S S
— QIT(I — 1) (Uis + Occ fis,cc) 2(J — 1) (Jis + Occ is,cc)
I

BS BS BS
TT DD e T TG

is,cc/)

Proof of Lemma A.S8. We show the three following equalities:

B _ Ic
COVE,H) := Cov (é‘gﬁ-ﬂg)) = m (UtBr + 01113, - fg,n,) )
COVtSr,il) = COV (gtsr7gﬁ>) =

R (o + 08 — &) s
and

_BS —BS Ic
Covﬁ?h := Cov <8tr JEip, ) = (= 1)(J = 1) (gtBr’S + B8 — E,Sib) .

In combination with the fact that

= = _B —-B _S —S =BS =BS
Cov (Ytr, Yﬂ,) = Cov (qr, 51,)) — Cov (qr, 5“)) — Cov (qr JEn ),

this proves the first result.

30
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First (A.3):

(%in?aﬂm) (%iDPéﬁ( )

i=1

I
B _
Covy,;, = E

=1 ¢/=1
_ ! I E [DPD}] 67 (tr)sy
— 2 Y0 Y B [DPDY] %321
T =1 i'=1
I I

y—

Because Y, 62 (tr) = 0 the first term is equal to zero. Thus,

Because
B 1 d B B 2
Utr, = F Z (57, (tr) - 51 ( ))
i=1
1 B 2 1g B > 2¢ B B 2
=22 (02 (0))" + 7D (07 (h)" = 7 D (07 (tr)aP (1))
i=1 i=1 i=1
=op +o° — 2ir(I=1) CovP ..,
Ic
we have
CovE | = —IC (O’B +oB —¢B )
tr, ZIT(I . 1) tr tr, .

This completes the proof of (A.3). Similarly, to prove (A.4), we have

1
Covd . = D365 (tr) D36%( =K
OV, (JT Z r ) ( Z Jrdo it
E [D}D5] 63 (tr)s5,
JT T ;Zl (tr)d5 (ib)
J J J

1
]12 ZZDBDB(SB
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Because

J
&, = Z 05 (tr) — 83(ih))”

S s 1< 2 2 < S g 2
(87(tr)"+ 5 D> (95(0)" = 5 D (95 (tn)af(
7j=1

1 j=1

%IH

I
<=
'Mg I

j
=00 4o +2(J 1) Covtr’ :

it follows that )
Covyyi, = 3T —1) (o + 0% — &)

This finishes the proof of (A.4). Third, consider (A.5):

Covigh, =E | 7 JT g2 Z Z DPDSDEDS 655 (tr) o35 (ih)

i,i'=17,5'=1

By independence of D? and DJS, this is equal to

BS _
Covyyy, =

Z Z E [DPDZ] E [Df DS 683 ()65 (ib).

i,i'=17,5'=1

I2 JC Jr
Using the covariances and variances for D? and DY and for D]S and D]s, this is equal to
J

Il JoJ
BS __ C:T CJT BS BS
Covis, = N JTZZZZ B0 P )% (tr)d55 (i)

111’1]1’1

J
ZZZ AL
I2 chT ]2 _ 1) ij
J
]C]T JCJT BS BS
J

IC[T JCjT BS BS
il > X
12 JCJT Z; I )5’Lj ( r)5zj ( )

Because >, > 6,5(7) = 0, the first three terms are equal to zero, and so

1

IcT J J
BS CiT CJT BS BS
COVtr = 12 JCJT ZZ ] 1)5@‘ (tr)% ( )

i=1 j=1

Ic 1 < BS BS
= TlJ (([—1)(J—1)ZZ§Z ()35 )




Because

1 1 J
Bo= 1720 () — 6 )”
i=1 j=1
1 I J ) 1 I J )
B B
= ﬁ Z Z (5'Ljs(tr)> + ﬁ Z Z (51]8( ))
i=1 j=1 i=1 j=1
9 1 J
77 DD o (n)s ()
i=1 j=1
_ UES 4ooBS 2Ir(I _[1)(J_ 1) Cov?r? ’
C
it follows that
CovBS, = fe (085 + oBS — €85 )

- 2Ip(I - 1)(J = 1)

This finishes the proof of (A.5). The proofs for the other pairwise comparisons follow the
same pattern and are omitted. O

Theorem A.9 (Theorem 4.3 in the main paper). For a SMRD where Assumption 2./ holds,

~

v v | _.B /B S S B S ,BS
COV |iY’y, Y,y/:| = V’Y,’Yl v -+ V’Y,’Y’ G -+ 2”’}/,7/1/’)/77/ e (AG)

where for x € {B,S,BS}, (5., =07 + 0% — &, and
B ol /2 if y =7/, or (v,7) € {(cc,is), (is, cc), (ib, tr), (tr, D)}
e —1/(2(1 — 1)) otherwise,

and
s a§/2 if v =7"or (v,7) € {(cc,ib), (ib, cc), (is, tr), (tr,is) }
T =1/(2(J = 1)) otherwise.

Proof of Theorem j.3. Lemma A.7 (for 7 = +') and Lemma A.8 (for v # 4) prove this
result. We spell these cases out and verify that the expressions derived in lemmas A.7
and A.8 match with the compact representation provided in eq. (A.6).

e if v =4/, using Lemma A.7 and the definitions of as and 045,

cov[i,i}:\/ar<i>=1_17 TIPSR N SRS S R S R S

o o+
A R A B G L A N B A B R
= 0450'5 + 04503 + af‘aia?s.

: : : B S B /S
We verify that eq. (A.6) is correct by spelling out v, V3 s Cyay G, — and check
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that we get the same result as above:

CBS
B 77 el

Cov {?W,?Wi = l/ﬁv,(ﬁy + Vi vt 202
S oP as
2 —(205) + 2+ & —1(202%)

2 2
BB B _S _BS
awav%—aa —l—ozyawaw.

B
(87
= 5 @o)+ 5

e if v # ', use Lemma A.8, and consider any of the treatment pairs (e.g., (ib,is)):

1
2(1 — 1)
o
21 —1)(J — 1)
_ .8 B S S B_ S ~BS
V%V’C'm/ TV Sy T 2”7 VV’C%“/’

1
2(J—1)(

BS BS BS
a +Uis _6 )

Jis

Cov {? 7?i5:| - (UB + 05 - 5B,is) - on+ ai -¢ ’iS)

+

which matches the compact representation.

]

To present our results on estimates of the variance, we first review a classic result for
variances of a simple two-arms experiment, when a single population is present.

Lemma A.10. Let y;, i = 1,...,1 be a population of I units with (non-random) potential
outcomes y;(cc) (if unit i is in the control group) and y;(tr) (if unit i is in the treatment
group). Let the treatment group be identified by the index set T, = {i1,. .., 05, } C{1,...,1},
of size |Liy| = Ity, with 2 < I, <1 —2. Let Z.. = {1,...,I} \ I, be the index set of the
I.. :== I — I, units assigned to the control group. For ~ € {cc,tr}, let

I I
1 1 _
=7 Z yi(y) and sy = 7 Z (wi(v) — 97)2
i=1 i=1

be the mean and variance of the potential outcomes in the population. Define the corre-
sponding plug-in estimates for these to be

. 1 2
Z yi(y and Sy = A Z (?Ji(’Y) - Y7> :
v
ZEI 1€y
Then it holds
= B = I—-1, 1
E [Yﬂ,} =1y, and Var (Yw> = 7 71 —3

v

L—1 I

I, 1-17

5y, and IE(SY«,):

Le., Y. is an unbiased estimate of the population mean 4,. We can obtain an unbiased
estimate of the variance of this estimator by reweighing S :

Var (}37) = § _[1} satisfies E [\//a\r (1/_;'Y>i| = Var <}C/7> : (A.7)
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Proof of Lemma A.10. See e.g. Cochran [1977, Theorems 2.1, 2.2, 2.4]. O

A.4 Variance estimation in SMRDs: proofs

Here we provide lower and upper bounds on the variance of causal effects in SMRDs
(theorems 4.4 and 4.5). For a SMRD in which local interference holds, given an assignment
matrix w, denote by Z, C {1,..., I} the subset of buyers’ indices for which there exists at
least one seller j such that unit (¢, j) has typey: Z, := {i € {1,...,I} : v;; = for some j}.
Symmetrically, let 7, C {1,...,J} the subset of sellers” indices for which there exists at
least one buyer ¢ such that unit (¢, j) has type . Consistent with appendix A.1, I, = |Z,|
and J, = |J,| denote the sizes of these index sets. Exactly I,.J, units are assigned type
7. Define now, the (nonrandom) row and column partial mean of the matrix of potential
outcomes: for a given row i, the average over a fixed index set of columns J, C [J] —
symmetrically, for a given column j, the average over a fixed set of rows Z, C [I]:

yEJW Z Yij(y) and ?/;zW R Z Yii (v

Jejv 7 iez,

For a given SMRD, with (random) assignment matrix W and characterized by (random)
index sets Z,, J, for each v € {cc,ib,is, tr}, i € Z,,j € J,, define the random average over
the columns selected by the set 7, (or the rows selected by Z,):

Z yl,] 7 and _' Z yl,]

JEj'y 7 ez,

~B
Remark The quantities Y; () and 7 () are both averages over .J, elements of the i-th

row of the matrix of potential outcomes Y (7). However, Y, (v) is random: it is an estimator
resulting from the random selection of .J, distinct columns, whereas yfjw (v) is a fixed
population value, obtained by averaging over the fixed J,, distinct indices { jl, cey] J,y} jv‘

Define the sample “plug-in” counterparts of the population quantities 01{3, a,y and 0
. 1 ~B =\? 5 1 ~S =\?2
2oy (Vo-7) . 8-23 (Fio-7.),

and

DS (y Vo)=Y + i)Q |

’Y "/ ZEI«/ jeJ'y

25’, ii, 253 are stochastic and depend on the (random) assignment W through the index
sets Z,, J,. Last, define the variances of partial averages over subsets [J, and Z,

D SED R O RS 100 SEND v¥0 wit £ ) B - V] 8
My = I(J> Ty = j(1> .

Jy L

(A.8)
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Notice that the sums in eq. (A.8) are over all subsets of .J, disjoint indices in [J] (}) or I,
disjoint indices in [I] (7). In lemmas A.12, A.13 and A.15, we analyze the expectation of

each term 25, f]g, f]f,’s separately. First, we state a useful result in lemma A.11.

Lemma A.11. Let

P =E | (?i () — 57)2 . (A.9)

i€Z,
It holds x>" = I, (07B -+ 77“]73)7 where P was defined in eq. (A.8).

Proof of lemma A.11. Consider XEY’B as defined in eq. (A.9), where the expectation is taken
with respect to the random assignment matrices W. Under (simple) double randomization,
every assignment matrix W supported on W is equivalently characterized by the index
sets Z,, J,, for v € {cc,ib,is, tr}. That is, to each W, there is one and only one collection
of index sets Z,, J, for v € {cc,ib,is, tr}, and viceversa. Notice that there are exactly
( fw ) (i) such assignments. Each assignment can be determined by forming index set Z, by
selecting at random I, rows and index set J, by selecting at random J, columns. Every
row ¢ € {1,...,1} appears in exactly ( II; __11) index sets Z,. Hence,

where the second sum is over all (‘:) subsets J, of .J, distinct indices in {1,..., J}.

We further decompose XWB fix a row 7 and disjoint indices J, = {j1,....j5,} C [J]:

Wr ()~ .Y = {70 )~ 30 + 7200~}

=50 -} 70 -5 2 {5 ) - B ) -7}

Summing over all choices 7, of J, disjoint indices in the set {1,...,J},
~ _ 32 B 2 J\ . _
> {y?,jw(v) — yv} => {yfj7(7) — y?} + (J ) P-4},
v

B
ZJ,Y yi7j,y

()

using > ;. {@EJW (7) — yf’(fy)} =0, since y2(y) = . Summing over buyers:

ZZ {?/m _Ew} Zi {ZUZJV —??(7)}2 + (i) Z {77 (7) —EW}2

i=1 Ty i=1

(e
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Lemma A.12. It holds

Bl B - B
E [EW} =0, — Var (Y7> +1,.
Proof of lemma A.12.

Hence, we write

~ 1 =
B 2B
EFJ:EM-Am(n)
eq. (A.13) it follows

where we used the definition of x>" given in eq. (A.9). Now plugging in eq. (A.11) in

(A.13)
Eﬁﬂ:i

7 Xi’B — Var (?7> = 0173 — Var <?v> + 7]5.
gl

~

Lemma A.13. Recall 15 defined in eq. (A.8). It holds

E [iﬂ = 0:7 — Var (?V) + 775,

(A.14)
Proof of lemma A.13. The proof is identical to lemma A.12, where we let X%’S be the column
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counterpart to eq. (A.11), x2% :=E

2
ﬂ{) ] , Where, by the same argument
of lemma A.11, it holds

J I\ Ny =S
e enes (O S, P, o
v L =1
in which we sum over all ( Ii) index sets Z, of I, disjoint indices in {1,...,1}. O

We now characterize ZES. We first state a useful decomposition for matrices.

Lemma A.14. Let x € R™/ be a matriz, and 7 := (IJ)7' Y7, -2, ; be the grand mean
of the matriz, where averaging is uniform across entries. Let T2 := J‘lzj x;; and
EJS =171 3" x;; be the average of the i-th row and of the j-th column respectively. It holds

Sy =) =I3 (@ =)+ I (-0 4 (- -+ 1)’
i J i,J

0,
Proof of lemma A.1/.
S @y -0 = (ny el i+ +7+7)
(2] ]
=S {@P -2+ (@ - 1)+ (2 -2 -5+ 1)}
1,3
=> @ -2 4> (3 -0+ (w2 -2+ 7)
4,J i,j i
where we have noted that all the cross terms in the square cancel since

d@EP-z)=0 > (3 -7)=0, Y (xy;-2-2}+1) =0

1,] 0, 1,J

S —0)P =T (@ =) 413 (-7 Y (-2 -+ 7).
J i,j

2,] A
]

For our matrix of potential outcomes y(7v), direct application of lemma A.14 gives us
1 —q2 1 B — 42 1 g — 12
72 i =5 =72 AT -5} + 5> AF0) -5}
i3 i J
1 . _ _ .9
+ 772 () =T () =T +7,} =0 + 05+ 7% (A16)
2%

We now analyze the expectation of the crossed term EES.

38



SO

Lemma A.15. It holds

T {ym-(v) —Y, () -Y;(0)+
T ez, jeTy
Expanding the square,

gos _ 1

! L, zEZIw J;Jw

1

772> () =9, +

T ez, jedy

{@Aw—@y—(

%; (?f(v) = @)2
+ Ji Z (?j(v) -7

v _=
]’YJ’Y( ! yW)

1], 2
o> (Wi —7,) +

=\2
. - yv) +
TV ez, jedTy

%EL(YAw—§O2
+ Ji > (?j(v) -7

7 jedy

39

T4

2 =B —
Pl ) LJ, Ze; (Yi (v) -
S ()RR (Fen) - (7 o7)
5 )



Under the expectation operator,

- _ 1 ~B _ 2
B[] = 7B | S X fwt) -7) | - B | S (Ve -7,)
7 i€L, jE€T, v i€,
1 =S _ =
-TE > <Yj (v) - yv> + Var (Y7>
v JE€Ty

1 2 1 1 =
- TS ) - - ) - ey vae (7).
i Y

v

Now, leveraging eq. (A.16) for the first summation, eq. (A.11) for the second summation,
and eq. (A.15) for the third summation,

E [f}}?s} = 013 + O’§ + oss — [073 + nlﬂ — [U§ + 773] + Var (?v>
= 0‘58 + Var <?7> — P — 773. (A.17)

[
We now use the characterizations eqs. (A.12), (A.14) and (A.17), to define an unbiased

~

estimator for Var <77>, as stated in theorem 4.4.

Theorem A.16 (Already theorem 4.4 in the main paper). For a SMRD where assump-
tion 2.4 holds, for all v € {cc,ib,is,tr},

B [5] = var (7).

where
& aPEP 4+ aS88 + (aPaf)ubs
T 1—a§—as+aBas
OéB J— ( 2
s
- ni) =7, 0)
e -1, 1 b sz J
>
- i m) ,

and where we have used the previously defined (non-random) coefficients aE and a%.

Proof of theorem ./ and theorem A.16. Given 0z7B, ag, lemma A.7 allows us to write

v \_ BB B_S _BS
Var (Y7> a. o, +a o S tajaso”.
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Define

G, = OzEZE + aEES + aBaSyBs

e e

and apply the expectation operator, leveraging the results in lemmas A.12, A.13 and A.15,
E |G| = aPE [SE] + oS E[55] + afaS B [505]
= as (0173 — Var (%7) + 7]5) + oz,sy (0'3 — Var (%7) + 'ris)
+alad <U,]$S + Var(%v) -t - 772) .
Rearranging,
E [G } Var (A ) {1-a” - ozi + a?ag} +aP{1 - 045}775 + ai {1-a"} 773.

and, observing that

rl—y) zl-y)  x
l—z—y4+ay (Q1—-2)(1-y) 1-—2a’

and rescaling the quantity above,

E[GW} = oy g S
=Var (Y .
1 —al —ad+abad ar< 'y>+1—a73777+1—04§y777

We now leverage standard results to obtain unbiased estimates for 17173, ns’. First, the variance
of the row-mean estimate follows from lemma A.10:

Var (??(7)):E (?B(v) Y; (7))2] = [Jll = 1{sz§ @%)}2}, (A.18)

J
where eq. (A.18) is implied by standard results in sampling theory: in a SMRD we can
~B
see each row i as its own population with mean 7 and corresponding estimate Y, . Then,

for those rows which feature at least two columns of type v, we can provide an unbiased
estimate of the variance term in eq. (A.18). Define the sample estimate

Vi (F) = 2520 2 S fwm - Tlo)

jeJ-y

From eq. (A.7),

Z {yi,j(’y) -Y, (7)}2 Z:: {yis () =72 ()Y
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which directly implies that

~B ~B
E {Var (Y (7))} = Var (
Averaging these estimates over the rows

),

Z Var < ) ,
satisfying

7 ez,
Z Var ( ) =
7 ez,

Symmetrically for the sellers

Var (?jm) —E

]E

=S _ |oI-1,1 1 .
(Yj(v) —yf-(v)) ] -7 ter 2(%](7) 7 (1),
then o 11
Var (Y (’y)) == _ - vii () = Y5
L L -11% (81
It holds

{Var (
Average these estimates over the columns,

)] Var(? w).
35 =(0)

satisfying [E [ } 773.
]67
Therefore
B S
& A @y g Oy s
Z’Y_G’Y_ 1— aan 1—048777

satisfies [E [EV] = Var (?V> .
5

Theorem A.17 (Already theorem 4.5 in the main paper)
theorem 4.4 a conservative estimator for Var(T, spﬂl) 18

[
Under the assumptions of

Var ' (78,) = 2{i +§}
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~

. Recall that 70, : =Y, - Y, so that
(A.19)

Proof of theorem /.5
Y } + Var {?CC} —2Cov(ib,cc).

Var [ Splll] Var {

~

We have unbiased estlmators 5., for Var(? ) and 3., for Var(Y..). To obtain a conservative
it remains for us to find a conservative estimator for the covariance

Y., we use Young’s (AM-GM) inequality as follows

variance estimator for 7 Tspﬂl,
term Cov(ib, cc). Letting A, := ?V -7
- . E[A2]E[A2] X%

Cov(ib, ) < | E[A, Al < EJA A ] < DO B _ 20y (A.20)

Therefore, we can obtain from the sample a conservative estimator for the covariance via
E - + 2’ > | Cov(ib, cc)l. (A.21)

Finally, defining
—hi __ F S ZA] ZA:(:(: « <«
Var (7o) == S(ib) + E(cc) + 2 < 5 5 > =2 <2( )+ E(cc))

and applying the expectation operator to each term we prove our thesis
Y } — 2 Cov(ib, cc) = Var(75,).

—hi g )] > Var {? } + Var [VCC
O

E [Var (Tspiu
as in eq. (9), and %(B) be its estimator counterpart as per

(8 ) Ezxtending theorem /.5 yields a conservative estimator

Lemma A.18. Let 7(3) be
we{cc 1str}6 2 +Z’y;ﬁ’y ﬁ’Yﬁ'Y <2 +E )

eq. (11). It holds E [7’( )| =
0fVar< (B )maVar < )

Proof. Unbiasedness of T(B) follows directly from linearity of the expectation and lemma 4.1

The variance of 7(8) es given by:
(A.22)

> 52Var< >+2Z,@757 Cov(£ i).

Var <%(B)> =
ve{cc,ib,is,tr} yEY!
Plug-in estimates 27 are unbiased for Var (?V> as per theorem 4.4. The covariance terms
| Cov(vy,v")] < %IE[EALY + %], yielding the result O

can be bounded as in eq. (A.21)
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A.5 Probability limit
Theorem A.19. Consider any sequence of SMRDs in which I,J T oo, where the local

—

interference assumption holds, and which satisfy assumption J.6. Let 7(3) be the linear

estimator introduced in theorem 4.2, and let \//é;hi <7°(B)) be its conservative variance
estimator given in theorem 4.5. Then, if 7>+ J 2 =0 (E {\783[?’(5’)]}) , we have
Var' (#(8))
B {ar" (+8)) ]

Proof. By the continuous mapping theorem, given the characterization of Var 1 <%(ﬂ)) in

~

=1+40,(1).

lemma A.18, it suffices to consider the case where %(B) = 77, i.e. where ﬁ is a standard basis

~

vector in R%. In this case, theorem 4.4 shows that Var (%(B)) = Var (Y7> is unbiased.

Given weights o and of defined in eq. (14), by theorem 4.3 (see also theorem A.9),

~

2, = Var (Yv) = &505’ + OAS,Ui +alalo, (A.23)

T

Using the facts that o = O(I™') and o = O(J™'), we may note that as I,.J 1 oo,
1-al—aS+afal~1, 1-af~1, 1-af~1 Hence 3, simplifies asymptotically as:

- ~ ~ ~ 1 1 1 1
BB SIS B _S¥BS § ~B E ~S
Z,y ~ Oé,y Z’y + a/’YE"/ + O,/,y OZ,YZ,Y — ﬁ [— U’y,i — m 7 U%j . (A24)

©
Here, we have adopted the notation

223 () -Ti0) = 23 (0 -Ti) (a2

7 jedy 7 i€z,

By boundedness assumption 4.6 (b), [0F,] < 4C3 and |05 ;] < 4C3. We conclude immediately
that (c) is O(I72J~! + I71J72) almost surely. Thus, combining eqs. (A.23) and (A.24),

~

aB(EP — oB) +a3(E8 — 65) + aBaS(EB8 — 6P8) + O(I 21 + 71T ?)
S .

M|>
2702

0

Then, to show the thesis it suffices for us to bound (a.1), (a.2) and (b) in eq. (A.24) above.
By Lemma A .24 along with the facts that ¥, > ¢ and of = O(1/1),

~

oP (iS - 0B> -0, (1—1 S 11+ J + (IJ)-l) .
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Analogously, Lemma A.25 together with ¥, > 03 and ag =0(1/J) gives
ol (23 — 05) =0, (rl S+ T+ (IJ)‘l) :
Lastly, Lemma A.26 together with ¥, > 05 4+ ¢ and abaS = O(I7'J7") gives
alad (zES — 058) =0, ((IJ)—l S+ T+ (L)) T+ J—l]) .

Omitting lower-order terms and simplifying fractions, we arrive at

> [V g1 (1))
Z«/ + p ( 27 + 27 + OP( )7
where the last equality holds because AM-GM ensures (1.J)~! < $[I72 4 J 2. O

Given a parameter space U along with random variables {X, : u € U} and real
numbers {t, : u € U}, in this section we write X, = Oi"(t,) if {X,/t, : v € U} is tight:
sup,ey P(|Xu/tu| > ) 1 0 as r 1 oo [Billingsley, 2008]. This immediately implies the usual,
sequential definition: given a sequence of elements w, € U such that X, = Ogn(tu"), it
follows immediately that X, = O,(t,,) in the usual sense, meaning that the sequence
Xy, [tu, is tight: sup, P(| X, /tu,| > 7)1 0 as r 1 co. We typically omit reference to the
parameter space U as it will be clear from context.

Lemma A.20 (Single randomized convergence). Let ay,as, ..., ar be bounded real numbers,
la;| < M forall1 <i<I. Writea=1""Y1_ a; and 0> ="' Y1 (a; — a)>. Then,

1 _ n 1 _ nf /
E;(ai—a)Q—ngOg (MMQJZ/L/) and E;ai—a:Og ( 02/]7).
1€Ly 1€Ly
(A.26)

Proof. Equation (A.26) is taken from the proof of Li and Ding [2017b, Proposition 1]. In
particular, the variance of both sums are bounded there, and Equation (A.26) then follows
by Chebyshev’s inequality. m

Lemma A.21. Let X1, Xo,..., X, be random variables with the following tail bound prop-
erty: for allp € (0,1) and alli € {1,2,....,n}, P (\XZ] > D\/log(Q/p)> < p, where D > 0 is
a constant. Then for a fixed probability n € (0,1),

P (s X1 > DV <o
Proof. Set p =n/n, then

P (IXi| > D+/log(n/n)) < n/n.
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Vi € [n]. By the union bound, for a fixed probability n € (0,1), P <max1§i§n | X5 > D\/log(2n/77)) <
7. O]

In what follows, we consider a bounded array of real numbers A = (a;;)ic[n),jes) Such
that for all (7,7), |a;;| < M. For this array, we write:

1 J J

I
a= (IJ)il ZZCLU, and a; = Jfl Zaij’ and 0'2 — Iil (C_Lz _ C:L>2
=1

i=1 j=1 j=1 i

Lemma A.22. Let T, be a random selection of I, € {2,...,1—2} indices (and symmetrically
J a selection of a random selection of J, € {2,...,J — 2} indices). It holds:

1 _ o2 log I
(a; —a) =0 [ M | /-2 + : (A.27)
LJ, ;J; / P \/ I, LJ,

Proof. We write the left-hand side of eq. (A.27) as

1 _ 1 1 B L 1 -
]JZZ(aij—a):]—Z J_Zaij_ai + (a; — a) ::]—Z[Ei—l—(ai—a)].
Y ez, jed, 7 ez, 7 jedy 7 ez,
(A.28)
Here we have defined ¢; := J% > jeg, ij — a;, which depends only on the seller randomization.

The second summand on the right-hand side of eq. (A.28) is O (/02/1,) by eq. (A.26). For
the first summand, we begin by bounding M = maX;e(7] |€;], which again depends only upon
the seller randomization. By lemma B.6, which shows concentration of single-randomized

sums, we have
P{le;| > CMJ;?\/log(2/n)} < n. (A.29)
By lemma A.21, we then find that

P {M > CMJ;l/%/log(y/n)} <. (A.30)
Let A = { i Diez, €| > CM[;l/Z\/log@/n)}, and Ay = {M > CMJ;l/QN/log(ZI/n)},

for n > 0. Then, (i) Lemma B.6 (conditional on seller randomization) implies P{A;} < n,
and (ii) eq. (A.30) implies P{ A5} < 5. By the union bound, P(AS U AJ) < P(AS) +P(AS) <
2n. Both bounds hold simultaneously with probability at least 1 — 27. When both hold:

1 ~
3 Zei <CMI; 12, flog(2/n)

< ¢ (OMJ2 logRI ) 12 /log(2/)
= C?M(I,.J,)~Y2\/log(21 /n) - log(2/n)
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For any fixed n, \/log(2/n) = ) and +/log(21/n) = O(y/TogI), giving us
_ log 1ok
SO NTELEED TS MELE ( oL )
€Ly jJET, 7 ez, 7 ez,

Lemma A.23. Under the same assumptions of lemma A.22,

2

A Z —Ya,-a| =op <Aj—j) . (A.31)

ZGI ]GJ

Proof. We use facts about Orlicz norms, collected in definition B.11. To prove eq. (A.31),
note that eq. (A.29) implies ||e;|y, = O(MJ; ). So ||€]ly = [|eill2, = O(M?J; ). Given
any buyer assignment via Z,, we have |11 37,7 €y, < 171377 [I€]le, = O(M?JH)
by Jensen’s inequality. Thus, conditional upon any seller assignment, the left-hand side of
(A.31) is O (M?J"), so its marginal distribution is also OF™(M?.J1). O

Bounding key terms

Lemma A.24. Consider a sequence of SMRDs with sample sizes I, .J T oo where assump-
tion 2.4 and assumption 4.6 hold. Then,

58— %40, (\JoBlI 4+ 7 + ). (A.32)

Proof. We decompose f),lf as in Lemma A.12,

~B =

2=rY (F0r,-7) =+ S [l -[F-5]

7 ez,

, %,—/
(aIl) (a.1.2)

We analyze (a.1.1) and (a.1.2) separately.
Bounding (a.1.1): The term (a.1.1) can be decomposed as

1 =B B 1

(all) =+ > |:Yi (M) x5 (v) = yw}
7 iez,
1 By B B 2
:z Z [62( +225 )€ —i—Z(ei(v)) ) (A.33)
i€, 1€y i€,
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~B
where €2(y) =Y, () — 52(y) represents the sampling error in row i. By eq. (A.26) in
Lemma A.20 and eq. (A.31) in Lemma A.22 | with a;; = y;;(7) and M = C5, we have

1/2

2\ 1/2 2
By Cauchy-Schwarz, £ 3,z [0P()] (8) < (£ Lier, [PO)]°) " (+ Siez, ($)7)
bounding the cross term in eq. (A.33). Substituting and absorbing lower order terms

(a.11) = o + 0, (o[ + I + 1/JV) (A.35)

Bounding (a.1.2): Applying eq. (A.27), with (a;;) = [y:;(7)] and M = Cs, we have

Y, -7, = (\/"73 ) (A.36)

Taking the square of eq. (A.36), combining with (a.1.2), suppressing the dependence upon
(5, removing lower-order terms and combining with eq. (A.35), we obtain eq. (A.32). [

log I
L,J

Lemma A.25. Under the assumptions of lemma A.2/,
‘23 =05+ 0, ( oS[I7+ J7 + I;1> . (A.37)
Proof. Symmetric to the above. O

Lemma A.26. Under the assumptions of lemma A.2/,

555 = 055 1 0, (o3 + oBIIL + 45 ]+ 1+ ;)

Proof. From the decomposition provided in lemma A.15, we have:

(b.2) (b:3)
(Al) - B 2 7 S 2 (b.4)
S T [Y () —yv} (Y] (") —yv) ——
B ? v = —
D B B e DRSS A N
€Ly jJET, 1€y JEIT~

We will analyze each term separately and establish their convergence properties.

Bounding (b.1) Applying eq. (A.31) with a;; = 6;;(7)? and M = C%, we have

(k1) = [1J 22 80) = %22%(7)2 O <\/%Jr E%Jf) .

T ez, jedy i=1 j=1
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By eq. (A.17), we know: +; S Z;.Izl 0ij(7)? = 0B 4 05 + 025, hence

B log I
(b1) =0l + 03 + Uss + 0, ( il 422 ) . (A.38)
V7 T\ L,

Bounding (b.2): From the analysis of (a.1.1) in eq. (A.35), we know that

@m:£+@(awf+qwou

Bounding (b.3): Symmetrical to (b.2), applying the same analysis to columns instead of
rows,

(6.3) = o5 + 0, (/o317 + I +1/1,)

Bounding (b.4): Taking the square of eq. (A.36) and using (a + b)* < 2(a® + b*) (by
am-gm),
= _\ o logl
(b.4):<Y —y) —0, (Tl
1Y "\ T

Combining (b) terms. Using v/a + Vb < v/a + b and removing lower-order terms,

BB =688 1 0, (\/[a§ + 0PI+ T+ [+ J;l]) :

B Proof of Theorem 4.8

In this section we prove Theorem 4.8. We consider an SDRD with two populations (buyers,
sellers), and a binary treatment assignment at the (buyer-seller) pair level. A fixed proportion
of buyers p® := Iy /I € (0, 1) are assigned at random W} = 1, which makes them eligible for
treatment. The remaining I¢ = I — It are assigned W = 0. Similarly, p° := Jp/J € (0,1)
of sellers are assigned I/VjS =1 (i.e., are eligible), while the remaining Jo = J — Jr sellers
are assigned WjS = 0. Treatment is assigned via W;; = WiBWjS.

Remarks on notation Recall that [n] := {1,...,n}. Given a k-dimensional vector a,
lalls = af + ... + ai denotes its 2-norm and [|A|,, = max,,=1 ||Az|» its operator norm.
We often use [y in place of I and I; in place of It (symmetrically, Jy for Je and J; for Jr)
whenever it is more natural to do so. Last, C,C’,C", ... denote absolute positive constants
whose value may change from line to line. Under local interference (Assumption 2.4), as per
Lemma 3.5, each buyer-seller pair (¢, j) has only 4 potential outcomes: Y;; =Y; ;(7), where
v € {cc,ib,is, tr}. We denote with ~; ; the type of the pair (i, j), as per Equation (7).
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Goal of the proof For a fixed size of the two populations, N = (I,J) and for v €
{cc,ib,is, tr}, we aim to prove joint normality of linear combinations of the random variables

Z Z Yii (Mg =7}

Il
| —

~<Ib

~

)~<

N —

=

T =

where N, = >, . 1(v;; = 7). We write

~ A~ o~ ~ 7T

Y —_— = —_— . R . AT

T = |:ch7 Y ) Yisa Ytr:| = [cha Tib, Tis, Ttr] (Bl)
to denote the (random) vector of group averages, and 7 to denote its population counterpart,

— = = = T .
T = [Goos Vs Ui U] = [1(ce), (D), 7(is), 7(tr)] " (B.2)
Roughly, our proof technique is as follows:

Step 1 In Appendix B.1 we show that under fixed sellers’ assignments st, for j € [J],
standard results of Li and Ding [2017b], Shi and Ding [2022b] extend to SMRDs: a
“conditional” CLT for 7 holds, with the limiting distribution parameterized by the sellers’
assignments.

Step 2 In Appendix B.2 we prove that when considering the random assignment of sell-
ers, the mean of the limiting distribution in Step 1 is itself normally distributed. Meanwhile,
its variance is close to a fixed, deterministic value, independent of both assignments.

Step 3 Last, we combine these show in Appendix B.3 that the marginal distribution of
7(B) is also approximately Gaussian.

B.1 Step 1: a conditional CLT

We now show that conditional upon the seller assignments (st ), we can derive central
limit theorems for the MRD estimators in Section 4 that mirror those known for estimators
in standard, single randomized experiments [Li and Ding, 2017b, Shi and Ding, 2022b]. Let
IT denote a uniform random permutation of the seller indices [J] , i.e. a map I : [J] — [J]
such that {II(1),...,II(J)} = [J] . Without loss of generality, we can suppose treatment
labels are generated according to W7 = I{II"'(j) > Jo}. We proceed in this section by
conditioning on a particular reahzatlon IMT=mr.

For a fixed permutation 7, let JJ := {m(1),...,7(Jo)} C [J] be the set of sellers with
W5 =0 and let 7" := {n(Jo+1),...,7(J)} = [J] \ J7 be the seller indices with W = 1.
Conditional upon II = 7, each buyer ¢ has the following “realizable” potential outcomes:

o yfjgr (cc) = 5 Z Yix)(cc) and 7; jw( ) =3 Z L Yix()(ib), which average the
unit-level potential outcomes of interactions (i, j) for sellers with W9 = 0;
J J :
o 7 7r(is) = J1 imgor1 Yin((is) and Ty g (tr) = J11 imgor1 Yim(y (tr), which average
the unit-level potential outcomes of interactions (7, j) for sellers with VVjS = 1.
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We can then view our SDRD as a standard randomized experiment with I units, where
each buyer 7 can be thought of as having potential outcomes corresponding to the above:

_ . 5. T _ _ _ T
Ui (0) = (Tigz(ce) 0 GPge(is) 0) , gP (1)=(0 Foz(b) 0 Toeltr)) . (B.3)

Notice that we have two potential outcomes for each buyer (since each buyer can either
be assigned W2 =0 or WP = 1), and these potential outcomes are vectors in R?* (there is
one potential outcome for each type v € {cc,ib,is, tr}). The population averages of these
vectors are defined as:

?0,71'(0):(%2'{:1?75‘767((3(:) 0 %Zleﬂ?,g;(iS) O>T:3 @.,JO"(CC) 0 ?.,j;f(i@ O)T§
Tor) = (0 5L, 7005(0) 02X 0(0)) = (0 Tagg (D) 0 Fugr())

We further define the difference between the outcome at the unit level (eq. (B.3)) and the
mean across all units (previous display) at the buyer-level treatment g = 0, 1:

Yir(@) =F2.(0) — Tu.(q) € R (B.4)

Following Li and Ding [2017b] we define the buyer-level vector of treatment effects 77

- _ _ _ _ _ . _ T
7 = [0 +77,.(1)] = (Tlgr(cc) Toz(D) TPre(is) Tigx(tr))

In turn, define the m-conditional population average across all buyers:

~ I

Z "= Gun(0) +Gur(1) = Tz (¢0) Tugz (D) Tugr(is) Tugeltr)) . (B.5)

We define the centered counterpart of 7/

yi’Jg (CC) 75.,‘77" (CC)
- - - ybngr( )750,.767( )
T’L Tz T yfjjirr (IS)—y.,ler (IS) ( )
Ty ()=, 77 (1)
Given a (random) assignment of buyers, WP € {0,1} for i = 1,..., I, the natural sample

counterpart of 7™ is 77, where we replace each coordinate with the sample mean across

units i for which the type was observed, Yo 7x(7):

1 5o

—B - =
To ~i:wB=0 yi,JJ(“) Y.Jg(cc)
1 s B =
o Iy 'L':WZ.B:I yl,Jgr( ) o Y.’j(;r( ) (B 7
T = 1 s~Jo 7B (is) - = . ’ )
To ~4wB=0"4I7 Yo,JI” (is)
1 Iy =
I ~:wB=1 Yi J” (tr) Yeuor (tr)

The randomness in 7" only stems from the assignment of the I buyers via W2. With this
characterization in place, we can extend Li and Ding [2017b, Theorem 3] to our estimator
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T™. First, define for ¢,r € {0,1} the finite population cross-covariance

S5 = 1 AT ~ e @ R0~ B} = = S @)

and the finite population covariance of the individual effects

1

1 iy iy s ™
Stei= g 2 AT =T =T

i=1

(B.8)

Theorem B.1 (Theorem 3 in Li and Ding [2017b]). Consider an SDRD under the local

interference assumption. Conditionally on the sellers’ assignments via m :

] = U],

the experiment is equivalent to a single-randomized experiment with I units and Q) = 2
treatments indexed by WP € {0,1} and potential outcomes ﬂfﬂ(WiB) € RY. The estimator

™

77 is unbiased for T :

E[F™] =7".

The covariance of T™ is given by

Q
~ 1 1
VTF = COV {TW} == E I—S;q - 7572.”,
g=1 "1

where )
(%Zr (cc)) (+Zr(cc)+,zr(is))
U=Dly 0 DI, 0
7 7 I (+7 (1))? (#F (L) 7T (1))
0,0 L1 _ Z 0 Toh 0 Uenn
0 1 i=1 -1y 0 a—Dlo 0
(#F (iI0)#F (1)) (#F (t1))2
0 eE=E 0 =01,
and
(+i’f(cc))2 (#] (co)i T (D)) (7] (co)7 T (is)) (#] (ce)i T (tr))
I=01 T=1)1 T-1)1 T=0)1
52 I (Fatf () (HF0)? T (R0 G9) () ()
T 2 : T—0)1 (€5 -1 T-1)1
[ (+1?‘(cc)+z7*(is)) (+Z?'( )+g'(is)) (-i-zT(is))Q (+Z7r(is)+,£”(tr))
i=1 -1 I—1)1 I—DI I—1)1
(#F (cc)#f (tr))  (#F (10)#] (tr)) (+7 (i9)3F () (#F (t1))?
=11 T=1)1 -7 I—D1
Hence,
IN/.nm IN /.1 T
1 (7 (c0))? (F eyt () 1o T () (37 ()i (o)
(I—n1 - (I—0)T (I—nT - (I—1)1
Iy /. Ig (. -
I L eosmm)) T Graniras) 1 GT 0 )
T T—1)1 T=01 -1 T=D1
Cov{7T"} = Z 1L (e eoyT (is)) VAT (i L1 (57 (is))? ()T
i—1 Tg\"e 7 7(71- ( )Ti (15)) g \"i . (Ti (15)71- (tr))
T-n1 T-1)1 T-01 T-1)1
I s s I T
(7)) T-GFONTE)  (Fagiran) 1o (F@0)°
- (I—0)T (I—n1 - (I—1)1 (I—n1

Proof. The proof is given in Theorem 3 in Li and Ding [2017h].

(B.9)

]

Theorem 4 in Li and Ding [2017b] provides a CLT which relies on the existence of an
asymptotic limit for V™. Since V7™ is random in our context and depends upon the finite
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population, we instead derive a Berry-Esseen type result following Shi and Ding [2022b].
In what follows, (V)2 is defined as the symmetric square root of V™, and (V™)~2 is its
pseudoinverse. In particular, we need not assume that V™ has full rank.

Theorem B.2 (Theorem S4 in Shi and Ding [2022b]). Let V™ := Cov{T"} as characterized
n (B.9). Then, there exists a universal constant C such that for all a € R* with ||z = 1,

: VT)TEy
sup ]P’{aT(V“)‘E(?” —77) > t} — q)(t)‘ < C'max max o (V) "y <Q)‘ (B.10)
tcR icll] ¢e{0,1} I,
Proof. See Theorem S4 of Shi and Ding [2022b]. O

Theorem B.2 provides a Berry-Esseen bound for 7™, where the upper bound depends

on both @ir and V™ (see the right-hand side of eq. (B.10)). Now, using assumption 4.6(b)
of bounded potential outcomes, we state a slightly different form Theorem B.2 where the

bound does not depend on ?ST We use the notation introduced in Equation (11), so that
72#(/3) - Z'ye{(z(z Jis,tr} ’Y/B’Y

Lemma B.3. Under the same setting of Theorem B.2 and further assuming bounded
potential outcomes as per assumption 4.6(b):

~r(23 T 2 C 2
min nr(
Oy Var{77(8)}
Proof. We first consider the case in which V™ is invertible. This case contains the main
ideas and is technically simpler than the general case.

Invertible case. Let o = (V™)28/[[(V™)28]|s, so that ||a||y = 1 by construction. Plugging
this choice of e in Equation (B.10), Theorem B.2,

P{M >t} — ()| <
(V)28

Applying the Cauchy-Schwarz inequality on the right hand side yields

T ~r - _B
PP ) il ) <O B max max Perl@l2
IV=)=Bl. (V3B e ety I,

(B.11)

sup (P =
< Var((8))

—'T;B

1B Y .(0)]
#max max ——————.
||( )EIBH i€[I] qe{0,1} ]q

teR

sup
teR

Last, since by assumption 4.6 (b), each entry of ﬂir(q) has absolute value at most 2C5, and

since there are exactly 2 non-zero entries in each ??W(q) (cf Equation (B.3)), we conclude
that max; max, H?M M2 < /2 x (2C5)? = /8C,. Plugging this in, and noting that
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=T

Var{7#"(8)} = 8 V73, so that \/Var{z7(8)} = ||(V™)/28)|), yields the thesis:

T”( 6)

7 g T
sup |P >ty — d(t)| =sup P{ﬁ(T—l__,T)>t}—(I>(t)
Ul Ry {TW Nt @) et |\ I Bl
VBOC: 1Bl
= min{lo,jl} var{%ﬂ(/é)}

Non-invertible case. In case V™ is not invertible, eq. (B.10) in Theorem B.2 instead gives
T =T 1 1 B

FT _ T V™) (V) 2y

P{a (7 r>>t}_¢(t)’< c B (V1) (VT) 5 )]

(V™)

= max max
1(vm)z8]

28|, i€l acfo.1} I,
Now we use Cauchy-Schwarz and the operator norm inequality to bound the righthand side,

teR

1

B vl (o) < 18 (V)R VTEgE(9)])s
<18 1ol (VEE V™) 3 lollFe (@)]l2
< 18" o152 (@)]l2:

where in the last step we use the fact that ||(V™)2(V™)"z||,, < 1. Thus,

B -7 c 1+ (a)]
sup |P T T —am) < 18" s max max Fem N2
teR (V)2 8]l (V™23 iell] gef0y I,
The proof then proceeds as in the invertible case. O

This concludes the first section.

B.2 Analysis of conditional mean and covariance

As before, let II : [J] — [J] denote a permutation chosen uniformly at random. In this
section we characterize the distribution of the II-conditional mean vector 7!, and the
[I-conditional covariance matrix V! := Cov(7!) introduced in Appendix B.1. This allows
us to transfer the results Appendix B.1 —which depend on the particular seller assignment
m—to the general case of random seller assignment II.

We start by recalling standard results on concentration of random permutations in
Appendix B.2.1. We use these results to characterize the conditional mean and covariance.
We characterize the mean Ep [TH] in Appendix B.2.2 and prove concentration of 79
around Ep [TH} in Appendix B.2.3 . We then show that 7 is approximately normal in
Appendix B.2.4. We characterize Er;[V] in Appendix B.2.5 and show that VI concentrates
around En[V!] in Appendix B.2.6. Finally in Appendix B.2.7, we use this concentration to
express the conditional CLT (lemma B.3) in a more convenient form.
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B.2.1 Useful results on concentration for random permutations

We first provide some notation. Let B’ be the set of permutations of [J]. Given two
permutations i, m € B, let (71, mo) be their convex distance:

d(mi,m) = sup Y a1 {mi(j) # m(4)}- (B.12)

lalla=1 =

Moreover, given a set S C B’ and a permutation 7 € B/, with some slight abuse of
notation, we let §(m, S) = infycg d(m, s), i.e. the distance of m to S C 7 is the distance to
the nearest point in S. To establish concentration of 7' around Epy [7"] (and similarly that
the covariance V! concentrates around En[V!]), we will use an isoperimetric inequality for
uniform random permutations, along with a well-known corollary. In particular, we will
reduce the problem of establishing concentration for the conditional mean and variance
to that of establishing concentration for suitable L-Lipschitz continuous functions of II.
Towards that goal, in what follows we let X : 3/ — R denote an L-Lipschitz continuous
function with respect to the distance § defined in eq. (B.12): there exists some L > 0 for
which V 7, my € B/

| X (1) — X (m)| < Lé(my, m2). (B.13)
Lemma B.4 (Talagrand [1995], Theorem 5.1). Let I1 : [J] — [J] be a permutation chosen
uniformly at random in B’. Then for a set S C P,

rte sy o {25

where we recall that the distance to the set S is defined as §(m,S) = infses (7, s).
Proof. See Talagrand [1995, Theorem 5.1]. O

Lemma B.4 has the following well-known corollary.

Corollary B.5 (Concentration for random permutations). Suppose that X : 7 — R is
L-Lispchitz continuous as per Equation (B.13). Let II € B’ be chosen uniformly at random.
Then, fort >0,

P{|X(I1) — E[X (I)]| > 8Lt} < 2¢*/5.

Proof. Let v € R be the median of X (IT) when IT ~ Unif (7)), i.e.
v={infzeR : PX(II) <z] >1/2}.

Let S = {7r € p’ | X(m) < 1/}. By Markov’s inequality, Lemma B.4, and the fact that
P(II € S) > 1/2,

P(LS(T1,S) > s) = P (exp {5(111_65)2} > exp { 163; })
e
< 2exp{—163;}. (B.14)
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L-Lipschitz continuity of X with respect to ¢ implies |X(II) — v| < Lo(IL, S). Using
Equation (B.14) we then can bound the deviations of X (II) from its median:

P(X(II) — v > s) < P(LS(IL, S) > s) < 2exp {— 1;;} , (B.15)

and symmetrically,

2

P(X(IT) — v < —s) < P(—LJ(IL, S) < —s) < 2exp {_ 16‘22 } . (B.16)

Finally, we transfer this to concentration around the mean of X (II). To avoid confusion,
and with an exception to our general notation, let w ~ 3.14 denote the universal constant.

E[X(I) —v] <E[(X) —v) 1{X) > v}] = /OOO]P’(X(H) —v>t)dt
< / e/t gy _ V16mL, (B.17)

where in the first equality we have used the fact that (X (II) —v) 1 {X(II) > v} > 0 is
a non-negative random variable (for which the tail probability formula of its expected
value holds), and in the last inequality we have used Equation (B.15); the integral is
computed by noting it coincides with that of a scaled Gaussian density. Symmetrically,
E[lv — X(IT)] < v/16x L. The two combined yield an upper and lower bound on the mean
E[X(IT)] in terms of the median and the Lipschitz constant:

EX(ID)] <v+ V16wl and E[X(II)] >v— V167L. (B.18)
Using the lower bound on E[X (IT)] in Equation (B.18) we obtain

P{X(II) — E[X(IT)] > t} < P{X(II) — (v — V16wL) > t} (B.19)
= P{X(II) — v >t — /167 L},

and now applying Equation (B.16)

P{X(IT) — E[X(IT)] > { + VI6wL} < 2exp {— 1;; } . (B.20)

Symmetrically, we use the upper bound on E[X (IT)] in Equation (B.18) to obtain

P{X(II) — E[X(I)] < —t — V16w L} < 2exp {— 1;22 } . (B.21)

Hence, combining Equations (B.20) and (B.21) via a union bound and choosing t = v/ 167 Lz,

P{| X (IT) — E[X(ID)]| > (2 + )V16mL} < 4e ™ < de™*
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Finally, note that for any u = z + 1 > 0, hence for u > 2, we may rewrite this as
P{|X(IT) — E[X(ID)]| > uv/167 L} < de~ D < ge7%°/4,

since u?/(u — 1)? < 4 for u > 2. Meanwhile for 0 < u < 2 the bound is larger than 1,
hence it holds trivially. Similarly, we simplify 4e~*/4 Vv 1 < 2¢7%*/% v 1 and note that

V16w < 8. [l

Finally, we apply the result to our context. The following lemma allows us to show
concentration of sums of potential outcomes under simple random sampling.

Lemma B.6. For some M > 0, let b= [by,...,bs]"T € [-M, M]? be a vector of scalars,
and let J, be one of the sets {11(1),11(2),...,(Jo)} (if v € {cc,ib}) or {II(Jo + 1), H(Jy +
2),..., ()} (if v € {is,tr}), so that |T,| = Jy. Put Xp(Il) = 3 .7 bug, for IT ~
Unif(P7). Then we have the bound

P {\Xb(H) ~E[X,(I)] | > (SM@)t} < 2e~/8, (B.22)

Proof. Without loss of generality, we will consider the case that 7, = {II(1),11(2),...,II(Jy)};

the other case is symmetric. Put a; = J0_1/2 for 1 <j < Jyand a; = 0 for j > Jy, and note
that ||allo = 1. We will apply Corollary B.5 using the weights a. For any two permutations
Ty, T € mja

| Xp(m1) — Xp(ma)| =

Jo
> ey = b
j=1

< Z by iy | T{m1(5) # m2(5)}
= Z \/jo’Gijwz(j)Ul{Wl(j) # ma(j)}

< \/TOMZ |aj|1{7T1(j) # mo(J)}
< \/joMé(m,Wg).

These steps follow by the triangle inequality, by our choice of a;, by the fact [b;| < M,
and by the definition of § given in Equation (B.12). The inequality (B.22) then follows by
Corollary B.5, as we have just shown that X is L-Lipschitz with respect to the convex

distance §(my, 7o), with L = /JoM. O

Finally, we state a technical lemma which will help us apply lemma B.6 to expressions
which depend on potential outcomes y;;(7) for multiple types 7.

Lemma B.7. Under assumption 4.6(a), for any~y € {cc,ib,is, tr} and any b1(7),...,bs(7) €
[—M, M|, there exists a collection of numbers by(7), ..., by, (v) with absolute value at most
2C, M, such that for any I1 € B,

Jo
1 1 -
Jj Z bi(v) = jojzlbn(j)(w‘

jeJH
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Note, the left-hand side is a sum over J, terms.The right-hand side is a sum over Jy terms,
irrespective of .

Proof. We proceed by cases, first considering v € {cc, b} and then v € {is, tr}. Let IT € B’
be arbitrary. Recall that by construction, we have JJ' = {II(1),...,II(Jo)} if v € {cc, b}
and J' = {II(Jo+1),...,II(J)} if v € {is, tr}. Then, if v € {cc,ib}:

7 jegn =1

The claim then directly holds by taking Bn(j (7) = bri(jy(7y) for all j.

On the other hand, if v € {is, tr}, letting b(y) := E‘] bi(v)/J, we have

J
S LS i) = 3 ) - 16 < ) = it ——me

JEJH J Jo+1
Jo
1 J - Jo
= =S (Lb(y) - 2 .
JZ(J () = ()
We then take b;(y) = (J/J1)b(v) — (Jo/J1)bn(jy(7); in either case, 1b;(7)] < 20, M. O

B.2.2 Computing the expectation of the mean

Recall the definition of 77, given in Equation (B.5). In what follows, with a slight abuse of
notation, we let 7™(7y) be the entry of 77 referring to type v € {cc, ib, is, tr}. We let 7(~)
represent the same quantity, now indexed by a random IT ~ Unif (3”).

We note that the expectation of 71(y) coincides with the population mean Ev:

I Jy I Jy
1 1 1
- Z J_ Z YirG) (7) — 7 Z En Z yi,n(j)(’Y)
) ; 7 i=1 Jj=1
1 J ! J

L () 1 & J _
; J 1 Z IJVZ]ZIZUZJ =Yy

W Jj=1

En [TH(”Y)} = En

By linearity of the expectation operator, for any B it also holds that

-

En |7(8)] = 7(8). (B.23)

B.2.3 Concentration of the mean

We now use lemmas B.6 and B.7 to show concentration of TH(B) around its expectation.

Lemma B.8. Let II be a uniform random permutation of [J]. Then under assumption 4.0,
which imposes a balanced experiment with bounded potential outcomes, it holds

P (|7"(8) — 7(B)| > |32J5 12 CaCr ] 1Bat) < 267 (B.24)
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Proof. Equation (B.24) is a bound around deviations of TH(B) around its mean, since
E[7(B)] = 7(8) as per eq. (B.23). To show eq. (B.24) we will first prove that 7%(3) = J; ! Z;}il b))
for some suitably bounded numbers (by,...,b;) via lemma B.7, and then conclude using
lemma B.6. From the definition of 7(3),

3 11 <
TB = 2 B2 2w 2 Z( 2 vy )
~v€{cc,ib,is,tr} i=1 jeJu ~e{ce, ,is,tr} ]GJH
= Y sy Y B
~y€e{cc,ib,is,tr} v jegn

Because of the boundedness assumption (b) in assumption 4.6, |§JS('y)| < Oy for each j € [J].
By lemma B.7, we may find numbers |b;(7)| < 2C;Cy which allow us to rewrite 1(B) as

Jo

SRR DI D DUTHOESS BE S DR THE)

ye{ce,ib,is,tr} j=1 j=1 |\ y€{cc,ib,istr}

By Hoélder’s inequality and the fact that ||v]|; < v/4||v||s for v € R*, we can further bound
the bracketed terms in the equation above as

> G| < 1Bl max |bi(7)] < 1811261 < 4G G|l
vye{cc,ib,is,tr}
Then by considering the bounded vector b = [by, ..., b;] in whicheach b; = > (. 10 Byl;j(’y) <
4C1 (]| B]|2, we can apply lemma B.6 to 7(3) (in turn, eq. (B.24) follows):

Jo
5 1 3
1(3) = T > by <ACCy| B
=1

B.2.4 A CLT for the conditional mean

Finally, we note an unconditional normal approximation for 7' = E[r | II] which mirrors

Lemma B.3 above. It follows from the observation that 7! is the standard mean estimator
corresponding to a completely randomized experiment in which J; out of J units are treated,
with the following vector-valued potential outcomes:

75(0) = (T5(cc) 0 FEGs) 0)'; )= (0 F(b) 0 ()’
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Lemma B.9. Assuming bounded potential outcomes as per assumption /.6(b):

sup P TH(B) _ T(B) <ty — (I)(t) < : CC? HB”? ' (B25)
<y Var(rnd)) oo, b Nar(n(8)}
Proof. Identical to Lemma B.3. n

In general, the fluctuations of the conditional mean TH(B) may not be negligible; this
may occur, e.g., if the number of sellers is small. Lemma B.9 shows that TH(B) is itself
approximately Gaussian, so that we can derive the CLT for %(B) despite this possibility.
Our use of lemma B.9 in this capacity was initially suggested by Sudijono et al. [2025].

B.2.5 Computing the expectation of the covariance

Mirroring Appendix B.2.2 we now compute Ep [COV {TH}] — the expectation of Cov {T }
over the uniform measure on the space of permutations 37 of [J].

Lemma B.10. For v,~" € {cc,ib,is, tr} and i,i € [I]| define
P = En [Tan (T2 ()]

Now, we characterize the entry Cov {‘T’H}V o associated with types ~v,~':

I I
. 1
s Con (7], = { S - 133000 .
where
1 if v =7
o =8 T VAV AT =T eg, v =ce,y =is)

1-1 .
o 1771(11—1) Zf’}’?é’yl/\jvn 7&\73(6.9., v =cc,y =1b).

Proof. The main contribution of this proof is just to make the coeficients ,0Z Y explicit to
do so, we specialize them into three different cases: (i) v =/, (ii) v # 7' and J, - ,,
and (iii) v # 7/ and J' # \Z}_,I.

(i) v=1'. We have

2
ply =E ?EJVH(’V)??,J;T(’V)] = <J_) En Z Y5 (V)i (7)
il
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Observing that among the total i) selection of indices 7., 1 exactly ( _1) of these index
J—

sets contain index j and exactly ( ) of these index sets contain the pair (7, ') for j # 7,

J’Y
Piy = A 7 Z Yi (V)" + Z Z Yii(V)yi(
v j=1 J=1 j'#j

1 J J
— ﬁ ZyZ,J(V)yl’,J ’] yl/ ]/ . (B26)
il j=1

=1 j'#]

(i) v #+' and jvn = \73. The derivation is analogous to (i), and just requires swapping
the argument of the second column-wise mean y?jn (v) with +/, i.e. consider y} (Y
Wy WSy

because jf = .771_,[, this change is only in the argument and not in the set indexing this
mean:

/ -~ B 1)2
017 = [T ()] = (J—> By | S e mes ()|
Y

R
7,5 €TS

and now observing that among the total (JJ) selection of indices jwn, exactly (fill) of these
Y Y

index sets contain index j and exactly (fié) of these index sets contain the pair (j, ;') for
Y

J# 7
vy 1)’ Iy d / Jv(Jv
pm’ = J_ 7 Z Yi,j (7):%”,]' (7 ) + J(J Z Z yl,j yz’ j/ )
Jj=1 J=1j'#j
1 [ L d
=5 Z Yii (Nyir (V' . Z Zyl,j ()] (B.27)
JyJ ‘= J 1 =

(iii) v # 9 and J, # J,. The derivation is analogous to (i), and just requires swapping
the argument and index set of the second column-wise mean y? m(7) with 4/, i.e. consider
ey

7. jH( '); because J' # j this change is affecting both the argument and the index set

deﬁmng this mean:

S 1
pld =E yij(v)yf,ﬂ(v’)} = ( T )En > D vy ()
g i

JeTy §'€T
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and now observing that among the total ( 7, ) selectlon of indices, there are exactly (J 22)
selections such that 7, j' € jvn, and exactly ( ) selection of indices such that j, j' ¢ jf,
then there are exactly (370) — (‘]_2) ( B ) of the total ( 0) such that j and j’ do not both

Jo—2 J1—2
belong to jWH

/ 1 Jo(Jo — 1) J1 —1)
"\/7"/7 — 1 _ _ i i B28
P (JJ)( J(T—1) )ZZ‘“ i (B.28)

J=1j'#35

O

B.2.6 Concentration of the covariance

Recall the definition of the covariance matrix S3. given in Equation (B.8):

I
1 T ™ T o T
=1

and let S;(v,7) := S2.(7,7) be its entry associated with types 7,v/, where we drop the
dependence on 7 for the ease of notation. Moreover, we have by eq. (B.9),

) ) o
Var{# (@) =7} = Var{i"(B)} = &m% S HmEE), (B29)
v,y €{ce,ib,is,tr} i1

with 77 () defined as an entry in the vector 77 of eq. (B.6), and

ﬁgcc,ccg iECC7 ; ﬁgcc,isg fAXECC,tr;

,cC s is tr 4x4

A= A(is,cc) A(is,ib) A(is,is) A(is,tr) {A(’Y v )}'Y’Y '€{cc,ib,is,tr} € R™ (B3O)
A(tr,cc) A(tr,ib) A(tr,is) A(tr,tr)

a matrix with entries A(7,v’) indexed by types 7,7/, similar to S2,. Explicitly, they are

L/Iy -1 I/l —1
- = —1 L/Iy -1 I/I
7 (y) = A E (i, (7) —y.,ﬂ(’y)] and A= <11/10 1_/10 Ii/Io 1—/1())'
v

JETT -1 Li/ly -1 Ii/Ip

Our arguments will also make use of certain facts about Orlicz norms, which are collected
in the following definition. We refer to Vershynin [2018, Chapter 2] for proofs.

Definition B.11. For a real random wvariable X, and k > 1, we define || X|y, as the
smallest t > 0 such that E[exp{(X/t)’}| < 2, provided that such a t exists (otherwise, it is
o0 ). For X, Y real, Borel random variables:

1. X +5Y [y, < all X[y, +BY [l for k= 1,2

2. ||X _E[X]||¢k < 2||X||1/)k;
3. if P(IX| > t) < 2e77/%8 then || X||y, < Csg

4o (@) ifIX s < 51 then P(X| > 1) < 207198, 50 P{|X| < 514/Clog(2/n)} = 1 —n;
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(b) if || X1y, < 52 then P(|X| > 1) < 2e 052 g P{|X| < Csslog(2/m)} >1—mn,
5 X2y, < IXT17,

Lemma B.12. Under assumption 4.6, for a sufficiently large universal constant C', we
have with probability at least 1 —n

CcCics|Bl3
W log(4/77)

CC2O2H/3H2 \/E

Var 7B} - E [var (r(8)m)] | <

B)|T}]log(4/n).

Proof. Throughout the proof, let C' be a sufficiently large universal constant. Using
Lemma B.7 and the fact that potential outcomes are bounded as per assumption 4.6 (b),
we can rewrite

Jo

00 = 3 ls0) = Ten)) = - 3 By (1)

7 jegn

for |b; ;(7)] < 4C,Cy, since |y ;(v) — Uor1(7)] < 2C5. By using eq. (B.29), which allows us
to express Var{%(é)ﬂ_[ = 7} as a sum over 7, (7), the decomposition above leads us to

I Jo
Var{f'n(a)} = Z By By (( (Jo Z binig) (Y ) (Jio Z l;i,H(j)W/)) )

7y €{cc,ib,is,tr}

To re-write this as a sum of squares, we use the eigenvector decomposition for the matrix A in
eq. (B.30): A=2(y/Ip—1uu"+2(I;/Ip+1)vv" foru=(1,1,1,1)" and v = (1,1, —-1,1)".
Therefore we can write the (v,7')-th entry of A as A(vy,v') = Ai1(7)A1(Y) + Aa(7)Az(v')
for [A1(7)],]42(7)| < +/2(Cy + 1). Thus, Var{#%(3)} = Vi + V, where for k € {1,2}

Vi = Z BBy <<[)—ilkl Z (Jo Z bin(j ) (Jio Z Bi,H(J’)('V))

v,y €{cc,ib,is tr}

1
- 2 (RS S h ) (£35S b))
I(] J() JO

j=1 =1
Hence, defining X;; = + Z‘j]il (Z:7 @Ak(fy)gi,n(j)(fy)), Vi = 1o S X2 Next, we
can use Cauchy-Schwarz and our previous bounds on A; and b; ; j to bound these terms
constituting X; s in parentheses as | > 3, Ax(y )bii(7)] < C’||,6\|2(73/2C’2 for k =1,2. This

gives us the trivial bound | X; .| < v/32||8]|2(Cy + 1)¥2Cy, so

_ 64IBI3(C + 1)°C3
i,k —_ [_ 1 Y

Var{#(8)[11} =

(B.31)

ke{1,2}
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clearly, the right-hand side of eq. (B.31) also bounds E[Var{?(,éﬂﬂ}].
Thus, applying Lemma B.6 with b; j = > 8, Ax(7)b; ;(7), we find that for a large enough
universal constant C', we have for all ¢ € [I] and k = 1, 2:

| Xk = BXilly, < CCYCo| B2y . (B.32)
Finally, by linearity of expectation and the identity
X? - E[X?] = {(X - E[X])’ - E[(X - E[X])’]} + 2(X - E[X]) E[X]
which is seen by expanding X? = {E[X] + (X — E[X])}? and its expectation, we have

| Var{#'(8)} — E[Var{#"(8)}|
=|Vi + Vo — E[V] + V4|

- ﬁ Z Z (X = E[Xi’k])2 — E[(Xix — E[sz])z] + 2(Xix — E[Xix]) E[Xi 1]

i=1 ke{1,2}
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1 ! ) .
=S ke{zm(xi”“ ~ EXl)” — El(Xir — B[]

N J/
-~

S1

Z 2(Xix — E[Xix]) E[X 4]
i=1 ke{1,2}

N J/
-~

52

For the first summand s;, we have by the triangle inequality

51|y, = Z > (Xik — E[Xix))* — E[(Xin — E[Xi4))%]

i=1 ke{1,2}
S Z Z Xix))? = E[(Xix — E[Xia])?]ln-
i=1 ke{1,2}

By definition B.11 (ii) and (vi), [|U? = E[U?]|ly, < 2[|U?|ly, < 2||U]3,, we can last apply
eq. (B.32) to obtain

CCiC318]3
Xz ; 12 2'
Isillen < 77— Z D I BRI, < =7

=1 ke{1,2}

For the second summand sy, we similarly have by the triangle inequality and the same
bound used above (eq. (B.32)):

I
1
[s2[ly, = =1 > 2(Xip — E[Xi]) E[X ]
=1 ke{1,2}
I
ST Z > 201Xk — BIX ] |yl BIX 4]
1,2}

i=1 ke{

<2CC3 2(]2”5”2 iz S IELX)
VoI = i=1 ke{1,2}

By two applications of Jensen’s inequality to the term in parentheses, this is

20C3 20|18, [ 1 <
= V(I —1) ZZ 2 VERG

i=1 ke{1,2}

3/2 1
S200 ]CiHlﬁHQ J Z E[X2,)




3/2 4 11 3
Jo(I —1) i=1 ke{1,2}

_ V20C"C||B» 7
= \/E[Var{T B,

It follows from definition B.11 (iv) and (v) that, for a universal constant C’ possibly larger
than C', the following events each have probability at least 1 —n

C'C3C3118l3
< ——=" 2 og(2
ATy 0g(2/n)
o'C 3/202||,6||2\/E

B)|1}]log(2/n)"/>.

2_

Thus, replacing n by /2 and using a union bound, it holds with probability 1 — n that

| Var{#"1(8)} — E[Var{#"(8)}]] < s1 + 52

C'c3C3Bl13
< 2 12102
S I-1 log(4/n)
oleate
n 211812

VB ) o4 ),
which, after noting Jy > J/C} and simplifying, gives us the claimed inequality. O]

B.2.7 Simplifying the conditional CLT

We now simplify Lemma B.3, which, as stated, involves normalization by the random
conditional variance Var{#(8)|II}. In Lemma B.17, we show that Var{7(8)|II} can be
replaced by the deterministic quantity E[Var{7(8)[I1}], which simplifies the analysis in
Appendix B.3 to follow. We first state three helper lemmas, namely lemmas B.13 to B.15.

Lemma B.13 (Lemma 2.1 of Chernozhukov et al. [2016]). Let X, Y be real, Borel random
variables. Suppose that P(|X — Y| > v) <n. Then

teR

sup |P(X <) —P(Y <t)| < 77+stl€1£]P’(]Y —t| <v).

If Y ~ N(0,1) is standard normal then the RHS of the bound above simplifies to n + 2uv.

Proof. The first statement is exactly Lemma 2.1 in Chernozhukov et al. [2016]; the second
claim follows as the density of a standard Gaussian random variable is bounded by 1. [

Lemma B.14. Let X, Y be real, Borel random variables. Let ®,(t) = ®(t/o) be the CDF
of a zero-mean Gaussian with variance 0.

[B(X ~ Y| > ) <n and sup,eg [B(Y < t) = @, (8)| < ¢, then

sup |[P(X <t)—®,(t)] <n+3e+2v/0.
teR
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Proof. Given any t € R our assumptions imply P(Y < t) < ®,(t) + e. Using continuity of
®,, they also imply P(Y < t) = lim, P(Y < u) > limy @, (u) — € = @,(t) — €. Thus,

supP(lY —t| <v) =sup{P(Y <t+v)-PY <t-—v)}

teR teR
<sup{P,(t+v)+e— [P, (t —v)— €|}
teR
t+v
= 2e+sup{/ @;(u)du} < 2e+2v/o,
teR t—v

where we have used |®/| < 1/0 in the last step. We then use Lemma B.13 and the triangle
inequality for the norm ||F||oc = sup;cg |F(t)| to conclude:

sup [P(X < #) — B(t)] < sup [P(X < ) — B(Y < #)] + sup [P(Y < #) — B(1)

teR teR teR

<n+supP(|Y —t]| <v)+e<3e+2v/0+n.
teR

Lemma B.15. Let ® be the standard Gaussian CDF. For any n € (0,1)

sup [P (S_'ul) - (5;_2;@) ‘ <n-+ 1 = ol + ‘01;202’\/210g(6/77). (B.33)

seR 01 02

Proof. Note that by making the substitution t = 095 + s we have

sup (I)(S_M1>—<I><S_'u2)’:sup @(t_(MI_M)/UQ)—(I)(t))

s€ER 01 02 teR J1/02

Let Y be standard normal. Define X = (01/02)Y + (11 — pia)/02. By construction, then,
Y — X[ < 0yt — po| +|Yor /o2 — 1.

By the Gaussian concentration inequality P(|Y| > t) = 2®(—t) < 2¢7"°/2 where the last
inequality holds for t > 1, we can choose t = y/2log(e/n) > 1 to deduce that with probability

at least 1 — n we have |Y| < y/2log(e/n). On this event, hence with probability 1 — 7,

v o x| < el ‘01;202’\/210g(e/77). (B.34)

02

The proof then follows immediately by applying Lemma B.13. O]

Lemma B.16. Let V' be a discrete, real random variable. For a real, Borel random variable
X, a cumulative distribution function F', and € : R — R, suppose that

sup |P(X <t |V)—F(t)| <e(V).

teR

Then, if U = u(V) is a o(V')-measurable random variable, it also holds that

B(X <U|V)—FU)| < (V).
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Proof. For any fixed v in the support of V and u = u(v) we have

IP(X <ul|V=v)—F(u)| <sup|P(X <u |V =v)—F(t)| <ev).

teR
[
Lemma B.17. Under assumptions (a) and (b), it holds with probability 1 —n that
#1(8) — (B CC2C,||B|o (171 + J
sup P T (ﬁ) T_)(/B) <t m\ — (I)(t) < n+ 1 2”/6||2< - + >log(0/17)
< LyENar(#@)m) VENVar{#(@)m
(B.35)
Proof. Put 0% = Var{#(8)|II} and 0% = E[Var{7(8)|I1}]. Lemma B.3 states that
1Tl 3 COlBll: 1 B
P o' [7(8) — " <t’H —@t)<2——zz—
sup [P o' [77(8) ~ ()] < |1} — a(n)| < 2=
IT is discrete and U; = o't is o(II)-measurable, and (B —(B) <t — aﬁl[?n(,é) —
TH<B)] < U;. Thus, combining the previous display with Lemma B.16 gives
P {on'71(8) - ~(B)] < |1} — @(U)| = [P {7(B) - ~(B) < |1} - @(U)| < o' B,

for any ¢ € R. By the triangle inequality for ||f||cc = sup,cg |f(t)], the above, and using
lemma B.15 to bound sup,cg |®(07;'t) — ®(03 't)|, it holds for n € (0, 1) that

sup [P {[7(8) — ()] < e|1} - @(3"1)]

teR

< sup [P {[7"(8) — T(B)] < ¢|1} — @07 "1)| + sup | @(0 1) — ()|
teR teR

< UﬁlB1 + ilelﬂg |CI><0'ﬁ1t) — (I)(a;lt)‘

v/ 2log(e/n).

We now manipulate the bound above to remove its dependence on the random quantity oyy.
We start by considering the first term, o 'B;.

01 — 02

<oy'Bi+n+

02

First term, case oy > %02: If o > %02 then aﬁlBl < 20, ' By, implying the bound

v/2log(e/n). (B.36)

01 — 02

sup [P {71(8) — ~(8) < |11} — o(030)| < 20_—321 + 42

teR

First term, case o < %02: On the other hand, if oy < %02, then |0y — opp| > %02, SO
the third term satisfies 205 '|oy; — 02|v/21log(e/n) > 1 and the above becomes trivial. We
conclude that eq. (B.36) holds.
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Third term: Next, we handle the third term o, '|o — 03|. Combining the inequality
|z — 1] < |z —1||x + 1| = |2#* — 1] for z = o/0o3 > 0 with Lemma B.12 gives us that with
with probability 1 — 17/,

on—os| _|oh—o}| _ Bilog(d/n) | Baoa\flog(df)  _ CCIC|BlL
= e o T JIT-T)

The first term is the square of the second term, and that the bound becomes trivial if
either exceeds 1, so we may assume that the second term is larger and deduce that with
probability 1 — 7/

sup [B {71(8) - 71(B) < 1|11} — ooy )| < 221 4y Br/Rloule) 0B 0/)

teR 02 02

Finally, we make the substitution ¢’ = oot above, rearrange, simplify min{l,, 1} > I/C; >
I/C} in the definition of By and (I.J)"Y/2 < (I7' 4 J~1)/2 in By, and finally take 1’ = 1 to
deduce the claimed inequality. ]

B.3 Final result

In this subsection we combine the results of appendix B.1 and appendix B.2 and finally
state and prove the CLT presented in Theorem 4.8.

B.3.1 Combining CLT's

For any permutation II, we have the decomposition
#(B) - 7(8) = {#(B) = 7" (B)} + {"(B) — 7(B)}. (B.37)

Lemmas B.9 and B.17 yield the two following Gaussian approximations

{%(B>A—j“(5'>} 4 N©.1), and {T“(B>17<B)}g N
E[Var{7(8)[I1}]~*/2 Var{r1(3)}-1/2

0,1).

The rate of convergence in both cases is a function of sample sizes I and J and was
characterized in lemmas B.9 and B.17. We use the decomposition in eq. (B.37) to combine

these approximations to recover a Gaussian approximation of 7(8) — 7(3) (the left-hand
side of eq. (B.37)). This is accomplished with the following technical lemma.

Lemma B.18. Let V' be a discrete random variable, and X be different o(V')-measurable
random variable. Let'Y be a real valued random variable. For F,G conditional distribution
functions with bounded densities F' and G', if for n € (0,1) and some numbers A(n), A" > 0,

P {sup BY <t|V)— F(t)] < A<n>} > 1—n,  and sup [P(X < ) — G(B)] < A (B.38)

teR teR
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then, for Z ~ F and W ~ G independent of each other and of (X,Y,V), we have

sup |[P{X +Y <t} —P{X +Z <t} <n+An) (B.39)
teR
sup [P{X + Z <t} —P{W + Z < t}| < A (B.40)
teR
sup|PAX +Y <t} —P{W+Z <t} <n+A(n) + A" (B.41)
teR

Proof. Let t € R be given. We have

|]P>{X+Y§t}—E[F(t—X)]|:‘E[P(Ygt—X|V)—F(t—X)]'
<E[P(Y <t-X|V)-F(—-X)|]

§EPWWW§UHQ—HMﬂ, (B.42)

ueR

where we have used Jensen’s inequality and then Lemma B.16 (as X is o(V)-measurable).
Define now the event &, := {|P(Y <u|V)— F(u)| < A(n)}. We use &, to bound the
argument of the expectation in eq. (B.42) as follows: (i) on &,, by its definition,

sup [P(Y <u| V) — F(u)| < A(n);

u€ER

(ii) on &, sup,cr IP(Y <u|V)=F(u)| <1, since it is an absolute difference of probabilities.
Hence, we conclude that

P{X+Y <t} —E[F(t - X)]| SE[UE} + HEIAM] <n+A(),  (B43)

where the very last inequality follows from noting that by eq. (B.38), P(€f) <.
Next, we can simplify E[F (¢t — X)] using the fundamental theorem of calculus, Fubini’s
theorem, and the convolution formula for sums of independent random variables as follows:

MF@—XH:E[/tXF%WM]:E{[%F%QMugt—ka

::/mﬁ%mpgxgt—umu (B.44)
“P(X +Z<1). (B.45)

Since t € R was arbitrary, substituting eq. (B.45) in eq. (B.43) proves eq. (B.39).
Further, expanding from eq. (B.44) allows us to write:

HF@—AN::[%PWwPﬂYgt—uhm

:/_OO F’(u)G(zﬁ—u)du#—/_oo F'(u)[P{X <t—u} — Gt —u)]du
:P(Z+W§t)+/oo F'(u)[P{X <t—u} — Gt — u)]du.
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It follows that we may bound
‘E[F(t—X)] -P(Z+W < t)‘ = '/ F'(u)[P{X <t—u} —G(t—u)du

< /00 F'(u) |P{X <t—u} — G(t — u)du|

o0
o0

‘]P’(X +Z<t)—PZ+W < t)‘ < / F'(w)Adu = A, (B.46)

—0o0

where we have plugged in the equality E[F(t— X)] = P(X +Z < t) from eq. (B.45). Because
t € R was arbitrary, this proves eq. (B.40).
Finally, we use the triangle inequality and egs. (B.43) and (B.46) to deduce:

P{X+Y <t} -P{Z+W <t} <|P{X +Y <t} -E[F(t— X)
+|E[F(t—X)] —P{Z+W <t}
<n+A(n) + 4’

After noting that ¢t € R was arbitrary, this proves eq. (B.41). ]

B.3.2 Final bound

Finally we prove Theorem 4.8. Next, we give the main result, which shows how we combine
the normal approximations in Lemmas B.9 and B.17 with Lemma B.18.

Lemma B.19. For some A1 > 0, suppose that

sup|pd B -8 o(1)| < = (B.47)
e Var{TH(B)} Var{TH(B)}
and that with probability at least 1 —n,
sup |P G TH_F'B> <t p —@(t)| <n+ B log(Cin) . (B.48)
|y EVar(2(8) ) VENar{#(8)m}]
Then, with £(C,t) = Ctlog(C/t) and some Ay > 0, we have
sup (P 7B —7B) <up—0u) <& <C, (Al—i:—%ﬁl/?) : (B.49)
| | a8} Var (7(8)} 1/

Before we prove Lemma B.19, we show how it implies Theorem 4.8.

Corollary B.20 (Theorem 4.8 in the main paper). Under Assumptions (a) and (b), it
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holds for universal constants C,C" > 0 that

sup [P ZELZTB) ok gy < ratBlog(cr/a)y, o = | CACIBL HTT)
L varro)) Var{+(8))

Proof of Corollary B.20. By Lemma B.9 and Lemma B.17, eqs. (B.47) and (B.48) hold
with
Ay =CCiCJ ™Y Ay = CC2C||Bl(I 1+ 7Y

Thus, using C? > C) since C; > 1 by definition, eq. (B.49) holds with (A; + Ay) =
CC2C||B||2(I7r + J~1). Thus, by Lemma B.19

<ty —dt) <CAY3log(C/A).

]

Proof of Lemma B.19. We introduce the shorthand 02 = Var{r"(8)}, 02 = E[Var{#(8)|I1}],
and o2 = Var7(3), so in particular 02 + 02 = 02, and we write ®,(t) = ®(t/s) for the
Gaussian CDF with scale s. Finally, note that we may assume (A; + Ay) /o < 1, or else the
final bound becomes trivially true.

After substituting u = (0/09)t and rearranging, eq. (B.48) gives that

sup [P {#(8) = 71(B) < T} — @0, (8)] < 1+ (Aa/02) l0g(1/n) (B.50)

teR

with probability 1 — 7. Substituting u = (0 /01)t in eq. (B.47) similarly gives

sup |P {TH(B) - T(B) < t} -, (t)‘ < Ay/oy. (B.51)

teR

Now, let g; ~ N(0,0%) and g» ~ N(0,03) be independent Gaussian random variables,
which are also independent of the random assignment. Applying Lemma B.18 with X =
™(B)—7(8), Y =7(B8) —(B), V=TI, W = g; and Z = g, gives the bounds

sup [P {#(8) — (B) < 1} ~ B(B) — 7(B) + g2 < 1}] < 29+ 2B 5

teR 09
sup |P {TH(B) — T(B) +go < t} — @a(t)‘ < Ai/oy, (B.53)

teR
Ayl
LA og(C/n)
02

sup |P {%(B) —7(B) < t} - @U(t)‘ <2+ (A /o) . (B.54)

teR

where we used W + Z = g, + g» ~ N(0, 0?) since g1, g» are independent and o? + 03 = o2.

We then consider cases, first assuming that Ay /o) < 01/0 and Ay/oy < 09/0; otherwise we
will show that the proof simplifies.
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Case 1, Ay/o; < 01/o and As/os < 03/0. In this case, we start from eq. (B.54).

2
Our assumption that A;/oy < 01/0 and Ay/oy < 09/0 implies % = ﬁll 5 2 % and
1
Al = ?11(;1 > 1 Plugging this into the above, putting Aiys = A; + Ay, and using

\/_+\/_<2\/a+b we get

sup B {+(8) — 7(8) < 1} — 0] < 2 YELLY LB 55, [ B2 105 0

Since we may assume Ajis/0c < 1 or else the final bound is trivial, we may plug in
n = Aj,9/0 to obtain the simplified bound

sup [P {#(8) ~7(B) < t} ~ @(t)] < C'(Ariaf0)*08{C'/(Br1a/0)}
< C'(Ar42/0) P 1og{C" [ (A112/0)}.

This is precisely our claim, after taking u = ot.

Case 2: Ay/oy > 09/0. Multiplying both sides by o;/0 gives Ay/o > 02 /0?. Moreover,
we may assume that A; /o, < 01/0, since otherwise the same reasoning gives Ay /o > 0% /02,
implying Ay 2/0 = (A1 + Ag)/o > (67 + 03)/0® = 1, in which case the bound is trivial.
Multiplying both sides of the inequality A;/oy < 01/0 by Ay /oy gives (A1/01)? < Ay /o.
To summarize, we may assume

oo/o <\ AgJo; AyJog < /Ao (B.55)

By definition, E{[+(8) — 71(8))?} = E[E{#(8) — P (B)FIIT}] = E[Var{#(B)|I1}] = 3.
By Chebyshev’s inequality, using Var{7(83) —7(8) — go} = Var{7(8) —7(8)} + Var{g,} =
202 due to independence of gy, it holds with probability at least 1 — i that

{"(B) = 7(B) + g2} — {7(B) = 7(B)} = 17(B) — "(B) — go] < 02\/%

Applying Lemma B.14 with the above bound and eq. (B.53), we have

Stlég IP’{?(B) _ T(ﬁ) < t} — CIDU(t)‘ < C{TH- (Ay /o) + %\/g}

By eq. (B.55) and Ay, Ay < Ay, this simplifies to

<c {n VAl + ¢A1+2/a\/%} |

Plugging in n = (A142/0)"/3, which we may assume is at most 1, this is

< C'(Arga/0)'?
< C"(Ary2/0) P log{C" [ (A112/0)}.
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Case 3: Ay/o; > 01/0. This is completely analogous to Case 2, with (Aq, o7) swapped
with (Ag, 03), and eq. (B.47) replaced by eq. (B.48). By a symmetric argument, we may

assume
o1/0 <\ Ao, Ayfoy < \/As/o. (B.56)

By definition, Var{7}(8) — 7(8)} = Var{r"(8)} = 62, and Var{r"(8) — 7(8) — g1} = 202
by independence of g;, so by Chebyshev’s inequality,

@) = ~(B) + g} — {1 + g} = 17(B) = 7(B) — 1] < alﬁ.

Applying Lemma B.14 with the above bound and eq. (B.52), we have

sup P{%(B) - T(B) +92 < t} - CIDU(t)’ <C {77 + (Ay/09)log(C/n) + %\/g} .

teR

By eq. (B.56) and Ay, Ay < Aj.o, this simplifies to

<0 {u+ VBLaTrosO/m) + VBufe 2}

Plugging in n = (A112/0)"/3, which we may assume is at most 1, this is

< C/(A1+2/<7)1/3 log{C"/(A112/0)}.

C Additional simulations

We show simulations for results of section 4 for SMRDs under local interference. Fix
1<Ir<I-1,1<Jr<J-—1,and let Pr be the distribution over the matrix of types I
induced by sampling W from a SMRD as per Equation (7). We draw data via:

T~ Pp(), and Yy |T~F, (). (C.1)

Here, potential outcomes are distributed as follows:

Fo(") if v = cc,
v Fo() + Fs() if v = is, '
Fi(:) + Fg(+) + Fs(-) if v = tr.

F, are distributions, ¢ € {0,B,S,1}. By construction, data drawn from Equation (C.2)
satisfies the local interference assumption (2.4). In our illustration the F; are Gaussian,
although this is not required — indeed, we do not need to impose any parametric assumption
on the specification Equation (C.2) for our simulations to be consistent with the theory
proved in section 4.2. We set pg := 1,p; := 1, and the proportions of treated buyers and
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sellers in the MRD be pg := It/I and ps := Jr/J, and Fy(-) = N (pejue, 02), £ € {0,B,S,1}.
We set I =200, J = 150, pg = 0.45, ps = 0.55 and py =3, up = —1,us = —1, 41 = 6 and
o, =1Vx€{0,B,5 1}.

To assess validity of the results presented in Section 4, we draw matrices Y () = [Y;;(7)]
of I x J fixed potential outcomes Vv € {cc, ib,is, tr} via Equation (C.2). We sample 10,000
assignment matrices W i.i.d. at random from the SMRD W (equivalently, we sample types
I from Pr in Equation (C.1)). Each assignment corresponds to a matrix of types and hence
which potential outcomes are observed. To each assignment corresponds an observed matrix
of I x J realized potential outcomes. We use the collection of outcomes from the 10,000
re-randomizations to empirically verify the properties of the proEosed estimators.

For the type estimator defined in Equation (10) we check that ?7 is an unbiased estimate
of 7., (Lemma 4.1) and that X, is an unbiased estimator of the variance of the type estimator

(Theorem 4.4). Figure 5 reports the histogram of the values attained by Y. across the
10,000 Monte Carlo replicates. From Equation (C.2) (and, under mild assumptions, from
the CLT), the type estimator is normally distributed, and from Lemma 4.1, it is centered at
the true population value 377. Moreover, the distance between the 2.5% and 97.5% quantiles
of the distribution of the type estimator is close to the length of our 95% confidence interval.
In the right panel, we show that .. is an unbiased estimator for the variance of the type
estimator, as proved in Theorem 4.4. Analogous results hold for ib, is, tr.

le2

€ 600 €
o 6
S
N 400 4
&
S 200 5
C
o
+ 0 ¢ & @ 0 ®

24 26 28 30 45 60 75 90

. le—-1
V. % §o+1.96\Varv.) e * Var<7cc)

Figure 5: Distribution of ?CC (left) and of the variance estimator i (right). Black lines

are plotted in correspondence of the population quantities 7., Var (?LC>

Figure 6 focuses on the spillover effect 72,,: the left panel shows the distribution of
the unbiased estimator 7.2, (Theorem 4.2). 7.2 is a linear combination of Gaussians, and
usual confidence intervals can be derived. The right panel contains the distribution of the

i
upper bound Var l(i?)in) for the variance Var(7.2y) (Theorem 4.5).

C.1 Figures for the average-type and spillover effects

For each v € {cc, ib,is, tr}, we report properties of ?7 similar to fig. 5 in figs. 7 to 9. In
figs. 10 to 12 we provide plots for estimators of spillover effects.

75



le2 1

2] e

c 7.5 I

®) 57 .

= I

N 5.0 4 |

5 ol

-5 2.5 21.

c 11

& i

w00 A ® 4 0lx o
-1.05 -1.00 -0.95 0.5 0.6 0.7 0.8 0.9 1.0
R R - o le-3
o =" Tou \737’"(1'?‘,,,,) — \Za?"(r?p,-,,) ¢
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Figure 7: Same as Figure 1, now for

C.2 Testing under the null hypothesis

Similar to section 5, we here provide additional results where we show that, under the
null hypothesis of no effect, we can use our derived variance formulae to construct valid
test statistics. We consider again the case of [ = 200 and J = 150, and let pug = py = 3,
op =01 = 1. Welet us = up = 0 and og = og = 0, leading to potential outcomes
Yi,;(7) = Yi () for v,7 € {cc,ib,is} and V;(cc) £ Yi;(tr). We run 10,000 Monte Carlo
draws, keeping the underlying potential outcomes fixed and randomizing over the assignments
W using I; = 90 and J; = 85. We report results from this simulation in fig. 13.

We also compute the test statistics £ = 7/,/Var(7), where in the denominator we use
the true (unknown) variance of the estimator, given in eq. (A.22). Under this enforced null,
we test the null hypothesis that a pair of types 7, is associated with no (average) effects
on the outcome Y, Hé%w = {7(7,7") = 0} using the test statistic ¢ defined above, and
leveraging the normality of the CLT derived in theorem 4.8. The corresponding p-values
obtained by a standard two sided t-test are uniformly distributed, as expected (fig. 14).

76



Z 750 7.51€2

o

-t

R 500 5.0

€

S 250 2.5

G

< 0 0.0

* 1.98  2.00  2.03 0.8 1.2 1.6 2.0

~ le—4
?/’s ® )7,'5 +1.96Y Var[):’,-s] fI'S * Var<7i$>
Figure 8: Same as Figure 1, now for is

2750 7.51€2

.o

et

R~ 500 5.0

5

8250 2.5

T

< 0 0.0

** 3.96 4.00 4.04 2 3 4

le—4

):A/tr % y,+1.96Y Var[)é’t,] ftr * Val‘(\:;t)

Figure 9: Same as Figure 1, now for tr

References

P. M. Aronow. A general method for detecting interference between units in randomized
experiments. Sociological Methods €& Research, 41(1):3-16, 2012.

P. M. Aronow and C. Samii. Estimating average causal effects under general interference,
with application to a social network experiment. The Annals of Applied Statistics, 11(4):
1912-1947, 2017.

S. Athey and G. W. Imbens. Design-based analysis in difference-in-differences settings with
staggered adoption. Journal of Econometrics, 226(1):62-79, 2022.

S. Athey, D. Eckles, and G. W. Imbens. Exact p-values for network interference. Journal of
the American Statistical Association, 113(521):230-240, 2018.

P. Bajari, B. Burdick, G. Imbens, L.. Masoero, J. McQueen, T. Richardson, and I. Rosen.
Experimental design in marketplaces. Statistical Science, 2023.

G. W. Basse, A. Feller, and P. Toulis. Randomization tests of causal effects under interference.
Biometrika, 106(2):487-494, 2019.

P. Billingsley. Probability and measure. John Wiley & Sons, 2008.

T. Blake and D. Coey. Why marketplace experimentation is harder than it seems: The role
of test-control interference. In Proceedings of the fifteenth ACM conference on Economics
and computation, pages b67-582, 2014.

77



o ! ! ! 6 |
P I I | I
© 5o i i i 5 .
N O
8 R R B
5,. 11 3|
'C | 1 f 2 .
2 0 2|
i 0.0 | | 1 ol
2.88 2.96 3.04 1.0 1.5 2.0 2.5 3.0 3.5 4.0
n . le-3
Tdirect =" Tdirect \Za?ﬂ(fdirect) — \Za?ﬁ(%direct) ©
Figure 10: Same as Figure 6, now for 7girect-
S 6 |
+J 5 I
()
N 5.0 4 |
5 3|
S 2.5 51 -
c I
& ol
" 0.0 @ ® @ 0 o
-1.04 -1.00 -0.96 3.03.54.04.55.05.56.06.5
N . ) ) le—4
Toom =" Tapil V/a?”(fip,-,,) —_— W’(fipi,,) ©

: i : ~S
Figure 11:  Same as Figure 6, now for 77;,.

I. Bojinov, D. Simchi-Levi, and J. Zhao. Design and analysis of switchback experiments.

Awvailable at SSRN 3684168, 2020.

I. Bright, A. Delarue, and I. Lobel. Reducing marketplace interference bias via shadow
prices. Management Science, 2024.

B. W. Brown Jr. The crossover experiment for clinical trials. Biometrics, pages 69-79, 1980.

V. Chernozhukov, D. Chetverikov, and K. Kato. Empirical and multiplier bootstraps for
suprema of empirical processes of increasing complexity, and related gaussian couplings.
Stochastic Processes and their Applications, 126(12):3632-3651, 2016.

W. Cochran. Long-term agricultural experiments. Supplement to the Journal of the Royal
Statistical Society, 6(2):104-148, 1939.

W. G. Cochran. Sampling Techniques. John Wiley & Sons, New York, third edition,
September 1977.

D. R. Cox and N. Reid. The theory of the design of experiments. Chapman and Hall/CRC,
2000.

78



w0 le2 le2

g'TS 61

S 5 |

)

N 5.0 4 |

5 3|

S 23 5

S 1|

io.o a = 04 [

0.95 1.00 1.05 0.4050.60.70.80.91.01.1

N N le—-3
TATE = TATE \Za;?”'(f'ATE) — mi(fATE) ©

Figure 12: Same as Figure 6, now for 7arg.

" e 1
L4 14 14 14 L6 14

1.4
012 12 12 12 1.2
S10 1.2
B 1.0 1.0 1.0 10 1.0
g .
£0.8 .
£ 0.8 0.8 0.8 0.8 0.8

206 06 06 0.6 06 06
§04 0.4 0.4 0.4 0.4 0.4
0.2 0.2 0.2 0.2 0.2 0.2

0.0 0.0 0.0 0.0 0.0 0.0
-5.0-2.50.0 2.5 5.0 —5.0-2.50.0 2.5 5.0 -4 -2 0 2 4 -5.0-2.50.0 2.5 5.0 -5.0-2.50.0 2.5 5.0 -4 -2 0 2 4
z 1e-2 2 le-2 le-2 - 2

T(cc, ib) t(cc, is) e t(cc, tr) le=2 (ib, is) (ib, tr) le-2 (is, tr)

Figure 13: Empirical distribution of 7 over 10,000 Monte-Carlo draws

R. A. Fisher. Statistical methods for research workers. Number 5. Oliver and Boyd, 1928.
R. A. Fisher. The design of experiments. Oliver And Boyd; Edinburgh; London, 1937.

S. Gupta, R. Kohavi, D. Tang, Y. Xu, R. Andersen, E. Bakshy, N. Cardin, S. Chandran,
N. Chen, D. Coey, et al. Top challenges from the first practical online controlled
experiments summit. ACM SIGKDD Explorations Newsletter, 21(1):20-35, 2019.

C. Harshaw, F. Séavje, D. Eisenstat, V. Mirrokni, and J. Pouget-Abadie. Design and
analysis of bipartite experiments under a linear exposure-response model. Proceedings
of the 23rd ACM Conference on Economics and Computation, page 606, 2022. URL
https://dl.acm.org/doi/10.1145/3490486.3538269.

K. Hemming, T. P. Haines, P. J. Chilton, A. J. Girling, and R. J. Lilford. The stepped
wedge cluster randomised trial: rationale, design, analysis, and reporting. BM.J, 350,
2015.

G. Hong and S. W. Raudenbush. Evaluating kindergarten retention policy: A case study of
causal inference for multilevel observational data. Journal of the American Statistical
Association, 101(475):901-910, 2006.

G. Hong and S. W. Raudenbush. Causal inference for time-varying instructional treatments.
Journal of Educational and Behavioral Statistics, 33(3):333-362, 2008.

M. G. Hudgens and M. E. Halloran. Toward causal inference with interference. Journal of
the American Statistical Association, 103(482):832-842, 2008.

79


https://dl.acm.org/doi/10.1145/3490486.3538269

t(cc, ib)/V Varl t(cc, ib)] t(cc, is)/V Varlt(cc, is)] t(cc, tr)/V Varlt(cc, tr)] (ib, is)/V Var[ &(ib, is)] (ib, tr)/V Varl t(ib, tr)] (is, tr)/V Var[t(is, tr)]
le2 le2 le2 le2 le2 le2

#Randomizations

o B N W A~ U

o B N W A~ v
o B N W &~ v

o B N W B~ U
o B N W »~ u

o B N W » u

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0406 0810 0.00.204060810 000204060810 0.00.204060810 000204060810
P-Value P-Value P-Value P-Value P-Value P-Value

Figure 14: Empirical distribution of the p-values for the test of the null hypothesis Hé%v’)
that the means are identical in two different types v, ~'.

G. W. Imbens and D. B. Rubin. Causal Inference in Statistics, Social, and Biomedical
Sciences. Cambridge University Press, 2015.

R. Johari, H. Li, I. Liskovich, and G. Y. Weintraub. Experimental design in two-sided
platforms: An analysis of bias. Management Science, 2022.

H. Li, G. Zhao, R. Johari, and G. Y. Weintraub. Interference, bias, and variance in two-sided
marketplace experimentation: Guidance for platforms. arXiv preprint arXiv:2104.12222,
2021.

X. Li and P. Ding. General forms of finite population central limit theorems with applications
to causal inference. Journal of the American Statistical Association, 112(520):1759-1769,
2017a.

X. Li and P. Ding. General forms of finite population central limit theorems with applications
to causal inference. Journal of the American Statistical Association, 112(520):1759-1769,
2017b.

C. F. Manski. Identification of treatment response with social interactions. The Econometrics
Journal, 16(1):51-S23, 2013.

L. Masoero, G. Imbens, T. Richardson, J. McQueen, S. Vijaykumar, and I. Rosen. Efficient
switchback experiments via multiple randomization designs. Code@MIT, 2023.

L. Masoero, G. Imbens, S. Vijaykumar, and S. Hut. Measuring direct and indirect impacts in
a multi-sided marketplace: Evidence from a clustered multiple randomization experiment.
Code@MIT, 2024.

P. Milgrom and J. Roberts. Rationalizability, learning, and equilibrium in games with
strategic complementarities. Econometrica: Journal of the Econometric Society, pages
1255-1277, 1990.

E. Munro, S. Wager, and K. Xu. Treatment effects in market equilibrium. arXiv preprint
arXiv:2109.11647, 2021.

J. Neyman. Sur les applications de la théorie des probabilités aux experiences agricoles:
Essai des principes. Roczniki Nauk Rolniczych, 10:1-51, 1923.

80



J. Neyman. On the application of probability theory to agricultural experiments. Essay on
principles. Section 9. Statistical Science, 5(4):465-472, 1923/1990.

E. L. Ogburn and T. J. VanderWeele. Causal diagrams for interference. Statistical science,
29(4):559-578, 2014.

P. R. Rosenbaum. Interference between units in randomized experiments. Journal of the
American Statistical Association, 102(477):191-200, 2007. ISSN 01621459.

D. B. Rubin. Estimating causal effects of treatments in randomized and nonrandomized
studies. Journal of educational Psychology, 66(5):688, 1974.

D. Shi and T. Ye. Behavioral carry-over effect and power consideration in crossover trials.
arXiw preprint arXw:2302.01246, 2023.

L. Shi and P. Ding. Berry—Esseen bounds for design-based causal inference with possibly
diverging treatment levels and varying group sizes. arXiv preprint arXiv:2209.12345,
2022a.

L. Shi and P. Ding. Berry—Esseen bounds for design-based causal inference with possibly
diverging treatment levels and varying group sizes. arXiv preprint arXiv:2209.12345,
2022b.

T. Sudijono, L. Lei, L. Masoero, S. Vijaykumar, G. Imbens, and J. McQueen. Regres-
sion adjustments for double randomization in two-sided marketplaces, January 2025.
Forthcoming.

M. Talagrand. Concentration of measure and isoperimetric inequalities in product spaces.
Publications Mathématiques de ['Institut des Hautes Etudes Scientifiques, 81:73-205, 1995.

J. Ugander, B. Karrer, L. Backstrom, and J. Kleinberg. Graph cluster randomization:
Network exposure to multiple universes. In Proceedings of the 19th ACM SIGKDD
international conference on Knowledge discovery and data mining, pages 329-337, 2013.

T. J. VanderWeele, E. J. T. Tchetgen, and M. E. Halloran. Interference and sensitivity
analysis. Statistical science: a review journal of the Institute of Mathematical Statistics,
29(4):687, 2014.

N. Verbitsky-Savitz and S. W. Raudenbush. Exploiting spatial dependence to improve
measurement of neighborhood social processes. Sociological Methodology, 39(1):151-183,
2009. doi: https://doi.org/10.1111/j.1467-9531.2009.01221 x.

R. Vershynin. High-dimensional probability: An introduction with applications in data
science, volume 47. Cambridge university press, 2018.

D. Viviano, L. Lei, G. Imbens, B. Karrer, O. Schrijvers, and L. Shi. Causal clustering: design
of cluster experiments under network interference. arXiv preprint arXiv:2310.14983, 2023.

S. Wager and K. Xu. Experimenting in equilibrium. Management Science, 2021.

81



B. L. Welch. On the z-test in randomized blocks and Latin squares. Biometrika, 29(1/2):
21 52, 1937.

R. Xiong, S. Athey, M. Bayati, and G. Imbens. Optimal experimental design for staggered
rollouts. Management Science, 2023.

A. Zhao and P. Ding. Reconciling design-based and model-based causal inferences for
split-plot experiments. The Annals of Statistics, 50(2):1170-1192, 2022.

A. Zhao, P. Ding, R. Mukerjee, and T. Dasgupta. Randomization-based causal inference
from split-plot designs. The Annals of Statistics, 46(5):1876 — 1903, 2018. doi: 10.1214/
17-A0S1605. URL https://doi.org/10.1214/17-A0S1605.

L. Zhao, Z. Bai, C.-C. Chao, and W.-Q. Liang. Error bound in a central limit theorem of
double-indexed permutation statistics. The Annals of Statistics, 25(5):2210-2227, 1997.

Z. Zhu, Z. Cai, L. Zheng, and N. Si. Seller-side experiments under interference induced by
feedback loops in two-sided platforms. arXiv preprint arXiv:2401.15811, 2024.

C. M. Zigler and G. Papadogeorgou. Bipartite causal inference with interference. Statistical
science: a review journal of the Institute of Mathematical Statistics, 36(1):109, 2021.

82


https://doi.org/10.1214/17-AOS1605

	Introduction
	Experiments in Marketplaces: Interference
	Multiple Randomization Designs
	Single Randomization Designs
	Crossover Designs
	Simple Multiple Randomization Designs

	Estimation and Inference for SMRDs
	Causal Estimands and Spillover Effects
	Unbiased Estimators for the Causal Effects
	Variances of Linear Estimators
	Variance Estimation
	Finite Population Central Limit Theorem

	Simulations
	Extensions and future work
	Proofs for Multiple Randomization Designs
	Useful definitions
	Linear representation of the type estimators
	Moment characterization
	Variance estimation in SMRDs: proofs
	Probability limit

	Proof of Theorem 4.8
	Step 1: a conditional CLT
	Analysis of conditional mean and covariance
	Useful results on concentration for random permutations
	Computing the expectation of the mean
	Concentration of the mean
	A CLT for the conditional mean
	Computing the expectation of the covariance
	Concentration of the covariance
	Simplifying the conditional CLT

	Final result
	Combining CLTs
	Final bound


	Additional simulations
	Figures for the average-type and spillover effects
	Testing under the null hypothesis


