
End-to-End Balancing for Causal Continuous Treatment-Effect Estimation
Mohammad Taha Bahadori, Eric J. Tchetgen Tchetgen, David E. Heckerman

Amazon

Summary

Problem: observational causal inference
with continuous treatment.
Challenge: estimating the causal response
curve for infrequently-observed treatment val-
ues
End-to-End Balancing (E2B): based on
the framework of entropy balancing, learns
weights that directly maximize causal infer-
ence accuracy using end-to-end optimization.
Properties: E2B weights can be customized
for different datasets and causal inference al-
gorithms.
Analysis: Unbiasedness and consistency.

1. Entropy Balancing

Pick mapping functions: φk(·) : X 7→ R, for
k = 1, . . . , K.
Define a (2K + 1)–dimensional vector gi =
[φ(xi), ai, aiφ(xi)] and stack them in a (2K +
1)× n dimensional matrix G.
Primal Entropy Balancing

ŵ = argmin
w

n∑
i=1
wi log


wi
qi

 , (1)

s.t. (i) Gw = 0, (ii) 1>w = 1, (iii) wi ≥ 0

Dual Problem
̂
λ = argmin

λ
log

1> exp
−λ>G + `


 , (2)

where `i = log qi are the log-base-weights. Given
the solution ̂

λ, the balancing weights can be com-
puted as w = softmax

− ̂
λ>G + `

.
End-to-End Balancing: parameterize the log-
base-weights using a neural network and learn
them.
⇒Main idea: use end-to-end learning and di-
rectly minimize the error in estimation of potential
outcome functions in randomly generated data.

2.1. End-to-End Balancing

Require: Data tuples (xi, ai, yi) for i = 1, . . . , n with an
unknown response function µ(a).

Require: Representation functions φ(·) and ψ(·), split
size n1 < n and batch size B.

1: Generate a random set of indexes I, |I| = n1 and its
complement Ic and split the data to S and Sc using
them.

2: Estimate the distribution of noise in y given (a,x) as
F̂ε.

3: Compute G by stacking gi = [φ(xi), ai, aiφ(xi)], for
i = 1, . . . , n.

4: for Number of Iterations do
5: Generate B datasets {(xi, ai, yi,b)}ni=1 for b = 1, . . . , B

using ε ∼ F̂ε, and randomly selected µ(a)b response
functions.

6: `i← `θ(ψ(ai,xi)).
7: λ̂← argminλ

log
1> exp

−λ>G + `
 using only S

data.
8: w ← softmax

−λ̂>G + `
 using only Sc data.

9: µ̂(a)b ← weighting-based causal estimates using
(ai, yi,b, wi) in Sc for b = 1, . . . , B.

10: Take a step in θ to minimize 1
B

∑B
b=1 (µ̂(a)b − µ(a)b)2.

11: end for
12: return The `θ̂ function.

2.2. Computational Remarks

Features Fed to `θ:
-Raw values of the treatments and any hand-
crafted features.
- In practice: empirical log-density of treatments.
Weighted Regression Algorithms:
Weighted Linear Regression
Weighted Piecewise Linear Regression
Local Kernel Regression

Speed-up: take the derivative of the optimal-
ity condition and compute the Jacobian ∂λ?

∂` via
solving a set of linear equations.
Double Robustness: We can either:
- plug-in the E2B weights in the DR algorithm,
- learn weights that directly minimize the error
of DR algorithms.

3.1. Analysis: GSW Definition

Suppose f (a,x) denote the joint probability den-
sity function of treatments and confounders in a
population. Suppose ˜

f(a) and ˜
f(x) denote two

arbitrary density functions, possibly different with
the marginal density, that satisfy Ex∼f̃ (x)[x] = 0
and Ea∼f̃ (a)[a] = 0. We define the Generalized
Stable Weights as follows

wGSW (a,x) =
˜
f (a) ˜

f (x)
f (a,x)

. (3)

The generalized stable weights wGSW satisfy
E [wGSWax] = 0.
Population Version of Eq. (2)

λ? = argmin
λ

log
E

exp(g>λ + `)


 . (4)

Assumptions. In addition to the classical Posi-
tivity and Unconfoundedness assumptions,
1.f(a,x) ≥ c > 0 for all (a,x) ∈ A × X pairs,
where c is a constant.

3.2. Analysis: Consistency

2. Suppose the basis functions are dense and rich
enough such for some small values of δφK that
they satisfy:
E[aφ(x)] = 0 only if sup

a,x
|f (a,x)− f (a)f (x)| = δφK.

3. Suppose the population problem in Eq. (4) has a
unique solution λ? and the corresponding weights
are denoted by w?.

Theorem 1 Given the assumptions, the solution
to the population problem satisfies:

sup
a,x
|w?(a,x)− wGSW (a,x)| ≤ δφK/c. (5)

Theorem 2 Suppose Λ ⊂ R2K+1 is an open
subset of Euclidean space and the solution ̂

λn ∈ Λ
to Eq. (2) is within the subset. The weights
estimated by Eq. (2) are asymptotically normal
for i = 1, . . . , n:
√
n ( ŵn(ai,xi)− w?(ai,xi) ) d→ N (0, σ2(ai,xi)).

(6)

4.1. Synthetic Experiments

Table: Average RMSE for estimation of the potential
outcomes. Format: ‘mean (std. err.)” from 25 runs.

Algorithm Linear Non-linear
IPW (SW) 2.057 (0.437) 0.530 (0.025)
Perm Weighting 1.1543 (6.580) 0.525 (0.250)
EB (Const.) 0.880 (0.072) 0.335 (0.022)
EB (SW) 0.652 (0.059) 0.403 (0.025)
E2B 0.383 (0.035) 0.276 (0.014)
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Figure: The estimated log-base-weight function `θ as a
function of logarithm of the empirical density of the
treatment log(p̂(a)) and empirical conditional density
function.

4.2. Real-Data Experiments

Data: provided by the National Studies on Air
Pollution and Health for 2132 counties. We use
2010 data. 10 confounding variables such as
poverty rate, population, and household income.
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Figure: The average treatment effect curve for measuring the
impact of PM2.5 concentration on the cardiovascular
mortality rate.


