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Cavity resonators are promising resources for quantum technology, while native nonlinear interactions
for cavities are typically too weak to provide the level of quantum control required to deliver complex
targeted operations. Here we investigate a scheme to engineer a target Hamiltonian for photonic cavities
using ancilla qubits. By off resonantly driving dispersively coupled ancilla qubits, we develop an optimized
approach to engineering an arbitrary photon-number-dependent Hamiltonian for the cavities while mini-
mizing the operation errors. The engineered Hamiltonian admits various applications including canceling
unwanted cavity self-Kerr interactions, creating higher-order nonlinearities for quantum simulations, and
designing quantum gates resilient to noise. Our scheme can be implemented with coupled microwave
cavities and transmon qubits in superconducting circuit systems.
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I. INTRODUCTION

Microwave cavity resonators are rising as a promising
platform for quantum information processing. Tremendous
experimental progress has been made in building high-
coherence microwave photon cavities in circuit quantum
electrodynamics (cQED) platforms [1—4]. The infinite-
dimensional Hilbert space of a single resonator enables
flexible and hardware-efficient design of quantum error
correction codes [5—10] and has led to the success in
extending the logical qubit lifetime [11]. Controllable cav-
ity systems can also be used to emulate the dynamics of the
classically intractable many-body quantum systems due to
their rapidly growing Hilbert space [12,13]. Recent suc-
cess in realization of boson sampling of microwave pho-
tons to emulate the optical vibrational spectra of triatomic
molecules [14] is an example of an early experimental step
towards this goal.

The advantages brought by the flexible Hilbert space
structure of cavity resonators are accompanied by crucial
challenges to manipulate such systems. General quantum
operations across several photon-number states require
highly nonlinear interactions, which are also crucial for
many-body photonic quantum simulations. However, the
native nonlinear interactions among photons are often
weak and untunable. On the other hand, Hamiltonian engi-
neering utilizes controlled operations to generate tailored
evolution to deliver complicated tasks beyond the capacity
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of native interactions, that can be applied to quantum-
information processing, quantum sensing, and quantum
simulation [15—18]. Inspired by advances in the univer-
sal control of microwave cavity modes using an ancilla
superconducting qubit [19-22], here we develop a general
formalism to engineer a photon-number-dependent (PND)
Hamiltonian for cavities appropriate for cQED devices.

In Sec. 11, we study the time evolution of a dispersively
coupled qubit-cavity system under off-resonant drives. We
then propose in Sec. III a general protocol to design opti-
mized drives that can engineer a target PND Hamiltonian
for a single cavity, and discuss cavity dephasing induced
by the ancilla qubit decohernece in Sec. IV. We further
extend our method to include higher-order corrections to
the system Hamiltonian in Sec. V, and to implement a
fault-tolerant gate between coupled cavities in Sec. VL
We conclude in Sec. VII by summarizing our results and
motivating potential quantum computation and quantum
simulation applications.

I1. DISPERSIVE MODEL WITH OFF-RESONANT
DRIVES
We first consider a dispersively coupled [23] qubit-
cavity system described by the Hamiltonian

Hy = hoya'a + hogle)(e] — hxa'ale)(el, (1)

where w, is the frequency of the cavity mode a, w, is the
qubit transition frequency between qubit states |g) and |e),
and yx is the dispersive coupling strength. The effective
qubit transition frequency is dependent upon the number
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FIG. 1. Schematic of the cQED implementation of a coupled
qubit-cavity system, where a transmon qubit is capacitively cou-
pled to a three-dimensional (3D) microwave cavity resonator.
One can apply control drives on the transmon qubit through
a drive port, and the qubit can be coupled to an additional
quasiplanar resonator for readout.

states of the cavity, |n), with resonant frequencies w,, =
— xn. Such dispersive interaction between supercon-
ducting qubits and microwave cavities has been a useful
resource for quantum control and readout in cQED devices
[20-24].
Applying a time-dependent drive 2 (¢) to the qubit,

V(t) = hQ1)6_ + hQ* (1)64, )

and working in the number-split regime [24-26], where
x 1s larger than the transition linewidth of both the qubit
and the cavity, one can drive the qubit near selective
number-dependent transition frequencies to address indi-
vidual number states of the cavity (see schematic dia-
gram in Fig. 1). In contrast to the recently demonstrated
scheme of imparting selective number-dependent arbitrary
phases (SNAP) to photon Fock states by directly exciting
qubit transitions [19,20], here we work in the large drive
detuning regime to engineer a continuous photon-number-
dependent target Hamiltonian.

A. Unitary evolution with abrupt drives

We consider control drives of the form Q(f) =
Y ez Qe @amxtm - Moving the total Hamiltonian

H (H = ﬁo + I7(t) to the interaAction picture with the uni-
tary transformation U = exp(iHyt/h), we obtain

Vi) =Y hQu (T ) (n|6_ 4+ Hee). (3)

For this periodically driven qubit-cavity system, we
assume a tripartition ansatz for the evolution operator

W (1)), [27],
(A][(ff',l‘i) — e*iél(?/')e*iﬁeff,l(?f'*li)/heiél(ti)’ 4)

where the subscript / denotes evolution in the interaction
picture.

Assuming Vm, |2,,| < [8m|,|x — Sm|, We use time-
dependent perturbation theory to find an effective Hamil-
tonian,

Bl |n) (1|6 A
Hyep = — Zz(n_m)x+a,,,+0(V4)’ (5)

which governs the long time dynamics of the system up to
the initial and final kicks, f?, (t;) and Gl(tf) (see Appendix
B for detailed derivations). Since we are only driving the
qubit off resonantly with Vm, |Q2,,| < |8,],|x — Sml, We
can assume that it stays in its ground state. Moving back
to the original frame, the effective Hamiltonian seen by the
photon while the qubit stays in its ground state is
Hegrg = ho,d'a+ (g Hier|g) = houd'a+ Hy.  (6)

The off-resonant control drives on the ancilla qubit thus
effectively generate a photon-number-dependent Hamilto-
nian Hy = >, RE,|n)(n| for the cavity.

Rapidly oscillating micromotion is predicted by the kick
operator [16,27]. The leading-order kick operator is

GV = Z Z

Q1) n| &_ellt=m)y+dmlt _

i[(n—m)x + 8yl

H.c.)

()

To the first order in 17 an initial state |n,g) will evolve
to |n,g) + >, %(e‘iﬁn_”’)“‘sm]’ — 1) |n, e) at time
t, showing an oscillating small population of the qubit
excited-state component |n, e) with a time- averaged prob-
ability pre = 3, | oo 1+ 1 2,0 G, | Where
the second term is the contribution from the 1n1t1a1 kick
at t = 0. This excited state component can be viewed as
coherent oscillations assuming a closed qubit-cavity sys-
tem. If one chooses detunings commensurate with the
dispersive coupling strength y, the overall micromotion
vanishes at a period Ty = 2n/GCD({3m’s,X}), where
GCD({(Sm’s, X}) is the greatest common divisor among
all the detunings and the dispersive shift, and averages
to zero at long time. For quantum gates implemented by
PND Hamiltonian, it is essential to design drives such that
T = cTy for some ¢ € N in order to achieve maximum
gate fidelity. Alternatively, one can relax this constraint on
T by smoothly turning on and off the drive to remove the
effect of the initial and the final kicks.

B. Unitary evolution with smooth ramping

So far we assume that the drive is abruptly turned on
at an initial time # and lasts till a final time #;. One
can alternatively apply a ramping function A(7) such that
H H = Ho + A(6) V(t) to smoothly turn on (and off) the
drive, which will remove the effect associated with the ini-
tial (and the final) kick operator if the ramping time scale is
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much longer than 1/x. The choice of the ramping function
A(?) is not unique.

For mathematical simplicity, we first consider the case
of applying a sinusoidal envelope A () = sin(y¢) to a short-
time gate operation from¢ = 0tot = Tg = w/y. Using the
time-dependent perturbation theory, we find

. Tg A
—%/ sin(y 1) ¥y (0)dn, 225 0, 3
0

and

—l 2 TG 15 " N
(E) / dn / dty sin(y ) V1 (t0) sin(y ) Vi (1)
0 0

In the limit x >> y, the resulting time evolution with this
smooth sinusoidal envelope is thus equivalent to having an
effective Hamiltonian generated by 7()/+/2 but without
any initial or final kick effects. To compensate for the 1/+/2
factor, one can implement the same gate (by accumulating
the same phase) as the abrupt version A (f) = Hy + V(¢) by
rescaling the ramping function to Agy(f) = V2 sin(yt) or
by letting the system evolve twice as long. Note that in the
abrupt version one has to choose a gate time at which the
micromotion vanishes, while with the sinusoidal envelope
there is no such requirement because the micromotion has
already been removed by the smooth ramping.

For long-time operation of the PND Hamiltonian engi-
neering scheme, one can design a ramp-up function
Ap(® =0 —1 and a ramp-down function Agown(f) =

o, i1 n) (| . 1 — 0 at the beginning and the end of the drive. Here
Z Z — 5 0:TG. ) we provide one example of the ramp-up and ramp-down
2L =m) 3+ o] functions
t—t
Ay sin[ L1 h<t<ti+T,
Aup() = 2T : (10)
Arlsin[ T + A 4+ T <1 <44 3T,
As — 1 tr —t As + 1
s JT(f ) s T tf—3Ts§l§tf—Ts
)"down(t) = 2 2T5 2 ) (1 1)
s sin[ 51 y—T<t<y

275

and A(f) = 1 otherwise. Here A, = (/46 — 1/5) is a spe-
cial chosen value to guarantee the same accumulated phase
as the abrupt case during the ramp-up and ramp-down
periods.

III. PND HAMILTONIAN ENGINEERING FOR A
SINGLE CAVITY

Given a target Hamiltonian,

Hy =" hEr,|n)nl, (12)

one may find appropriate values of €2, and §,, such that
HE HT The solution for €2,, and §,, for a given target
Hamiltonian (with reasonable strengths Er, < x) is not
unique. Here we suggest a way of designing the drives as
described below.

First, we consider a finite set of possible detunings
8n's = {£x/2,+x/4}. By selecting detunings commen-
surate with x, we can ensure that there are no suprising

(

near-resonant higher-order contributions and also easily
determine the periodicity at which the micromotion van-
ishes, Ty, = 8w/ for the chosen set of §,/'s (or Ty =
4r/x if 8,'s = {£x/2}). Those detunings are compara-
ble to x, which allows the largest possible engineered
Hamiltonian strength. Second, we assign random choices
of drive detunings from §,,’s for each number state and find
the optimized parameters that generate the target Hamil-
tonian according to Eq. (5) plus fourth-order perturbation
theory terms while minimizing ), p,., the summation of
the average qubit excited-state probability due to micromo-
tion. The optimized choice also minimizes the decoherence
induced by qubit relaxation, which is discussed later.

Below we present concrete examples to demonstrate
versatile applications of PND, with numerical simulation
results shown in Fig. 2 (optimized parameters displayed
in Appendix F). Assuming a dispersive shift x /27 = 2.56
MHz appropriate for coupling between transmon qubit
and superconducting cavity resonator in cQED devices
[21], we are able to engineer Hamiltonian strengths up
to Er/2mw ~ 50 kHz with high precision. Even larger
strengths E7/2m ~ 150 kHz are achievable but are subject
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FIG. 2. Simulation of the PND Hamiltonian engineering
frequency shifts for (a) three-photon interaction, (b) parity-
dependent energy, and (c) error-transparent Z rotation. The tar-
get Hamiltonian (E7,/2m) is shown in dotted lines with open
markers, the engineered Hamiltonian (E,/27) is represented by
solid markers, and different colors represent different engineered
Hamiltonian strengths. (d) Fidelity of /8 gate as a function
of the cavity relaxation rate. Dashed lines represent the mod-
ifications due to ancilla qubit relaxation at a rate I'y/27 =3
kHz. Here we assume x /2w = 2.56 MHz, 7 /8-gate time T =
167 /x = 2Ty, and a smooth PND ramping function Agae(f) =

V2sin(rt/Tg). The PND parameters are displayed in Tables
VI

to imperfections due to sixth- and higher-order terms in
the perturbation theory. This energy scale of the engi-
neered Hamiltonian, £7/2m ~ 50 kHz (150 kHz), is much
larger than the cavity decoherence rate «,/27 =~ 0.01 kHz
for state-of-the-art 3D microwave cavities [28] and is
thus favorable to achieve high-fidelity gates or to perform
quantum simulation.

A. Photon-photon interaction

One direct application for PND Hamiltonian engineer-
ing is to create tunable photon-photon nonlinear interac-
tions to emulate dynamics of quantum many-body sys-
tems with cavity photons [12,13]. Such nonlinearities are
typically weak in native interactions. For example, one
can engineer a purely three-photon interaction for cavity
photons by setting

Ay =H; =" hKsn(n — 1)(n = 2)|n) (n]. (13)

B. Parity-dependent energy

Photon-number parity serves as an error syndrome in
various bosonic quantum error correction codes such as
cat codes and binomial codes [6,7]. By engineering a
Hamiltonian of the form

Ay =Hp =y hP(=1)""|n)(nl, (14)

the cavity can distinguish photon-number parity by energy,
which might allow us to design error detection or dynam-
ical stabilization of the code states for bosonic quantum
error correction [29].

C. Error-transparent Z rotation

Continuous rotation of the encoded logical qubit around
the Z axis can generate the whole family of phase shift
gates Ry, including 7 /8 gate and Z gate, which are com-
mon elements of single-qubit gates for universal quan-
tum computing [30]. For quantum information encoded in
rotational-symmetric bosonic code that can correct up to
(d, — 1)-photon loss errors [9], the logical states are

oo
04,0, = Y fota, |n = 2kd,) , (15)
k=0

oo
g, =D farrng, In = Q@k+ Ddy),  (16)
k=0

with code-dependent coefficients f,’s. Phase-shift gates at
an angle 0 for logical states can be implemented via the
cavity Kerr effect o< (afa)? for the Z gate § = /2 [6,9]
or by four-photon interaction o< (afa)* for the m/8 gate
0 =m/4[9]

To achieve fault-tolerant quantum computation, one
can instead design an error-transparent [31-34] Hamilto-
nian, that commutes with and is thus uninterrupted by
the photon-loss error, to perform continuous logical Z
rotations. By engineering the same positive energy shift
hggr for |0); and all of its recoverable error states while
engineering an equal but opposite energy shift —hgg for
[1); and all of its recoverable error states, the resulting
Z rotation is “transparent” to (d,, — 1)-photon loss errors.
Specifically, for cat codes or binomial codes with d,, = 2,

Hy =) hgr(|4k) (4k| + |4k + 3)(4k + 3|
k=0

— |4k + 2)(4k + 2| — |4k + )4k + 1]).  (17)

Consider the /8 gate (6 = w/4) on the kitten code |0);, =
(1/ﬁ)(|0) +14)), 1), = |2) [7] for example. This rota-
tion can be implemented by applying A for a time ¢ =
/8gr, by imparting phase —m/8 on |[n=0,3,4) and
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phase +7/8 on |n = 1,2) with a SNAP gate, or by apply-
ing Hy = hK4(a'a)* for a time t = 7 /64K,. We charac-
terize the gate performance in the presence of photon loss
by performing the rotation gate on (1/\/5)(|O)k + 1)) ®
|g) over the same gate time, followed by instantaneous
recovery of single-photon loss error [7,35] in Fig. 2(d).
Comparing the final fidelities, the PND gate and the SNAP
gate show much higher resilience to photon-loss error than
H, due to their error-transparent structure.

IV. QUBIT-INDUCED DECOHERENCE

In practice, the decoherence of the qubit may induce
cavity dephasing during the PND process. Specifi-
cally, the qubit relaxation jump operator 6_ at a
rate I'y < x would cause dephasing for off-diagonal
density matrix elements of the cavity number states
Py at @ rate VY n, = (Ig/2)(Pn e + Pnye), While the
qubit dephasing jump operator |e)(e| at a rate 'y < x
causes cavity dephasing at a rate vy, = (I'¢/2){pn, e +
Pnye — 2 Zml Q;knl/[(nl - ml)X + 8m1] Zm2 sz/[(l’lz -
my) X + 8m,]} (see Appendix C). Our choice of the opti-
mized parameters for minimizing the micromotion also
minimizes the decoherence induced by qubit relaxation,
which is the dominant source of imperfection in typical
cQED devices with a kHz-order I'.

Smoothly turning on the PND drive will remove the con-
tribution to p, . from the initial kick and further reduce the
cavity dephasing. In Fig. 3 we compare the 7 /8-gate oper-
ation via the abrupt PND drive versus the smooth PND
drive. At the end of the gate operation, the simulated final
gate fidelity is 99.929% for the abrupt drive and 99.934%
for the smooth drive. The additional infidelity induced
by ancilla relaxation is 0.075% for the abrupt drive and
0.055% for the smooth drive, showing a reduction in the
qubit-induced cavity dephasing by using smooth ramping.

In contrast to the resonantly-driven SNAP gate, which
has an averaged qubit excited-state probability 1/2 dur-
ing the operation, our scheme has a suppressed qubit
excitation and thus has a much smaller decoherence rate
during the operation. At the end of the gate operation,
the overall qubit-induced decoherence for the PND gate
scales as ['yQ2TG/2x? ~ |¢a|Ty/2x, where ¢, is the
phase imparted on the number state |n), while the qubit-
induced overall decoherence for the SNAP gate scales
as I'y;Tg/2 = nT"y/ Q2 regardless of the phase (limited by
|2] < x). In Fig. 4, we study the qubit-induced infidelity
for Ry gate implemented by smooth PND drive. The qubit-
induced gate infidelity is proportional to the rotation angle
6 (and thus the total phase) while relatively independent of
the gate time while 6 is fixed, as predicted.

The SNAP and PND schemes complement each other
for photon-number-dependent operations. The SNAP gate
is ideal for one-shot operation to impart large phases.
On the other hand, the PND Hamiltonian engineering

(a) Abrupt drive

1.00 V2
0.99 “ 1
0.98 =
0.97

N 0.96 0
0.0000 1.5625 3.125

1 ()
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(b) Smooth drive
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(=}
—_ <
5}

0.99 )
0.98 =
0.97

7/8-gate fidelity

0.96
0.0000 1.5625 3.125

1 (p1s)

FIG. 3. Fidelity during the v /8-gate operation by (a) abruptly
turning on the PND drive with Agprpi(f) = 1 and (b) smoothly
turning on and off the PND drive with Agae () = V2 sin(rt/Tg).
The simulated fidelity between the states evolved by the PND
drive and the states evolved by the target Hamiltonian H; as a
function of time is shown in blue (without ancilla qubit relax-
ation) and red (with ancilla qubit relaxation) curves. The ramping
function A(#) in presented as the filled orange curve. Here we
use the parameters in Table V and assume I';/27 =3 kHz
and Tg = 167/ x = 3.125 us. The initial state is (1/+/2)(|0); +
1)) @ lg).

scheme is better suited for quantum simulation, contin-
uous operation, and quantum gate with small phases. In
Fig. 2(d) we show the 7/8-gate fidelity modified by a
lossy qubit in dashed lines. The off-resonantly driven PND
gate accumulates much less decoherence (qubit-induced
infidelity=0.055%) than the SNAP gate (qubit-induced

—
Q

A

—_—
(=3

)

~ 0.10

o
n
[=]

0.25¢ 0.05+

Qubit-induced infidelity (%)
Qubit-Induced infidelity (%

Gate time T /T

Rotation angle /7

FIG. 4. Qubit-induced infidelity of the PND Ry gate. (a) Qubit-
induced infidelity as a function of the rotation angle 6, with fixed
PND drive parameters xo, {20}, {30} and with a 6-dependent gate
time T = (46/m)T¢,. (b) Qubit-induced infidelity as a function
of the gate time T, with fixed parameters 8 = /4, xo, {50}, and
with Tg-dependent drive amplitudes {Q2} = {Q¢.,/T/Ts}. Here
X0, {20}, and {8y} are the parameters in Table V. We assume
I'y/2m =Ty/2m =3 kHz, and T = 167/ x = 3.125 us. The
initial state is (l/ﬁ)(|0)k + 1)) ® |g), and we assume a
smooth ramping function Agy (f) = V2 sin(r t/Tg) for the drive.
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infidelity=0.91%), assuming no cavity relaxation. Since
the qubit-induced decoherence for the PND gate is propor-
tional to the imparted phase, the maximal qubit-induced
PND Ry gate infidelity is 0.44% for 8 = 27, which sug-
gests that the PND scheme shall outperform the SNAP
scheme (with the given gate time) for arbitrary error-
transparent Ry gate.

V. PND HAMILTONIAN ENGINEERING FOR A
SINGLE CAVITY WITH KERR

So far we work with the dispersive model of the qubit-
cavity coupling. In reality, the underlying microscopic
model of coupled qubit-cavity system also predicts higher-
order coupling terms [36,37]. Now consider a generalized
model with photon self-Kerr K and second-order disper-
sive shift x’, the Hamiltonian reads

Hy = hw,d'a + hoyle) (e| — hya'ale) (el

hK . By’
- Salataa + TXaTaTame) . (18

Adding control drives Q(f) =Y, Q,e"@"x+m and
assuming Vm, |Q2,,| < |6,,|, one can again use time-
dependent perturbation theory to find an effective Hamilto-
nian similar to Eq. (5) but with every nx replaced by ny —
x'n(n — 1)/2 due to the second-order dispersive shift (see
Appendix D).

The effective Hamiltonian seen by the photon while the
qubit stays in its ground state is

~ ATATAA

Horg = hod'a — —-0'd"aa + (g Hienlg) - (19)

The self-Kerr effect is the leading-order correction to cav-
ity resonators that can cause unwanted rotations and (in the
presence of photon loss can) introduce extra decoherence.
We can apply this Kerr-corrected Hamiltonian engineer-
ing scheme to cancel the cavity self-Kerr by choosing
> hEr,|n)(n| = (hK/2)a'a"aa, or to engineer a target
Hamiltonian while canceling Kerr. Examples of PND
parameters with Kerr cancellation are shown in Tables VII
and VIII. Numerical simulation of PND Kerr cancella-
tion is presented in Fig. 5. Taking x /2w =2 MHz and
K /2w = 3 kHz appropriate for cQED devices [21] and
assuming no photon loss, one can preserve a cat state with
close to unit fidelity for + = 20us and 99.2% fidelity for
t = 100us with PND Kerr cancellation (see Appendix D).

VI. PND HAMILTONIAN ENGINEERING FOR
COUPLED CAVITIES

Here we further generalize our PND scheme to the case
of coupled cavities. Specifically, we consider two cavity
modes a and b dispersively coupled to their own ancilla

(a) Kerr
4 F=1.000 4 F=0884 4 F=0740 03
2 2
- - »
O — — 0 g 0.0
-2 -2 -2
R R R S g ) R R S g B R R 03
t=0pus t=10 us t =20 pus
(b) PND Kerr cancellation
4 F=1000 4 F=1000 4 F=1000 03
2 2 2
O Wm0 e | of = oo
-2 -2 -2
— R —4 R 4 R
1420 2 4 420 2 4 Ta-20 2 4 M3
t=0pus t=10 pus t =20 pus
© 1w
2
= 0.99
=t
=098
o
0.97
0 2 4 6 8
1 ()
FIG. 5. Simulated evolution of the cavity cat state

1/ V2)(late) + |—a)), an even superposition of coherent
states with opposite phases. (a) Wigner-function snapshots and
the fidelity F' of the cat state evolving under the cavity self-Kerr.
(b) Wigner-function snapshots and the fidelity F of the cat state
with PND Kerr cancellation. (c¢) Cat-state fidelity as a function
of time under PND Kerr cancellation, showing a clear signature
of the micromotion. Here we use parameters in Table VII and
assume a, = /2, cavity photon number N. = 6, x /27w =2
MHz, and T); = 2 us.

qubits 69, 6°, and to another joint qubit 6¢ with a dis-
persive shift x. (see Fig. 6), assumed to be equal for both
modes [33],

Hy = hw,d’a + hwg g |eq) (eal — hxad'a le,) (€]
+ hiwph'h + hawy p les) (es] — hxsb'hles) (es]
+ Tiwg lee) (ec| — hixe(@ a4 bTh) le.) (e, (20)

where w,, are the frequencies of the cavities, wgq/p/c
are the qubit transition frequencies between |g,//.) and
lea/n/e), and xq/p/c are the dispersive coupling strengths.
One can drive the coupled qubit 6 to control cavity states
dependent on n, + n and drive qubits 6 and & to con-
trol cavity states dependent on n, and n,, respectively.
Altogether, one can engineer a two-cavity Hamiltonian
Hg= Z”aanb hEnanb |nanp) (nanp| = Zna,nh h(Ec,na+n;, +Ean,
+ Ep ) Inanp) (nanp| (see Appendix E).

We can apply this generalized PND scheme to imple-
ment controlled-Z rotations for realizing controlled-phase
gates CPHASE(#), which is one class of essential two-
qubit entangling gates for universal quantum computing.
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Q,(1)

FIG. 6. Schematic of the cQED implementation of two cav-
ities coupled to three ancilla qubits [22]. Two 3D microwave
cavity resonators, cavity a and cavity b, are capacitively coupled
to two transmon qubits, qubit a and qubit b, respectively. Another
Y-shape transmon qubit, qubit ¢, is capavitively coupled to both
cavity a and cavity b. Three transmon qubits can be controlled
independently through individual drive ports, and they can be
coupled to separate readout quasiplanar resonators.

For bosonic-encoded qubits, the CPHASE gate has been
demonstrated fairly recently, though in a protocol sus-
ceptible to photon loss during the gate operation [38].
Here we present an error-transparent operation [31,32] of
controlled-Z rotations by PND, which is tolerant against
photon loss in the cavities.

We design an error-transparent Hamiltonian g for
CPHASE(0) such that within a total number distance d, =
min(d,,,dy,,), |1415); and its error states have the same
negative energy shift ig g,

oo dp—1
Hep = =hger Y Y @k + Ddy, — 1)k + 1)dy, — Lol
k=0 1,=0
dn—1-1,
® Y |@k+ Ddy, — 1) {2k + Dy, — Iy,
Ip=0

21)

up to residual energy shifts on error states with total
number of photon loss exceeding d, — 1. The targeted
energy shifts to implement H,z for d, = dp, = dy, =2
and the numerically simulated engineered energy shifts by
the generalized PND are shown in Fig. 7(a). The simu-
lated fidelity of a CPHASE(sr/8) gate starting from the
kitten-code encoded state (1/2)(|0,); + [14)1) ® (10); +
[1p)1) ® |gugrgc), followed by instantaneous recovery of
single-photon loss in both cavities, is larger than 99.8%
even in the presence of the relaxation of all three ancilla
qubits [Fig. 7(b)].

VII. SUMMARY AND OUTLOOK

In conclusion, we develop a toolbox for photon-number-
dependent Hamiltonian engineering by off resonantly

(b) Gate fidelity

(a) Engineered frequency shift
) ) ) ) ) 1.000

Enun,
+40|0|0|0|0}t 27 £
=}
10 0 0 05
<
Salo 0o o =2
0 ®
—~40 0} 5
~10
=J{ololololo z
3 3 20 O 0.998
(kHz) . ! 2
ng Cavity relaxation rate (kHz)
FIG. 7. (a) Simulated engineered energy shifts for error-

transparent controlled rotation as a function of the photon num-
bers of coupled cavities. (b) Fidelity of PND CPHASE(7r/8) gate
as a function of the total cavity relaxation rate. The dashed line
represents the modifications due to ancilla qubit relaxation at a
rate 'y, /2m =Ty /2w = T'ye/2mw = 3 kHz. Here we use param-
eters in Tables IX, X, and XI with the CPHASE(7r/8) gate time
T = 167/ x = 2Ty, and assume that the two cavities have the
same relaxation rate.

driving ancilla qubit(s). We provide a general formalism
to design and optimize the control drives for engineering
arbitrary single-cavity target Hamiltonian and perform-
ing quantum gates, with examples include three-photon
interaction, parity-dependent energy, error-transparent Z
rotation for rotation-symmetric bosonic qubits, and cavity
self-Kerr cancellation. We can also generalize this scheme
to implement error-transparent controlled rotation between
two cavities. The flexible and thus highly nonlinear engi-
neered Hamiltonian for photons admits versatile applica-
tions for quantum simulation and quantum information
processing. Our scheme can be implemented with disper-
sively coupled microwave cavities and transmon qubits in
the cQED platform. Recent demonstration of the strong
dispersive regime in a surface acoustic wave resonator
[39,40] indicates opportunities for phonon-number-depen-
dent operations as well.

Looking forward, exploring fault-tolerant approaches
such as qubit-error-transparent [33] or path-independent
[41,42] gates may further reduce the decoherence induced
by the ancilla qubit. Robust and continuous control of
cavities can assist quantum sensing and realize universal
fault-tolerant quantum gates with potential compatibility
with autonomous quantum error correction [29,34,35,43].
For future prospects of many-body quantum simulation
with photons [12], applying our scheme to create local
interactions in coupled cavities can offer opportunities for
studying exotic phenomena of extended Bose-Hubbard
model with three- or more-body interactions [44].
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APPENDIX A: PHYSICAL IMPLEMENTATION OF
THE DISPERSIVE HAMILTONIAN

In this appendix section we briefly describe a real-
istic physical implementation of a dispersively coupled
qubit-cavity system Hamiltonian, Eq. (1), via cQED [23].
Consider a superconducting qubit coupled to a microwave
cavity described by a Jaynes-Cummings Hamiltonian

Hic = hwgod'a + haygle) (el + hgady +a'6-). (Al)
Working in the large detuning regime such that |A| =
|wa,o - a)qj0| >> |g|, one can apply unitary transformation
Up = exp [—(g/ A)(ac, — &78_)] to find the perturbative
expansion of the Jaynes-Cummings Hamiltonian to the
leading order of g/A as

2 2
—h (Wo + gz) dta+h (Cl)q,o = %) le) el

g2
— hxa'ale)(e| + O (P)

~ hw,a'a 4 hoyle) (e| — hixa'ale) (e| = Hy, (A2)

where w, = w,0 + (g%/A), 0y = wg0 — (g*/A),and x =
(2g%/A). We arrive at the dispersive Hamiltonian, which
has been extensively explored and utilized in cQED plat-
forms as a key interaction for control and measurement
[2024]. An example schematic of a transmon super-

conducting qubit coupled to a 3D microwave cavity is
illustrated in Fig. 1.

APPENDIX B: EVOLUTION OF THE DRIVEN
DISPERSIVE MODEL

Here we calculate the perturbative expansion of the
unitary evolution operator for an off-resonantly driven, dis-
persively coupled qubit-oscillator system described by the
Hamiltonian

— hxatale) el + V(0
(B1)

H(H) = hw,a'a + hoyle) (el
= Hy + (1),

where V(f) = hQ (D6 + hQ ()6, with Q@) =Y,
Qe @a~mx+omi We assume a tripartition ansatz for
the evolution operator Ug(#r,t) such that |y (#)) =

US((f- , 1) W (¢)) for an initial state |y (#;)) and a final state

1V (1)) [27],

fJS(tf 1) = e~ 16ly) p—iHef(ty —ti)/heiG(ti), (B2)

where the evolution is separated into a time-independent
effective Hamiltonian H.q governing the long-time dynam-
ics, as well as initial and final kicks, G(ti) and G(zf). The
subscript S denotes evolution in the Schrédinger picture.
Moving to the interaction picture with the unitary trans-
formation U = exp(iHyt/h), we are left with the term

Vi) = UHU" — ihOU"

=3 Qe ) (0|6 + Hec).

m n

(B3)

Here the subscript / denotes operators in the interac-
tion picture, O;(f) = e™0/"O(f)e~*H0!/h The evolution
operator in the interaction picture is connected to the
Schrédinger picture one by

U,(tf 1) = o0ty /1 g=iGty) piegi(ty —1) /1 4G (1) p=iFoti/ T

— ¢ iG1ly) ilHe—Ho) (ty ~11)/h 5iGr (1) (B4)

Assuming  |2,,| < |8,],|x — Sm|, We can _use time-
dependent perturbation theory to calculate U;(#,t) in

powers of ¥; and find the perturbative expansion of Heg
and Gy (1) such that Hey = {Iggf) +HQ AR + - and
G =G"O+G O +G7 0+

Specifically,

N i (7 .
U[(l_‘f',l‘,‘) =1- E/ Vi(t)dn
t

i

—i\? rv no, .
+ (%) / dtl/ dnVi)Vit) +--- .
t t

(B3)

The zeroth-order terms are G}O)(t) =0and A e(t?f) —Hy=0.
Expanding to O(V),

HY (1 — 1)

=GV ) + -

-GV @).

/7' Vi(t)dt
4 h

(B6)
Since

gl /’f V[(fl)dtl n.g ¥ / Vl(tl)dtl n.¢) =0,

(B7)
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and

V() dn
<}’l,g| T |I’l,€>

Q e il(n—m) x+3mlty Q e i[(n—m) x +8m]t;

Expanding to O(/2),

(—z)/ dt1/ dtzVI(tl)VI(tz)=_ZG(2)(tf)

- . (B8 R 1 (=il @ — 1,
Z il — m)x + 8] B9 —LAR G — 1) +iGP @) + 5 i )’
" B 2 h
we have 1 . 1.
+ 2l U =006 1) = 3G R — 1)
HY =0 (B9) A1) 2(1)
¢ ’ . . GVw)? GV ()2
| |n) (1|20 &L= x+omlt + GV G ) - 12( )y _ G 2('f) . (B11)
GROE ZZ +He.
i[(n—m)x + 8, We find
n
(B10) ©
Rl |?n) (n|
Hy = BI12
off Zz(n_m)x+8nza ( )
G(z)() Z Z ZQ””Q* l[5n11—5)n2_(m1—1n2)x]t Q;”Q e—z[éml—amz_(ml —my)x 1t
t
my moyFEmy n 2i[(n —m1) X + 8 1[8my — Smy — (m1 —m2)x]
In)(n|o. (B13)
The third- and fourth-order terms of the effective Hamiltonian are
Hy =0, (B14)
a9 _ ZZZ B, 2|2, |*|1) (1|6
o - S 11 — m2) X + Sy |2
myp  my (I’l mi)x + my 2)X my
_Z Z Z B2, 2|2y 121) (1] 6
my mp#m; n [(n —m)x + 8’”1]2[8"71 - 5"12 — (my —my)x]
Y Y RS Q;usz Qe |n) (n|6 ®15
[(n—mg)x + 8wy [6m;, — Smy — (m1 — mo) x1[(n — m)x + 8,1

my,mp,m3,mq n

where the last term satisfies the condition §,, —mx +
Smy —M3X =8y — Mo X + 8y, —may, and my # my #
m3 7 mg Or my = m3z 7% My 7 My OF My = My 7# M| 7 m3.

Consider special cases that all §,,s are commensurate
with x, this problem reduces to a Floquet Hamiltonian with
a single icity, and one can calculate the Floquet effective
Hamiltonian and the kick operator [16] and obtain identical
results.

APPENDIX C: EVOLUTION WITH
QUBIT-INDUCED DEPHASING

Here we consider how errors in the ancilla qubit prop-
agates to the cavity mode under off-resonant drives. The

(

ancilla errors are described by the qubit relaxation jump
operator ,/T';6_ and the qubit dephasing jump operator

T'sle){e] in the time-dependent Lindblad master equation

dipro(1) = —%[H ®), prot (D] + DIpiat (D], (CDH

where oy is the total density matrix of the coupled qubit-
oscillator system, and

1 1
Dlp(t)] = ; [Jkp 0 = S Tkp (@) = p() EJ,J“Jk] :

Wi} = {YTy6-.y/Tyle)el, /adt}.

(C2)
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Here «, represents the relaxation rate of the cavity.

Moving to the interaction picture, 6_ becomes 6_;(f) =
>, In)(nle” @m0 _ while |e)(e| stays the same. Under
the rotating wave approximation, when I'; < [x| such
that qubit decay will release a photon—number—dependent
energy N(w, — ny), we treat the relaxation jump operator
as a set of independent jump operators in the cavity-
number state manifold,

Buprons (D) = —%[V,a),pm,,(r)] + Dilpos O], (C3)
. 1
Dilp(0] = Z |:Jk,1,0(f)J/ZJ - EJ/iIJkJ;O(t)
k
Loy
—p (D) EJkJJk,I} ,
e} = (VTyle)lel, T 6 In)(nl|Vn, \/iaa). (C4)

We now assume again a tripartition ansatz for the evolution
superoperator A,f,,l., pr(ty) = A,f’tl.pl (),

Ay = e~ Ll =1 % (C5)
such that there is a time-independent Liouvillian L and
a kick superoperator @, that absorbs the time depen-
dence. For 'y, T'y, |2| < |8, |X — 8wl and 8,, ~ O(x),
one can expand L and @, in perturbative orders of
OQu, Ty, Ty).

We find the time-independent evolution superoperator

as £~ L0 + £® 4 [O) with
LY =Dy, (C6)
£o¢ = -+ [A2,]. ()

5 [[S-,Di), 841+ [[S+, D], S-1(-)
3.
L) = ;Z [((n—m)x + 8n]? ,
(C8)
where  S_() = [In){n]Qué_elo-mxsind ], S,

= [ln)(lefn6+e—"[("—’”)X+8m]f’ .], and the kick superoper-
ator as ¢, ~ CI>§1) + <I>§2) with

() = i o.-], (©9)

@y _[:e@0n - [S+ + 8-, Di]()
o0 =0, | ;§[<n—m>x+am]2'

(C10)

Choosing 8,’s commensurate with x such that all
the time-dependent terms have a common period T,

then for t#r =t +cTy for some integer c, p;(t +
cTyy) = e PielTue®y = oLFTM for a Floquet genera-
tor Lp(t;) = e P Le®i [45,46]. Taking ¢; = 0 and tracing
over the ancilla qubit degree of freedom assuming pg, = 1
and p.. = Pge = Peg = 0, the cavity density matrix in the
interaction picture p.; follows a Floquet effective master
equation

Qi
8100 (1) ~ —i [ZZ (n' n|1)|;: +" '8 P c,l(l):|
+ Deslpea 0], (C11)

with jump operators

{Jert} = { VoS mnl YTy, lm IVn,m}

(n—m)x +8n (n—m)yx + 8
izz VT2 n) nl}
(mn—m)xy +6
VT4 n) (n| }
{Z(H—W)X'ﬂsml

The jump operators cause dephasing for off-diagonal den-
sity matrix elements of the cavity number states p, ,, at a
rate

(C12)

F¢+F

(pnl e +pn2 e)

VYnin, =

_F¢Z
my

Q; 3 Qs
(1’11 _ml)X +8m1 o (n2 - m2)X +8mz ’
(C13)

- 2 2
Where Pre = 20 oo m)x+5n| Sl DI e v m)x+8 |> is the
time-averaged probability of the qubit excited-state com-
ponent |n,e) due to G;l)(t). The second term in pj.,,
[> e n?)'; v |>, is the contribution from the initial
kick. Smoothly ramping up the drive can thus reduce
the qubit-induced dephasing by removing the effect of
the kick.

APPENDIX D: MICROSCOPIC MODEL AND
KERR CORRECTIONS

We now revisit the microscopic model of a resonator
mode a coupled to another bosonic mode d with anhar-
monicity «. Specifically,

hg@'d +d'a).
(O

R w0 a o~
H = hwaod'a + hwgod'd — 7dfaﬂ d+

044026-10
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For a small coupling g, one can use perturbation theory to estimate the frequency shifts as a function of photon number
in the resonator 7, and the anharmonic mode n,. Expanding up to the order of g* and keeping only n; = 0, 1 (states |g),
le)), the generic Hamiltonian of the coupled system reads

2 4
ﬁz:h(wa,o+g——g—)am

A A3
2 gt e 2hg? At hg* 4hgta(o® + 20 A +2A%) ., ~in
th (g -5 + & \ata— 208 gragrg I8 giginy 4 He (e T 2eA RN bty
’ A3 A(A 4+ ) A3 +2A) A3(A 4+ a)?
hg*20?(Ba® + 11a?A + 150 A2 +9A3) oo nin
g207Ga + ot A + Dad” +947) 14100010 1+ 0(g"), (D2)
Ao+ AP (a4 2A0)(Ba 4 2A)
Here A = w, — w,.
We can reorganize this Hamiltonian in a form by identifying d'd as |e)(el,
. i i PK insnn  BX aininn
H = ho,a'a + hwyle)(e| — hxa'ale)(e| — 3 fataa + TXaTaTaa|e> (el, (D3)
_ 2 _ 2 4 _ 28 4gta(@®+200+247) _ 2 _
where 0, =ou+ 5~ 5 0, m 00— 5+ 5 X = gty - SR Ko 2 and =

24402 (Ba3+11a2 A+15a A2+9A3)
A3 (@+A)3(@+2A0)Ba+2A)
Consider an off-resonantly driven coupled system with the photon self-Kerr K and the second-order dispersive shift x’,

R hK hy'
H(t) = hw,a'a + haoyle) (e] — hxa'ale)(e| — TATEJ&& + TXaTaTame) (e| + AQ(DN6_ + hQ* ()64

(D4)
= Hy + Ay + hQ (06— + hQ* (D64,
here Q) = Y, Qe @a=mxtom),
We again assume a tripartition ansatz for the time-evolution operator,
Us(t 1) = o= i6(r) giflesiliy =) /1 HiG(1) (D5)

Moving to the interaction picture with the unitary transformation U= exp[i (Hy + H, )t/ h], we are left with the drive term

171 (n = Z Z fLQmei[("_m)X+5”1_X,"(”_l)/2]t|n)(n|6; 4+ He. (D6)

m n

We can again use the time-dependent perturbation theory to calculate U, (tr,t;) in powers of V; and find the perturbative
expansions Heff = I:Ie(g) + I:Ié{}f) + He(gf) + ... and GI (H = (A;;O) N+ G;l)(t) + G;Z)(t) + - - -, with additional contributions
from the Kerr term Ay = Xatataa + %/&T&T&Me) (e].

The zeroth-order terms are G}O) (f) = 0 and H e(gf) — I% = 0. We find

=0 o
N Qm|i’l>(i’l|5_ei[(n7m)xfx/n(’l*1)/ZH'”]I
ro ;Xn: = myx —xmn— D2+ 6,1 o
. RIS |n) {1l
a9 _ n 2 b
o ;Xn:(”—m)x—x’n(n—l)/z“‘ama .

Qp, §2,,, 1) (n|6,e!om —dmy=(mi—m)xlt

~2) _
G" = Z Z Z 2i[(n —m)x — x'n(n —1)/2 + 8y, 1[6m,

my myFEmy n

+ H.c. D10
- 8n12 - (ml - mZ)X] ( )
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The third- and fourth-order terms of the effective Hamiltonian are

~ I, 1212, 12 ) ()5
H(4) — 1 2
ot Z Z Z [((n —m)x + 8w — x'n(n —1)/2][(n —my) x — x'n(n — 1) 4 8,

mp  mp n

_Z Z Z h|Qm]|2|Qm2|2|n><n|&z
[(n—m)x — x'n(n—1)/24 8, P[8m; — 8my — (my —m2) x]

my myFEmy n
Z’nlamarns,m 2 18, anz Qs 924 n) (nlo.

* [((n—ma)x — x'n(n—1)/2 4 8, 1[8m; — Smy — (my —m2) x1[(n —my) x — x'n(n — 1)/2 + 8,1

(D11)

(D12)

(

where the last term satisfies the condition §,, —m;x +  assume the system starts with an even cavity cat state
Omy — M3 = Oy — MaX + 8y —max, and my # my # (1/+/2)(Jaee) + |—a.)) and the qubit in its ground state
M3 £ My OF M| = M3 7~ My 7 My OF My = My F# my 7% ms. then simulates the state evolution in the rotating frame

Additional simulations of the cat-state evolution under  with U = expli(wqata + wyle)(e|)t]. With PND Kerr can-
PND Kerr cancellation is shown in Figs. 8§ and 9. We  cellation and assuming no photon loss, the cat state is

(a) 4 F= 1.000 4 F= 1.000 4 F =0.999 4 F =0.997 4 F =0.995 4 F =0.992
2 2
Cat-state evolution under () — 0 — 10 — oL — 0 — 0 —
cavity self-Kerr ) ) i) ol ) I
| s R Sty | R R R ) B S B ) R By s R s | s
t=0ps t=20pus t =40 pus t =060 pus t =80 us t =100 pus
(b) 4 F =1.000 4 F =1.000 4 F =0.999 4 F =0.997 4 F =0.995 4 F =0.992
2 2
Cat-state evolution u.nder 0 — 0 - | -— | - — 0 ——
PND Kerr cancellation D) 1 5 ol D) 1
[, ) B R B B S s R R, | R R | R R B ot | R R
t=0us t=20pus t =40 pus t =060 us t =80 us t =100 pus
©) 4 E=LO0 4 F=0994 4 F=098 , F=0981 . F=0973 , F=0966
Cat-state evolution under 2 2
PND Kerr cancellation 0 é 0 é 10 é 0ot ‘? 0 ;. 0 .?
with lossy ancilla ~ _2 ) 12 _2 2 )
| s R e, | R R R ) R R B R By V) 4‘_47472 0 2 4
t=0us t=20pus t=40 pus t =060 us t =80 us t =100 pus
(d) 4_F= 1.000 4 F= 0.998 4 F =0.996 4 F =0.993 4 F= 0.990 4 F =0.986
. 2L
Cat-state evolution under = ~ - - - -
PND Kerr cancellation — — Or — ] — — —
with lossy cavity -2 -2 =2} 172 -2 =2t
—4 —4 —4 —4 —4 4

420 2 4 1420 2 4 420 2 4 4202 4 4202 4 420 2 4

t=0pus t =20 pus t=40 pus t =60 us t =80 us

t =100 pus

0.3

-0.3

0.3

-0.3

FIG. 8. Wigner-function snapshots and cat fidelity ' under (a) cavity self-Kerr, (b) PND Kerr cancellation, (¢) PND Kerr cancella-
tion with a lossy ancilla qubit, and (d) PND Kerr cancellation with a lossy cavity. Here we assume abrupt PND drive with parameters
in Table VII, and assume a qubit relaxation rate I'; /2m = 3 kHz, a cavity relaxation rate «,/27 = 0.01 kHz, and a cat size a, = V2.

The snaphots are chosen at multiples of the micromotion period Ty, = 87/x = 2 us.
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FIG. 9. Cat-state fidelity during the Kerr cancellation opera-

tion by (a) abruptly turning on the PND drive and (b) smoothly
turning on and off the PND drive as described in Egs. (10) and
(11). The cat fidelity as a function of time is shown in blue
(without ancilla qubit relaxation) and red (with ancilla qubit
relaxation) curves. The ramping function A(?) is presented as the
filled orange curve. Here we use parameters shown in Table VII,
and assume I'y /27 = 3 kHz, o, = V2, and T, = 2.5 ps. At the
end of the operation, the final cat fidelity is 99.180% for the
abrupt drive and 99.184% for the smooth drive. The additional
infidelity induced by ancilla relaxation is 2.568% for the abrupt
drive and 2.276% for the smooth drive.

preserved at a high fidelity approximately equal to 99.2%
even after a long time r = 100 us. In Figs. 10 and 11 we
study the micromotion and the qubit-induced infidelity for

{0} ={Q} [{2}={Q}/V2 | {Q} = {Q}/2
12 : 12 : 12
X0
X=5 2K K ,
py= 3 T QT |
0 2 4 0 2 4 o 2 4
3 3 3 :
X = Xo % I’
0} = (o) M |
o ! 4 O 2u\’ 4 R E—
0.75 0.75
X 2XO "I‘ X3
{6} = 2{60} |
R — R —

FIG. 10. Micromotion of the cat-state infidelity under PND
Kerr cancellation. In this table of plots we show the infidelity
(v axis, %) of a cat state (cat size oz = +/2) as a function of
time (x axis, us) with varying sets of parameters x, {2}, and
{&}. The insets indicate the corresponding cavity self-Kerr value
with K /27w = 3 kHz. Here we assume abrupt PND drive, and
X0,{S20}, and {8y} are the parameters in Table VII. One can
clearly infer that the micromotion amplitude scales as |Q2?/x?|
and that the micromotion period is Ty, = 87/ as predicted.

a nnael mduce ubit relaxation
Infidelity induced by qubit relaxati
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(b) nfidelity induced by qubit dephasing
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FIG. 11. Cat infidelity induced by ancilla qubit errors dur-
ing PND Kerr cancellation. (a) Cat infidelity at time ¢ = 12 us
induced by qubit relaxation at a rate I'y/2w = 3 kHz. The left
panel has a fixed Q = Q( with varying x, and the right panel
has a fixed x = xo with varying Q. (a) Cat infidelity at time
t = 12 ps induced by qubit dephasing at a rate I'y /27 = 3 kHz.
The left panel has a fixed Q = Q( with varying x, and the right
panel has a fixed x = xo with varying Q. xo, {2}, and {5y} are
the parameters in Table VII. Here we assume abrupt PND drive,
K/2m = (2% x0/ 22x)3 kHz, and a cat size o, = v/2.

PND Kerr cancellation. We find that the amplitude of the
micromotion and the qubit-induced infidelity both scale as
Q?/x? as predicted. Note that we use Kerr cancellation
with x’ = 2K as a special case such that both the cavity
self-Kerr and the second-order dispersive shift are can-
celled by the engineered Hamiltonian and thus there is a
perfect micromotion period 7, unperturbed by the total
energy.

APPENDIX E: HAMILTONIAN ENGINEERING
FOR TWO COUPLED CAVITIES

Consider two cavity modes @ and b dispersively cou-
pled to two ancilla qubits ¢ and 62, respectively, and to
another qubit 6 ¢ jointly with a dispersive shift x., assumed
to be equal for both modes,

Hy = hw,a'a + howg, led) (el — hxaa'ale,) (el
+ hwpb'h + hawy p les) (ep] — hxpbTbles) (es]
+b'b) le.) (el -

+ hay, lec) (ec] — Ry (a'a (E1)
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We can add a drive term

Hy(t) = h€2,(1)6°
+ hS2 (1)

+ hQE(064 + hp(H5?

62+ hQ(6¢ + QD65 (E2)
Wlth Qa(l‘) = Zma Qmaei(wq,a*MaXa+5ma)f, Qb(t) = Zm}) me
ei(wq,b_mbxl)+8n1b)t’ and Qc(t) — ch chei(wq,c_mc)(c‘f‘émg)t to
engineer Hamiltonian for the two coupled cavities, assum-
ing |2, | <K Xi, |8m,|, I = a, b, c. Specifically, the effective
Hamiltonian will be of the form H.z = A e(gf) +H ég) + I:Iéiff)
with second-order terms

h|Q
H(a 2 _ Z Z Q2 |*11) (14 50, (E3)
(I’la - ma)Xa + (Sm,l
O — Z Z By 12 1) (ms 50, (E4)
o o (p = mp) X + O,
H(c2) ZZ h|Qm¢| |1, np) (g, Hp| 5¢. (ES)
Me  ng (na +np — mc)Xc + amL

The fourth-order terms can be found as in Sec. I. The
engineered Hamiltonian is

Ay = (84808e| Herr 1858e) = Y NEpny1nany) (nam|

Ng,np

= Z FL(Ec,naJrnb + Ea,na + Eb,nb) |nanh> <nanb|

ha,np
h|Qma| |74) (14|

~ ZXH: (na _ma)Xa+(Sma
2.2

FL|me| |I’l[, nb|
(np — mp) Xp =+ Oy,

my  np
hlgm |na’nb><naanb|
E E < E6
* n b (na + np — mc)Xc + Smc ( )

1. Error-transparent controlled-Z rotation

The form of the engineered Hamiltonian does not have
the full degree of freedom to create arbitrary structure of
E,n, but is enough to design error-transparent controlled
rotation along the Z axis for implementing CPHASE gate
on rotational-symmetric bosonic codes. Specifically, by
solving for target frequency shifts

gwr/4 n, mod (2d,,) = 0,2d,, —1,
sy + 1
ETng = s
’ _gcR/4 Nq mod (2dnu) = dnavdna - 1:
|

which takes

{L,a,...a%'}|0,), — e %YL a,.. .a%"}0,),,
{L,a,...a% Y |1,), — &5 a,. . .a% "} |1,),,
(E7)
gr/4 mMZ)—(M%—L
d
ETn[ =
o —gr/4 n, mod (2d,,) = d,,b,d
-, 1
which takes
{L,b,...b" ="} |0p), — e 8R4I b, .. b =1}104),,
{L,b,...b" Y1), — SR b, . b ") 1), ,
(E8)
and
—8gcr/2 ng+mny, mod (d,, +dy,)
E B =0,dy, +dy, — 1,...
Foactty = g+ dyy — dy + 1 :
0 otherwise
which takes
{1,31b/ 10,05), — eR2{1, &b} 10,04),
{1,d'D") 10,1p), — (1,a b} 10,15), ,
(1,8 ") 11,05), — (1,a" b} |1,04),
(1,8 D") [1,15), — e%r2{1,3Mp) 11,15),,  (E9)
for [,=0,1,...,d,—1 and [,=0,1,...,d,—1—1,.

Within a total number distance d,=min(d,,, d,, ), the over-
all Hamiltonian should accumulate the same phase for
[1,1p); and its error states while keeping |0,05);, [0,15);,
|1,05), and their error states unchanged.

APPENDIX F: OPTIMIZED PND PARAMETERS

In this section we show tables of optimized PND Hamil-
tonian engineering parameters that minimizes ) _, p.. All
the engineered frequency shifts are subject to a Fourier
transformation precision of +0.5 kHz. Here we show opti-
mized parameters with real €2,,’s. We can also relax the
condition and solve for complex values of €2,,’s, which
give rise to similar performance.
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TABLE 1. Three-photon interaction: x /2w = 2.56 MHz, K3/27 = 0.5 kHz [Fig. 2(a) red].

Photon number n=20 n=1 n=2 n=3 n=4 n=>5 n==~6
Er, /27 (kHz) 0 0 0 3 12 30 60
E,/2m (kHz) 0 0 0 3 12 30 60
Sn/X 12 1/2 12 172 12 1/4 172
Q./x 0.0946 0.0694 0.0637 0.0640 0.0661 0.0704 0.0859

TABLE II. Three-photon interaction: x /27 = 2.56 MHz, K3/2m = 1 kHz [Fig. 2(a) blue].

Photon number n=20 n=1 n=2 n=3 n=4 n=>5 n==o6
Target E7,, /27 (kHz) 0 0 0 6 24 60 120
Engineered E, /27 (kHz) 0 0 -1 8 25 61 122
Sn/X 1/2 1/2 1/2 1/2 1/4 1/2 1/2
Qu/x 0.1422 0.1025 0.0935 0.0917 0.0995 0.1337 0.1172

TABLE III.  Parity-dependent energy: x /27 = 2.56 MHz, P = 20 kHz [Fig. 2(b) red].

Photon number n=>0 n=1 n=2 n=3 n=4% n=>5 n==o6
Target E7,,/27 (kHz) -20 20 -20 20 -20 20 -20
Engineered E, /27 (kHz) —-20 20 -20 20 -20 20 —20
Sn/X —1/4 1/4 —-1/2 1/4 —1/4 1/4 —1/2
Q./x 0.00682 0.0568 0.0553 0.0349 0.0427 0.0427 0.0786

TABLE IV. Parity-dependent energy: x /2w = 2.56 MHz, P = 40 kHz [Fig. 2(b) blue].

Photon number n=>0 n=1 n=2 n=3 n=4 n=>, n==o6
Target E7,,/2m (kHz) —40 40 —40 40 —40 40 —40

Engineered E, /27 (kHz) —40.5 40.5 —40.5 40.5 —40.5 40.5 —-40.5
Sn/X -1/2 1/4 —1/2 1/4 —1/4 1/2 —1/4
Q./x 0.0232 0.0799 0.0826 0.0463 0.0469 0.0820 0.0816

TABLE V. Error-transparent controlled-Z rotation: x /27 = 2.56 MHz, gg /27w = 20 kHz, d,=2 [Figs. 2(c) red, Fig. 2(d)].

Photon number n=0 n=1 n=2 n=3 n=4 n=>5 n==6
Target E7,,/2m (kHz) 20 -20 -20 20 20 -20 —-20
Engineered E, /27 (kHz) 20 —-20 -20 20 20 —-20 —20
8n/X 1/2 -1/2 —1/2 1/4 1/2 —1/4 —1/2
Qu/x 0.0862 0.0531 0.0753 0.0240 0.0554 0.0489 0.0893

TABLE VI. Error-transparent Z rotation: x /2w = 2.56 MHz, gr/27w = 40 kHz, d,=2 [Fig. 2(c) blue].

Photon number n=20 n=1 n=2 n=3 n=4 n=>5 n==~6
Target E7,,/2m (kHz) 40 —40 —40 40 40 —40 —40
Engineered E,, /27 (kHz) 40 —41 —41 40 40 —41 —40
8n/X 1/2 —1/4 —1/2 1/4 1/4 —1/4 —1/2
Q./x 0.1166 0.0600 —0.0961 0.0308 0.0629 0.0678 0.1214
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TABLE VII. Kerr cancellation: x /27 = 2 MHz, K /27 = 3 kHz, x'/27 = 6 kHz [Figs. 5(b) and 5(¢)].

Photon number n=>0 n=1 n=2 n=3 n=4 n=>5 n==6
Er,/2m (kHz) 0 0 3 9 18 30 45
E,/27 (kHz) 0 0 3 9 18 30.25 46.25
8,/ X 12 1/2 172 12 172 1/4 1/4
Q./x 0.0883 0.0658 0.0635 0.0639 0.0620 0.0534 0.0606

TABLE VIII.  Error-transparent Z rotation with Kerr cancellation: x /27 = 2 MHz, grp = 20 kHz, K/27n = 3 kHz, x'/27w = 6 kHz.

Photon number n=20 n=1 n=2 n=3 n=4 n=>5 n==6
Er, /27 (kHz) 20 -20 —-17 29 38 10 25
E,/27 (kHz) 20 -20 —17 29 38 9 24
8n/ X 1/2 —1/2 —1/4 1/2 1/4 1/2 1/2
Q./x 0.0949 0.0659 0.0344 0.0838 0.0588 0.0257 0.0527

TABLE IX. Error-transparent controlled-Z rotation (drives on qubit 6%): x,/27 = 2.56 MHz.

Photon number n, =0 n, =1 n, =2 n, =3 n, =4
Er,, /27 (kHz) 5 -5 -5 5 5
E4p, /27 (kHz) 5 -5 -5 5 5
8na/ X 1/2 —1/4 —1/2 —1/2 —-1/2
/X 0.0393 0.0212 0.0365 0.0243 0.0175

TABLE X. Error-transparent controlled-Z rotation (drives on qubit 6°): x,/27 = 2.56 MHz.

Photon number #;, np,=0 ny =1 np =2 np =23 np =4
Er,, /27 (kHz) 5 -5 -5 5 5
Ep /27 (kHz) 5 -5 -5 5 5
Sy / X 172 —1/4 -1/2 -1/2 -1/2
Q,,/x 0.0393 0.0212 0.0365 0.0243 0.0175

TABLE XI. Error-transparent controlled-Z rotation (drives on qubit 6¢): x./2m = 2.56 MHz.

Photon number n. = n, + n n.=20 n.=1 ne=2 n.=3 n.=4 n.=>5 n.==6 n.=717 n. =28
Erp, /2m (kHz) —10 0 0 —10 —10 0 0 —10 —10
Ep /27 (kHz) —10 0 0 —10 —10 0 0 —10 —10
8uy/ X —1/2 1/4 1/2 —1/4 —1/2 —1/4 —1/4 —1/2 —-1/2
Q,,/x 0.0280 0.0197 0.0268 0.0245 0.0421 0.0257 0.00486 0.0379 0.0633
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