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ABSTRACT

In most practical adaptive filtering problems, estimated filters are
not arbitrary, but instead lie on a manifold that encapsulates char-
acteristics of the problem at hand. Consequently, it is desirable to
steer adaptation towards filters that lie on that manifold. In this pa-
per, we propose a novel approach to learn the manifold of a set of
impulse responses and subsequently employ that learned manifold
in an adaptation algorithm for system identification. The presented
approach is a practical adaptive filtering recipe for enforcing a data-
driven search domain constraint, instead of using conventional con-
strained optimization methods.

Index Terms— Manifold learning, generative models, varia-
tional autoencoder, adaptive filtering.

1. INTRODUCTION

Real-time communications scenarios are often dependent on the suc-
cess of the design of adaptive filters. For example, in a hands-free
teleconferencing system, an acoustic echo canceler (AEC) is im-
plemented to prevent the loudspeaker signal captured by the mi-
crophone to be sent back to the far-end causing disturbing echoes.
An AEC creates a replica of the echo signal and subtracts it from
the microphone signal before sending it back to the far-end. Mi-
crophone arrays often employ adaptive interference cancellation al-
gorithms such as generalized sidelobe cancelers (GSC) which are in
turn based on adaptive filters estimating the leakage path of the inter-
ferer into the desired beamformer direction and hence, minimizing
the interference [1]. Tasks of prediction and inverse modeling as in
dereverberation are also classes of adaptive filtering problems. Al-
though data-driven approaches have taken the lead in research in re-
cent years due to the overwhelming success of deep learning, system
models derived from physics are indispensable in many applications
[2] and hybrid combinations of data-driven and system based ap-
proaches have been shown to provide reliable and efficient solutions
to problems of signal processing see, e.g., [3, 4].
The success of designing an adaptive filter depends on the adequacy
of prior information about the statistics of the data to be processed
and the system to be estimated [5]. For example, the main chal-
lenges of estimating a room impulse response in a linear acoustic
echo cancellation scenario are solving an ill-conditioned linear sys-
tem of equations due to the correlated excitement of the acoustic path
and the contamination of the microphone signal with near-end noise.
The availability of the prior knowledge about the system, e.g., im-
pulse response sparsity, can help alleviate the ill-conditioning prob-
lem. Similarly, prior knowledge about the noise signal statistics can
help to minimize bias from the estimation, e.g., [6].
The incorporation of prior knowledge into an optimization problem
can be achieved either by means of adding constraints to the opti-
mization cost function and keeping the search space the same, or

by constraining the search space in the first place which often has
favorable numerical properties as has been shown in the prominent
example of natural gradient based algorithms e.g., for blind source
separation tasks [7].
In this paper, we focus on an approach to constrain the search space
of adaptive filtering optimization problems. The approach is a hy-
brid deep learning/DSP based solution where a deep neural network
architecture is trained to generate impulse responses on a learned
manifold. The generation network is then used to directly estimate
the actual impulse response in real-time based on acoustic environ-
ment measurements. Hence, the adaptive filter refines the network-
generated impulse response to the actual environment and the neural
network aids the adaptive filter by constraining the search space of
the online adaptation.

2. RELATION TO PRIOR WORK

Manifold learning for audio applications has been discussed in [8]
and [9] focusing on localization and speech enhancement tasks. In
the present paper we use a deep generative model to guide an adap-
tive filter on a learned manifold. Along these lines, a recent approach
showed how to estimate the optimal update using a neural network
[10]. In contrast, the current paper does not focus on the update it-
self, but on the estimated filter, ensuring that it conforms to the data
geometry of the problem at hand. The foundations of optimization
on manifolds foundation have been discussed in [11], in which most
approaches assume the existence of a deterministic manifold char-
acterization. In [12, 13, 14] approaches for unsupervised adaptation
for audio tasks on apriori known manifolds were discussed. In [15]
and [16] the relation between compressive domain adaptive filtering
and manifold learning has been established for the special case of
sparse signals. In this paper a generic manifold learning as well as
the adaptation on the learned manifold are being introduced.

3. MANIFOLD LEARNING

In signal processing, it is often the case that high-dimensional data
can be assumed to lie on a manifold globally isometric to a sub-
set of a low-dimensional Euclidean space. This assumption allows
the accurate and efficient low-dimensional parameterization of high-
dimensional data [17]. A manifold is a topological space that is
locally Euclidean [13], a local parameterization in the Euclidean
tangent space is given using what is called a retraction [11]. A re-
traction on a manifoldM is a smooth mapping ψ from the tangent
bundle TM ontoM with the following properties. Let ψh denote
the restriction of ψ to ThM. (i) ψh (0h) = h, where 0h denotes
the zero element of ThM. (ii) With the canonical identification
T0hThM' ThM, ψh satisfies

Dψh (0h) = idThM, (1)



Fig. 1. The concept of retraction, mapping a point in the tangent
space back to the manifold.

where idThM denotes the identity mapping on ThM. See Fig. 1 for
illustrating our setup.
Data-driven approaches to obtain a manifold description mainly for

non-linear dimensionality reduction have been discussed in the liter-
ature extensively, e.g., [18, 19, 17, 20].
Variational Auto-Encoders (VAEs) are one of the most prominent
deep neural network models that achieves both a non-linear dimen-
sionality reduction and generative modeling. In general, the latent
space parameterization in a VAE doesn’t reflect the same topologi-
cal structure as the input data but as we will see in Sect. 4, this can be
enforced by introducing a proper cost function. A VAE minimizes
the following cost function which can be seen as the negative of the
evidence lower bound (ELBO):

Lr := Eh
[
Ez∼qφ(z|h) [− log pθ(h|z)] + KL (qφ(z|h)‖p(z))

]
+D (qφ(z)‖p(z)) , (2)

with respect to θ, φ denoting the parameters of the decoder and en-
coder respectively and z is the latent variable. D is a regularization
term that we chose to disentangle the latent space as proposed in the
so-called DIP-VAE-II [21]. The motivation to favor the disentangle-
ment in our use case is that we will be performing the adaptation in
the latent space. Ensuring that the covariance of the latent represen-
tation is diagonal results in an approximately diagonal Hessian as
we will see and hence, better numerical properties of the adaptation
algorithm. Hence, we choose the regularization term to be

D (qφ(z)‖p(z)) :=λoff
∑
i 6=j

[
Covqφ(z)[z]

]2
ij

+ λdiag
∑
i

([
Covqφ(z)[z]

]
ii
− 1
)2

, (3)

with λoff a Lagrangian multiplier constraining the off diagonals of
the covariance matrices, λdiag another Lagrangian for the diagonal
elements, and

Covq(z)[z] := Eq(z)

[(
z− Eq(z)[z]

) (
z− Eq[z](z)

)T]
. (4)

4. TOPOLOGY AWARE AUTOENCODER

It has been shown that standard VAEs may not preserve the topology
between the input and the latent space. Attempts to modify VAEs
to preserve the topology for performing interpolations tasks in the
latent space have been proposed in [22] and [23]. The core idea is
to constrain the VAE to approximate a simplicial map satisfying the

Fig. 2. Kirchhoff-Helmholtz integral setup. The pressure within an
enclosed volume is fully determined by the pressure and its gradient
at the boundary of this volume.

condition

ϕ

(
k∑
j=1

γjσj

)
=

k∑
j=1

γjϕ (σj) , (5)

where ϕ denoting the mapping performed by the encoder. σ is a k-
simplex in a simplicial complex K, γ is a convex coefficient vector.
Intuitively, this condition means that the vertices of a simplex in the
input space spans a simplex in the latent space.

Lt(ϕ,K, α) =
∑
σ∈K

Eγj∼Dir(dim(σ),α)Lt

ϕ
dim(σ)∑

j=1

γjσj

 ,

dim(σ)∑
j=1

γjϕ (σj)

 . (6)

The cost function of a VAE can be constrained to fulfill this condi-
tion, which results in the following optimization cost function for a
topology aware VAE [23]

L := Lr + λLt. (7)

K is a simplicial complex built from the input space. σ is a simplex
belonging to the simplicial complexK. σj is here the vertex j of the
dim(σ)-simplex σ. A simplex σ has dim(σ) + 1 vertices. σj .
Eγj∼Dir(dim(σ)+1,α) is the expectation for the (γj)j=0,...,dim(σ) fol-
lowing a symmetric Dirichlet distribution with the order dim(σ) + 1
and the concentration parameter α.

5. FROM MEASUREMENT POINTS TOPOLOGY TO
IMPULSE RESPONSES TOPOLOGY

In this work, we are primarily interested in the topology of the im-
pulse responses and not of the position at which the impulse re-
sponses have been measured. We relate the measured impulse re-
sponses and the microphone positions with the so-called Kirchhoff-
Helmholtz integral.

P (r, ω) =

∮ (
∂

∂n
h (r | r0, ω)P (r0, ω)

− ∂

∂n
P (r0, ω)h (r | r0, ω)

)
dr0, (8)

with h being the Green’s function representation in the frequency
domain due to a source at r0, n is the normal vector along the en-
closing boundary, P (r, ω) the sound pressure at r and the frequency



ω. A high frequency approximation for this integral [24] allows de-
riving the pressure at any point within the boundary while taking into
account only the second term in the integral, the setup is shown in
Fig. 2. Please note that h (r | r0, ω) is the acoustic transfer function
between the position r and r0.
Hence, from given impulse response measurement locations, we de-
fine a simplicial complex. The vertices of each simplex are under-
stood as a discretized boundary for the Kirchhoff-Helmholtz inte-
gral. A combination of the vertices in a simplex gives a point r0

within the simplex (boundary). The latent space representation of
the impulse response from a loudspeaker outside the simplex to a
virtual microphone at r0 should be equal to the sum of the latent
representation of the impulse responses from the randomly selected
loudspeaker position to the vertices after being filtered by the trans-
fer function between the respective vertex and r0.

6. ADAPTATION ON PARTLY SMOOTH MANIFOLDS

In the literature two main approaches to optimization on manifolds
can be found; retraction mapping based approaches where only local
information in the Euclidean tangent space and the mapping between
the tangent space and the manifold are employed e.g., [13]. The sec-
ond category covers retraction and transport-based approaches. In
this second category, information from multiple tangent spaces and
specifically a Levi-Civita connection is employed to ensure the op-
timization along geodesics of the manifold since a geodesic always
parallel transports its tangent vector. See e.g., [25]. While transport-
based approaches can offer better understanding of the behavior of
the algorithm in certain applications, obtaining a parallel transport
can be challenging in the general case especially, when the mani-
fold is obtained in a data driven manner. In the present study, our
approach to optimization can be classified as retraction-based. In a
retraction based approach, the optimization is done in the Euclidean
tangent space by translating the parameters Element by the vector
∆. The updated parameters are mapped back onto the manifold by
the retraction mapping ψ of the tangent space at h′

∆opt = arg min
∆∈RL

La (ψh′(∆)) , (9)

with La denoting the loss function of the adaptive filter optimization
problem. Finding an optimal point over time t iteratively, can be
done by solving the ordinary differential equation

d∆

dt
= ∇∆La, (10)

which can be solved using the Euler method until a steady state is
reached.
The gradient of the loss w.r.t. the tangent space can be obtained using
the chain rule

∇∆La (ψh′ (∆))|∆=0 =

∂
(
ψT

h′
)

∂ (∆)

∣∣∣∣∣
∆=0

∂h′
T

∂ψh′

∣∣∣∣∣
∆=0

∂La
∂h′

, (11)

with the defining properties of the retraction function, it can be seen
that at ∆ = 0, ψ(0) = h′, hence,

∂h′
T

∂ψh′

∣∣∣∣∣
∆=0

= I, (12)

with I being the identity matrix. Hence, the gradient w.r.t. tangent
space simplifies to

∇∆La (ψh′ (∆)) |∆=0 =
∂
(
ψT

h′
)

∂ (∆)

∣∣∣∣∣
∆=0

∂La
∂h′

. (13)

This gives the update for the Euler method in the Euclidean tangent
space with a step size µ,

∆(n) = ∆(n− 1)− µ ·Ξ · ∂La
∂h′

, (14)

with

Ξ :=
∂
(
ψT

h′
)

∂ (∆)

∣∣∣∣∣
∆=0

. (15)

A retraction onto the manifold gives the final parameters vector.
Hence, the final update is given by the retraction mapping which
is given by the VAE decoder

h = ψh′(∆). (16)

Please note, that an Euclidean update can be seen as a special case
where the retraction is a pure translation. Figure 3 depicts a block-
diagram of the proposed adaptive filtering scheme.

Fig. 3. An overview of the proposed adaptive filtering scheme. The
input signal x, filtered with the estimated filter h, results in a replica
of the target signal y. A loss La is estimated, then the gradient of
the loss with respect to h is calculated. The Jacobi matrix Ξ of the
retraction map, which is here the decoder of a topology-aware VAE,
is calculated, ∆ is then given as the multiplication of the gradient of
the loss and the Jacobi matrix of the retraction map and a step size
µ. Finally, applying the retraction map ψh′ from the tangent space
at the old point h′ onto the learned manifold gives the updated filter
parameters.

7. LINEAR SYSTEM IDENTIFICATION AS
ILLUSTRATING EXAMPLE

In an AEC scenario, the echo path from the a loudspeaker to a micro-
phone can be identified by minimizing the following cost function1

La = E
{
|e(n)|2

}
= E

{∣∣∣y(n)− hHx(n)
∣∣∣2} , (17)

1This choice is for illustration. More robust cost functions that take ex-
plicitly the statistics of the near-end noise into account, e.g., weighted least-
squares or Huber loss, fit equally into the framework we are presenting.



with
x(n) = [x(n), x(n− 1), . . . , x(n− L+ 1)]T , (18)

and
h = [h0, h1, . . . , hL−1]T . (19)

The gradient of the loss function w.r.t. h is,

∇hLa = −2E
{

x(n)
[
y∗(k)− hTx∗(n)

]}
(20)

Hence, the update of the adaptive filter in the manifold parameter-
ization space is given Eq. (13) and is given by the Jacobian of the
decoder Ξ(n) multiplied by the gradient of the original adaptive fil-
tering problem Eq. (20).

z(n) = z(n− 1) + µΞ(n)x(n)e∗(n). (21)

Interestingly, even the adaptation is a first-order optimization, we
have a structure for the update where a matrix is being multiplied
with the gradient similar to preconditioned gradient descent methods
or second order approaches. Finally, the filter given the retraction
defined by the decoder ψ

h(n) = ψh(n−1)(z(n)). (22)

For an actual second-order adaptation approach, a Newton-based up-
date in the tangent space can be derived. To achieve this, the inverse
of the Hessian needs to be calculated and it can be shown that the
Hessian is given by

F (n) := Ξ(n)x(n)xT(n)ΞT(n). (23)

It should be emphasized, that the disentanglement of the latent space
mentioned above contributes to the compaction of the Hessian ma-
trix along the diagonal. Finally, the second-order update is:

z(n) = z(n− 1) + µF−1(n)Ξ(n)x(n)e∗(n). (24)

8. EXPERIMENTAL RESULTS

To prove our concept we experiment with synthesized room im-
pulse responses using the framework Pyroomacoustics [26]. We
train the presented acoustic topology-aware variational autoencoder
on 200 impulse responses from a shoebox room of the dimensions
6 × 6 × 2 m. We use a three-layer convolutional VAE with sizes
[2,4,8] and 5-tap filters using strides [1,2,2] and tanh as a non-
linearity for each layer respectively. Three and four dimensional
simplices are selected, and per simplex a random position in that
simplex is selected as focal point for the virtual microphone which
is used later for the topological constraint as explained int Sect. 5.
After training, unseen impulse responses from the same room are
used to simulate an echo cancellation scenario under SNR condi-
tion of 20 dB. Figure 4 depicts the achieved system distance with
the proposed 1st- and 2nd-order updates with µ = 0.15 compared
to a recursive least squares adaptive filter (RLS), and `1-regularized
RLS based estimations with a forgetting factor of 0.95 and `1-norm
constraint Lagrangian of 0.1 [27]. The effect of the reduction of the
filter size in the latent space is manifested in the rapid drop of the
system distance even before processing as many samples as filter
taps, although the adaptive filter is not implemented in an order re-
cursive manner. Figure 5 depicts snapshots of the estimated impulse
responses during the adaptation process, Fig. 6 shows snapshots of
the estimated impulse response for the proposed approach. It can be
seen that after few iterations, the impulse response takes already the
structure of an expected room impulse responses in contrast to the
`1-regularized RLS.

Fig. 4. Resulting system distance by the proposed 1st- and 2nd-order
updates in contrast to uninformed RLS and `1-regularized RLS. In
the initial phase, the system predicts an impulse response in the man-
ifold even though the system hasn’t been excited resulting in an ini-
tially relatively large system distance, once the system excitation al-
lows for a complete latent space representation, a fast convergence
can be observed.

Fig. 5. The estimated impulse responses at different points of the
first 200 adaptation steps for `1-regularized RLS. Note that at the
beginning of the adaptation the estimated impulses do not look very
much like shoebox room filters.

Fig. 6. The estimated impulse responses of the proposed method at
different points of the first 200 adaptation steps. Note that in contrast
to the filter estimates in figure 5, the filters look more like the room
responses at hand early on in the adaptation process.

9. CONCLUSIONS AND OUTLOOK

An approach to learn the acoustic environment by means of manifold
learning using a variational autoencoder has been presented. It has
been shown, how adaptive filtering can be performed on the learned
manifold. Preliminary results confirm the ability to estimate under-
determined acoustic systems by performing the adaptation on such
a manifold. The present study outlines a path for future research on
generating acoustically plausible impulse responses from a variety
of acoustic environments given limited real-time measurements.
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