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Abstract

We consider simulating quantum systems on digital quantum computers. We show that the
performance of quantum simulation can be improved by simultaneously exploiting the commu-
tativity of Hamiltonian, the sparsity of interactions, and the prior knowledge of initial state.
We achieve this using Trotterization for a class of correlated electrons that encompasses various
physical systems, including the plane-wave-basis electronic structure and the Fermi-Hubbard
model. We estimate the simulation error by taking the transition amplitude of nested commu-
tators of Hamiltonian terms within the n-electron manifold. We develop multiple techniques for
bounding the transition amplitude and the expectation of general fermionic operators, which

may be of independent interest. We show that it suffices to use O (;’://z 4 ”4/3772/3) gates to

simulate electronic structure in the plane-wave basis with n spin orbitals and 7 electrons up to a
negligible factor, improving the best previous result in second quantization while outperforming
the first-quantized simulation when = Q (y/n). We also obtain an improvement for simulating
the Fermi-Hubbard model. We construct concrete examples for which our bounds are almost
saturated, giving a nearly tight Trotterization of correlated electrons.
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1 Introduction

Simulating quantum systems to model their dynamics and energy spectra is one of the most promis-
ing applications of digital quantum computers. Indeed, the difficulty of performing such simulations
on classical computers led Feynman [22] and others to propose the idea of quantum computation.
In 1996, Lloyd proposed the first explicit quantum algorithm for simulating local Hamiltonians
[29]. Since then, various quantum simulation algorithms have been developed [7—10, 14, 17, 23,

, 38], with potential applications in simulating condensed matter physics, quantum chemistry,
and quantum field theories.

Lloyd’s original work considered the simulation of k-local Hamiltonians. This was subsequently
extended to the study of d-sparse Hamiltonians [I, 7], which provides a framework that highly
abstracts the design of quantum simulation algorithms from the actual physical settings. However,
despite their theoretical values, algorithms for sparse Hamiltonian simulation do not always provide
the fastest approach for simulating concrete physical systems. Hamiltonians arising in practice often

have additional features beyond sparseness, such as locality [23, 15], commutativity [18, 19, 42], and
symmetry [16], that can be used to improve the performance of simulation. Besides, prior knowledge
of the initial state [5, 20, 21, 41] and the norm distribution of Hamiltonian terms [14, 16, 24, 36]

have also been proven useful for quantum simulation.

We show that a combination of these features, in particular the sparsity, commutativity, and
initial-state information, can be used to give an even faster simulation. We achieve this improvement
for a class of correlated electronic Hamiltonians, which includes many physically relevant systems
such as the plane-wave-basis electronic-structure Hamiltonian and the Fermi-Hubbard model. Our
approach uses Trotterization—by far the most widely applied method in experimental realizations
of quantum simulation.

Our analysis proceeds by computing the transition amplitude of simulation error within the
n-electron manifold. To this end, we develop multiple techniques for bounding the transition
amplitude/expectation of a general fermionic operator, which may be of independent interest. For
an n-spin-orbital electronic-structure problem in the plane-wave basis, our result improves the best
previous result in second quantization [5, 19, 34] up to a negligible factor while outperforming
the first-quantized result [3] for n = Q(y/n). We also obtain an improvement for simulating the
Fermi-Hubbard model. We construct concrete examples for which our bounds are almost saturated,
giving a nearly tight Trotterization of correlated electrons.

1.1 Combining sparsity, commutativity, and initial-state information

Sparsity can be used to improve quantum simulation in multiple ways. A common notion of d-
sparsity concerns the target Hamiltonian itself, where each row and column of the Hamiltonian con-
tains d nonzero elements accessed by querying quantum oracles. As aforementioned, this provides
an abstract framework for designing efficient simulation algorithms and is versatile for establishing
lower bounds [7], although it sometimes ignores other important properties of the target system,
such as locality, commutativity, and symmetry. Another notion of sparsity, closely related to our
paper, considers the interactions between the underlying qubits or modes [11, 39, 48]. The sparsity
of interactions does not in general imply the underlying Hamiltonian is sparse, but it provides a
tighter bound on the number of terms in the Hamiltonian and may thus be favorable to quantum
simulation.

Trotterization and its alternative variants [17, 19, 24, 33, 38] provide a simple approach to
quantum simulation and are by far the only known approach that can exploit the commutativity of
Hamiltonian. Indeed, in the extreme case where all the terms in the Hamiltonian commute, we can



simultaneously diagonalize them and apply the first-order Lie-Trotter formula .#] (t) without error.
Previous studies have also established commutator error bounds for certain low-order formulas [13]
and specific systems [18, 12]. An analysis of a general formula .%,(t) is, however, considerably more
difficult and has remained elusive until the recent proof of the commutator scaling of Trotter error
[19].

A different direction to speeding up quantum simulation is to exploit the initial-state informa-
tion. The error of quantum simulation is commonly quantified in previous work by the spectral-
norm distance, which considers all possible states in the underlying Hilbert space. But if the state
is known to be within some subspace throughout the simulation, then in principle this knowledge
could be used to improve the analysis. For instance, quantum simulation in practice often starts
with an initial state in the low-energy subspace of the Hamiltonian, so a worst-case spectral-norm
analysis will inevitably overestimate the error. To address this, recent studies have considered
a low-energy projection on the simulation error and provided improved approaches, using either
Trotterization [5, 20, 21, 41] or more advanced quantum algorithms [30], that can be advantageous
when the energy of initial state is sufficiently small.

Ideally, the sparsity of interactions, the commutativity of Hamiltonian, and the prior knowledge
about the initial state can be combined to yield an even faster quantum simulation. This combina-
tion, however, appears to be technically challenging to achieve. Indeed, the state-of-the-art analysis
of Trotterization represents simulation error in terms of nested commutators of Hamiltonian terms
with exponential conjugations [19, Theorem 10]. This error representation is versatile for computing
the commutator scaling of Trotter error, but it yields little information about the energy of initial
state. To the best of our knowledge, the only previous attempt to address this problem was made
by Somma for simulating bosonic Hamiltonians [11], whose solution unfortunately suffers from a
divergence issue. Instead, we combine the sparsity, commutativity and the initial-state information
to give an improved simulation of a class of correlated electrons.

1.2 Simulating correlated electrons

Simulating correlated electrons has emerged as one of the most important applications of digital
quantum simulation [6]. The first efficient quantum algorithm for simulating electronic Hamil-
tonians is developed by Aspuru-Guzik et al. [2] using phase estimation; later developments have
dramatically reduced the cost through various techniques [15, 35].

Here, we consider simulating the following class of correlated electrons by Trotterization:

H=T+V:= Z Tj,kA;r'Ak + Z VimNiNm, (1)
ik Lm

where A;r- and Aj are the fermionic creation and annihilation operators, N; are the occupation-
number operators, T and v are coefficient matrices, and the summation is over n spin orbitals. The
specific definitions of these fermionic operators are given in Section 2.2. We say the interactions
are d-sparse if there are at most d nonzero elements within each row/column of 7 and v. This
model represents various systems arising in physics and chemistry, including the electronic-structure
Hamiltonians in the plane-wave basis [5] and the Fermi-Hubbard model [20, 20].

To apply Trotterization, we need to express the Hamiltonian as a sum of elementary terms, each
of which can be directly exponentiated on a quantum computer; see Section 2.1 for a review of this
algorithm. For the electronic Hamiltonian (1), it suffices to consider the two-term decomposition
H =T+YV, as the exponentials of T" and V can be directly implemented using various quantum cir-
cuits. For instance, all the terms in V commute with each other so eV = Hl’m e~ mNiNm where



each e~ #1.mNiNm corresponds to a two-qubit gate under the Jordan-Wigner transformation. On the

other hand, exponential e=#”" can be implemented by diagonalization, i.e., e™®T = U e i MNe T
where U can be efficiently implemented using Givens rotations [27, 40]. In cases where 7 and v

~#T using the fast
itV [ ]

are translationally invariant 7; x = Tj4q k+q> Yi,m = Vi+q,m+q> W€ can implement e

fermionic Fourier transform [5] and a related circuit implementation exists for e~
We now apply a pth-order Trotterization .7, () to approximate the evolution of the electronic

Hamiltonian (1) for time ¢. We prove the following bound on the error of this approximation.

Theorem 1 (Fermionic-seminorm of Trotter error). Let H = ijk Tj’kA;r-Ak + Zl’m Vym NNy, be a
correlated-electronic Hamiltonian (1) with n orbitals, which we simulate using a pth-order product
formula 7,(t). Then,

|75 = =, = O (Ul + Il ) N1 7274 2)

Furthermore, if the interactions are d sparse,

—itH —1
15 = ], = O (7l + 19 ™™ 17 e 1 @77 3)
Here, ||-|| is the spectral norm, ||||,,.. @ the max-norm denoting the largest matriz element in
absolute value, and
1X1l,, 2= max [{¢n]X|¢bn)] (4)

|w7]>7‘¢7]>

is the fermionic seminorm for number-preserving operator X, where |1y), |¢,) are quantum states
with 1 electrons.

This theorem follows from an inductive estimate of the fermionic seminorm of nested commu-
tators of Hamiltonian terms, and will be formally proved in Section 3 and Section 4. Note that in
order to use prior knowledge of the initial state, we have considered the fermionic seminorm ||-|,
of Trotter error with respect to the n-electron manifold. This seminorm is closely related to the
other metrics used by previous work to quantify the impact of initial-state information to quantum
simulation [5, 20, 21, 41]; see Section 2.3 for a detailed discussion. The resulting bound depends
on the number of electrons 7, as well as the spectral norm |7, the max-norm ||7| .. s [|¥l ;a0 @0d
the sparsity d of interactions, but there is no dependence on the total number of spin orbitals n.
This improves over previous work [19, Theorem D.5] where an explicit n-scaling seems unavoidable.
Meanwhile, other prior estimates of the fermionic seminorm [5, Appendix G| [20, Theorem 13] did
not exploit the commutativity of Hamiltonian and would introduce an addition factor of n? in the
Trotter error bound. Our result thus improves the performance of simulation by combining the
initial-state information, the interaction sparsity, and the commutativity of Hamiltonian.

A common issue with the Trotterization algorithm is that existing analyses can be very loose for
simulating specific physical systems. However, we address this with the following theorem, which
shows that the asymptotic scaling of our bound is nearly tight.

Theorem 2 (Tightness). For s,w > 0, there exists a correlated-electronic Hamiltonian H =
T+V = Zj,k 7'jJ€A;[A;C + Zl,m VU m NNy, such that

1Tl = 5 W]l max

=w, |[T...[T V][, =Q@"wn), [[[V,...[V,T]]|, = 2 (wn)’s/n). (5)
N’ N !

p p



In addition, for u,w > 0 and positive integer 1 < d < n, there exists a d-sparse correlated-electronic
Hamiltonian such that
=u, [v

Il

max max

=w, |[T....[T V]|, =Qud)’wn), |[[V,...[V,T]]]|, = Q((wd)"u).
N’ N !

p p

(6)

We prove the above theorem by choosing T = Z?;io A}Ak and V = Z?ﬁ;& N;N,, and com-
puting their rescaled nested commutators, both in the original basis and the Fourier basis; see
Section 5 for the proof. Note that both commutators [T',... [T, V]] and [V, ..., [V, T]] contribute to
the Trotter error, as well as other types of nested commutators which do not dominate the error
scaling (Proposition 1). Modulo an application of the triangle inequality, Theorem 2 then shows
that our bound (2) overestimates the Trotter error by a factor of nn in the worst case, whereas (3)
overestimates a factor of at most 7. For p sufficiently large, this only contributes n°® and n°® to
the gate complexity, respectively. In this sense, we have given a nearly tight Trotterization of the

correlated-electronic Hamiltonians (1).

1.3 Main techniques

The proof of Theorem 1 relies on multiple approaches we develop for bounding the fermionic
seminorm, which may be of independent interest. Recall from (4) that the fermionic seminorm
| X||,, for a number-preserving operator X is the maximum transition amplitude of X within the
n-electron manifold.

Our first approach is based on the observation that the fermionic seminorm of a number-
preserving X can be alternatively represented using the expectation of XTX | i.e.,

X1, = e (@l X|tbn)| = max y/ (| XTX J1by). (7)

We then upper bound XX in terms of the particle-number operator N = Zj Nj, so that the
expectation scales with the number of electrons n = (,|N|¢y) instead of the total number of
spin orbitals. Assuming X is a sum of product of fermionic operators, we contract the summation
indices in X' X by either diagonalization or using an operator Cauchy-Schwarz inequality, followed
by an application of a Holder-type inequality. We perform this procedure recursively to simplify
XTX. We detail this recursive approach in Section 3 and apply it to prove (2).

Our second approach starts by bounding the fermionic seminorm of X in terms of its maximum
expectation value:

X1, = e (@] X Jbp)| < 2max ICARYE (8)

We then expand X and [¢;;) and give a combinatorial argument to count the number of “paths”
which have nonzero contribution to the expectation. We discuss this path-counting approach in
more detail in Section 4 and use it to prove (3). The underlying idea of path counting is conceptually
simple and may have potential applications in other contexts beyond the analysis of Trotter error.

1.4 Applications

The nearly tight Trotterization of electronic Hamiltonian (1) gives improved simulations of many
systems arising in condensed matter physics and quantum chemistry, including the plane-wave-basis
electronic-structure Hamiltonian and the Fermi-Hubbard model.



The electronic-structure problem considers electrons interacting with each other and some fixed
nuclei. An efficient simulation of such systems could help understand chemical reactions, and
provide insight into material properties. Here, we consider representing the electronic-structure
Hamiltonian in the plane-wave basis [5]:

1 2
H = o Z Ky, COS[ky, - rk,j]A}Ak

Ik
47 ¢ cos[ky - (1, —1j)] 27 cos|ky - Tj—k] (9)
- p Nj+ 5 N,
Jrtsu#0 H J#k H

u#0

where w is the volume of the computational cell, k, = 2/ wl/3 are n vectors of plane-wave frequen-

cies, p are three-dimensional vectors of integers with elements in [—nl/ 3 pl/ 3, rj are the positions
of electrons; (, are nuclear charges; and r, are the nuclear coordinates. For this Hamiltonian, we

have
n2/3 nl/3
Irl = o (M) =0 <w/3 . (10)

Assuming a constant system density 7 = O (w), Theorem 1 then implies that

B n2/3 p
175(t) = 7], = O ((,72/3 + n1/3n2/3> P (11)

This approximation is accurate for a short-time evolution. To simulate for a longer time, we divide
the evolution into r steps and apply .#,(t/r) within each step, obtaining

2/3 p p+1
r —itH n 15
H*Vp (t/r)—e Hn -0 <<772/3 + n1/3772/3> n1/3772/3> . (12)

rp

Therefore,

n2/3 1/p
— ((772/3 i n1/3772/3> <n2/3,,71/3> > (13)

steps suffices to simulate for constant time and accuracy with a pth-order Trotterization. Imple-
menting each step using the approach of [34, Sect. 5] and choosing p sufficiently large, we obtain
the gate complexity

n®/3 4/3,2/3 | ., o(1)

Up to the negligible factor n°®) | this improves the best previous result in second quantization
while outperforming the first-quantized simulation when 1 = Q (y/n). See Table 1 for a gate-count
comparison. We discuss this in detail in Section 6.1.

We also consider applications to the Fermi-Hubbard model, which is believed to capture the
physics of some high temperature superconductors. This model is classically challenging to simulate

[28, 19], but is a potential candidate for near-term quantum simulation [12, 13]. We have
H=—s 3 (4], A0+ AL ) + 0 NioNja, (15)
(4.k),o j



Algorithm /Bound n,n n=n
Interaction-picture (Ref. [3], first quantization) o (ning) O (n?)
Qubitization (Ref. [3], first quantization) O ngn% + n%n% O (n?)
Interaction-picture (Ref. [34], second quantization) O % O (n?)
Trotterization (Ref. [5], second quantization) (nd/3n/3 4 nA/3p5/3) pol) - p3+ed)
Trotterization (Ref. [19], second quantization) <ZI—;§> ne) n2te(l)
Trotterization (Theorem 1, second quantization) (Zz—g + n3n2/ 3) no) n2to)

Table 1: Comparison of our result and previous results for simulating the plane-wave-basis electronic struc-
ture with n spin orbitals and 7 electrons. We use O (-) to suppress polylogarithmic factors in the gate
complexity scaling.

where (j, k) denotes a summation over nearest-neighbor lattice sites and o € {0,1}. The Fermi-
Hubbard model represents a lattice system with nearest-neighbor interactions and, according to
[18], can be simulated with O (n1+1/ p) gates using a pth-order Trotterization for constant time
and accuracy. On the other hand, recent work [20] shows that Trotterization algorithm has gate
complexity O (m71+1/ 7’) when restricted to the n-electron manifold. By simultaneously using the
sparsity of interactions, the commutativity of Hamiltonian and the initial-state information, we
show in Section 6.2 that O (nnl/ p) gates suffices, improving both Trotterization results for the
Fermi-Hubbard model.!
We conclude the paper in Section 7 with a discussion of the results and some open questions.

2 Preliminaries

In this section, we summarize preliminaries of this paper, including a discussion of the Trotterization
algorithm and their error analysis in Section 2.1, a brief summary of the second-quantization
representation in Section 2.2, and an introduction to the fermionic seminorm and their properties
in Section 2.3.

2.1 Trotterization and Trotter error

The Trotterization algorithm approximates the evolution of a sum of Hamiltonian terms using
exponentials of the individual terms. For the correlated-electronic Hamiltonian (1), it suffices to
consider a two-term Hamiltonian H = T + V, as the exponentials of T" and V can be directly
implemented on a quantum computer. Then, the ideal evolution under H for time ¢ is given by
e~ — ¢=(T+V) which can be approximated by a pth-order product formula Zp(t), such as the

first-order Lie-Trotter formula ' '
A(t) = e T =itV (16)

and (2k)th-order Suzuki formulas [11]
F(t) == e—z‘%ve—itTe—i%V’

17
Fa(t) 1= Fop—a(ugt)® Fap—2((1 — dup)t) Sop_o(ugt)?, )

!Note however that this does not significantly improve the approach based on Lieb-Robinson bounds [23], since
that approach has gate complexity O (nt) when using a high-precision quantum simulation algorithm as subroutine.



where wuy, := 1/(4 — 4/(2k=1)) " This approximation is accurate when ¢ is small. To simulate for a
longer time, we divide the evolution into r Trotter steps and apply .7, (t/r) with Trotter error at
most €/r. We choose r sufficiently large so that the simulation error, as quantified by the spectral
norm Hﬂ;(t/r) — e | s at most e.

Trotterization provides a simple approach to quantum simulation and is by far the only known
approach that can exploit the commutativity of Hamiltonian. Indeed, in the extreme case where
all the Hamiltonian terms commute, Trotterization can implement the exact evolution without
error. Previous studies have also established commutator analysis of Trotter error for systems with
geometrical locality and Lie-algebraic structures, as well as certain low-order formulas, including
the first-order Lie-Trotter formula

- t Tl - . . . .
A(t) — e M = / dTl/ dry e7 it H minT gineT jp i) g=imeT e =inV (18)
0 0

and the second-order Suzuki formula

yQ(t) — €_ZtH = / dTl/ dTQ/ d7'3 e_l(t_Tl)He_lTIV
0 0 0

: <e—”3T [—iT, [—iT, —iV” T 4 eigV [iv, [zva” e—i?v> e~inTe=igV,
2 2 2
(19)
An analysis of the general case is, however, considerably more difficult and has remained elusive
until the recent proof of commutator scaling of Trotter error [19]. Here, we introduce a stronger

version of [19, Theorem 11] which can be proved by combining their Theorem 8, 9, and 10 without
invoking the triangle inequality.

Proposition 1 (Commutator representation of Trotter error). Let H = T + V be a two-term
Hamiltonian and .7,(t) be a pth-order product formula. Define Hy =V and Hy =T. Then,

) t T1 )
Sp(t) — e HH :/ d7‘1/ dm a ,-(Tl,Tg)e_Z(t_Tl)H
p A ; ; ¥,d (20)

! %’Y,j(ﬁ’ 7-2) [H'Yp+l’ T [H'yzv ’Yl]] %y,j(ﬁ, 7'2),

where vy goes over all (p + 1)-dimensional binary vectors and j goes through a constant range of
numbers (depending on the order p). Here, U, j(T1,72) and #5, j(T1,T2) are products of evolutions
of T and V with time variables 1 and 15 and CL,\/(Tl,TQ) are coefficients such that

t T1
/ dm / dry |ay (11, m2)| =0 (tpﬂ) . (21)
0 0

As an immediate application, we find that the spectral norm of Trotter error scales with nested
commutators of the Hamiltonian terms, i.e.,

50 = ) = © (ma [y . [ ] ). @)
Note that the use of max, in place of Zv does not change the scaling as v only ranges over constant

number of binary vectors. This approximation is accurate for a short-time evolution. To evolve for
a longer time, we divide the evolution into r steps and apply the triangle inequality to obtain

175 (t/r) — 7| < v

‘yp(t/r) - e*ifHH 0 (mélx [[Hyy v [Hop, Hop] | ﬂ:) . (23)

9



It thus suffices to choose

r=0 ((maXV H [H’ypﬂ’ o [Ho, H’h]] H)l/ptHl/p) (24)

el/p

to ensure that the error of simulation is no more than e.

The above analysis is versatile for computing the commutator dependence of Trotter error.
Unfortunately, the resulting bound does not use prior knowledge of the initial state and will in
particular be loose if the initial state lies within a low-energy subspace. On the other hand,
recent work of Sahinoglu and Somma proposed a Trotterization approach for simulating low-energy
initial states but the commutativity of Hamiltonian was ignored in their analysis [21]. Here, we
address this by simultaneously using the commutativity of Hamiltonian and the prior knowledge of
initial state to improve quantum simulation of a class of correlated electrons. In the following, we
introduce preliminaries about the second-quantization representation (Section 2.2) and the notion
of fermionic seminorm (Section 2.3), on which our analysis will be based.

2.2 Second-quantization representation

In this section, we review several facts about the second-quantization representation that are rele-
vant to our analysis. We refer the reader to the book of Helgaker, Jorgensen, and Olsen [25] for a
detailed discussion of this topic.

We use the abstract Fock space to represent electronic Hamiltonians. Specifically, for a system
of n spin orbitals, we construct a 2"-dimensional Fock space span{|¢y, {s,...,¢,)} spanned by the
binary vectors |1, la, ..., ), where £; = 1 represents that mode j is occupied and ¢; = 0 otherwise.
General vectors in the Fock space, denoted by |¢) or |¢), are then given by linear combinations of
these orthonormal basis vectors. We define the n-electron subspace as span{|l1, o, ..., ln), > ;=
n}. By considering all 0 < n < n, we obtain the decomposition

span{|l1, 0z, ... ly)} = @span{|£1,€2, . ,€n>,Z€j = 17}, (25)
n=0 J

where ® denotes the orthogonal direct sum. We say that normalized vectors in the n-electron
subspace form the n-electron manifold and denote an arbitrary such vector by |¢,) or |¢y).
The n elementary fermionic creation operators are defined through the relations

i—1
ALy b, 05, ) = () D Ry 1 ),

/ (26)
Ajlél,ﬁg,...,lj,...,fn) =0,
whereas the fermionic annihilation operators are defined by
Ajlly, 0oy ..., 05, ..., 0,) =0,
J J (27)

A, oy 1y ) = (1) Sk (0y 0y 05 ).

The use of § is justified by the fact that A} is indeed the Hermitian adjoint of A; with respect to the

inner product in the Fock space. We also introduce the occupation-number operators N; = A;Aj
and add them together to get the particle-number operator N = 2?21 N;.
Fermionic creation and annihilation operators satisfy the canonical anticommutation relations

ATAL + ATAT = Aj AL+ ArAj =0, ATA + ApAl = 6,1, (28)

10



where the Kronecker-delta function d; is one if j = k and zero otherwise. Applying these, we
obtain the following commutation relations of second-quantized fermionic operators.

Proposition 2 (Commutation relations of fermionic operators). The following commutation rela-
tions hold for second-quantized fermionic operators:

1. [Af A, ] = ;mA];

2. _A}Am,Ak} = O Am;

3. Nl,AH = 5T, [N, AH = Al;
4. [Ni, Ag] = =011 Ak, [N, A] = —Ay;
5. [Niy Nyn] = 0.

We say a fermionic operator is number-preserving if every n-electron subspace is invariant under
the action of this operator. Equivalently, operator X is number-preserving if and only if it commutes
with the particle-number operator, i.e., [N, X| = 0. Yet another equivalent definition is based on the
notion of n-electron projections: letting II, be orthogonal projections onto the n-electron subspaces,
then X is number-preserving if and only if it commutes with every II,, namely, [II,, X] = 0. In the
matrix representation, X is block-diagonalized by the set of n-electron projections {II,}.

A special example of number-preserving operator is the particle-number operator N, which acts
as a scalar multiplication by n within the n-electron subspace. Other examples include excitation

operators A;Ak, occupation-number operators N;, and elementary exponentials e Xk i A A
that appear in the Trotterization algorithm. In fact, the following lemma shows that the set
of number-preserving operators are closed under linear combination, multiplication, Hermitian
conjugation, and taking limit.

Proposition 3 (Number-preserving operators as a closed f-subalgebra). The following operators
are respectively number-preserving:

1. A X +uY, if X and Y are number-preserving, and A and p are complex numbers;
XY, if X and Y are number-preserving;

Xt if X is number-preserving;

e e

lim X;, of X; are number-preserving and the limit exists.
1—00

2.3 Fermionic seminorm

We now introduce the notion of fermionic seminorm, which we use to quantify the error of the
Trotterization algorithm that takes the prior knowledge of initial state into consideration.

For any number-preserving operator X and 0 < n < n, we define the fermionic n-seminorm as
the maximum transition amplitude within the n-electron manifold:

X||, ;= max X , 29
X1, |1/)n>7|¢n>|<¢n| |¢on)] (29)

where [¢),|¢y) are quantum states containing 7 electrons.” When there is no ambiguity, we drop
the dependence on 7 and call [ X[/, the fermionic seminorm of X. As the name suggests and the

11



following proposition confirms, the fermionic seminorm is indeed a seminorm defined on the closed
t-subalgebra of number-preserving operators.

Proposition 4 (Seminorm properties). The following properties hold for the fermionic seminorm:
1o |]AX|, = [AIX,, if X is number-preserving and X is a complex number;
2. | X+ Y|, <X, + IYl,, if X and Y are number-preserving;
S || XYL, < [IX1l, 1Y, if X and Y are number-preserving;
4- 1, =
5. HUXWHn = HX”W if U, X, W are number-preserving and U, W are unitary;
6. HXTHn = HXan if X is number-preserving;

Proof. We will only prove the third statement, as the remaining follow directly from the definition
of the fermionic seminorm. We consider

IXYl, = Jnax (69| XY [hn)]|

‘7]’?7

= max XILILY
\wn>,|¢n>‘<¢”| lln¥ )] (30)

Smax’
)

M1y X6} s 11 ¥ )
n

where the last step follows from the Cauchy-Schwarz inequality. To proceed, we optimize over
arbitrary state |p) to get

[ X1 | = ma <oty Xl

{p[IT
= ma 11 )| {4 X o) 1)
< HX‘H = |Ix1,
U
assuming II,|¢) # 0, as the case II,|¢) = 0 never leads to maximality. But on the other hand,
11, = [|XT| = max |l X )|
[pn)lon)
= max |(pg[T,X o) 32
oy (ol XN (32)
< max | (el X,) —maxHH Xfo,)|
|n).l0)
implying max|y, 1L, X ¢y} || = | X, Similarly, we have maxjy, [[IL,Y[¢y)|| = [[Y][,. This
completes the proof of the third statement. O

2Note that it is possible to extend this to define ||- ll,,_,¢ for operators that map the 7-electron subspace to {-electron
subspace, although this is not needed in our analysis and will not be further pursued here.

12



The fermionic seminorm, as defined in (29) by the maximum transition amplitude within an
n-electron manifold, provides a reasonable metric for quantifying the error of quantum simulation
with initial-state constraints. Indeed, a seminorm similar to our definition was used by Somma
[11] for analyzing quantum simulation of bosonic Hamiltonians. However, we point out that this
is not the only error metric that takes the prior knowledge of initial state into account. Recent
work [21] analyzed the low-energy simulation of k-local frustration-free Hamiltonians by computing
the spectral norm of Trotter error projected on the low-energy subspace. However, the following
proposition shows that these two error metrics are the same for fermionic systems.

Proposition 5 (Fermionic seminorm as a projected spectral norm). For number-preserving oper-
ator X, it holds that

1X1, = max [(&y|X[y)| = [[ XTI (33)
v ) én)
Proof. The underlying idea behind this proposition is already hinted in the proof of Proposition 4.
We have
max [(¢y| X|¥n)| = max [(¢,|IL, X1, |
s (0ol X[l = s |(0]11,XTh ) "
max |(¢|IL, XTI, |+)| = ||1L, X1I
|w>|¢>|< | [ =l nll -
But on the other hand,
IT, XTI, || = max IT, XTI
|[TL, XLy | |w"@\(cﬁl X1y |9)]|
(O, Th[y)
= max [|[IL[¢) | [[TLy |2} | X 35
bk ML) T, 4] %)
< max [{(¢y| X
|1/’71>7|¢n>|< 0| X [¢on)]

assuming II, |¢) # 0 and II, 1)) # 0, as the zero vector will not lead to maximality. The proposition
then follows since number-preserving operator X commutes with the 7-electron projection II,. [J

Another common approach to quantify the simulation error is to take the expectation within
the n-electron subspace. This approach is used by previous work [5, 40] and appears to give a
natural metric when quantum simulation is used as a subroutine in phase estimation. We show
that this only differs from our definition (29) by at most a constant factor, reaffirming the fermionic
seminorm as a proper error metric for simulating fermionic systems.

Proposition 6 (Transition amplitude and expectation). For number-preserving operator X, the
following statements hold:

1. maxy, ) 16, [(On| X[tn)| = maxy, ) [(y| X|1y)|, if X is Hermitian;

2 maXl"Z’n “157) |<¢77‘X|1r[}77>| _maXW)n <¢T]|XTX|¢T]>;

8. max|y, y [(Pn| X[thy)| < maxjy,y g,y [(n| X [Pn)| < 2maxpy, ) [(¥n] X |¢y)]-

Proof. The first statement follows from the fact that II, XTI, is Hermitian and that the spectral
norm of a Hermitian operator is its largest eigenvalue in absolute value. For the second statement,

max X = || X[, = || XTI
e (@l X[l = 1X], = | XTh|

[ITL, X T XTI, | (36)

= quﬁaii <¢n|XTX|7vZ)n>

|%n
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The first inequality of Statement 3 is trivial. For the second inequality, we apply the polarization
identity

(09| X |thn) = %((<¢n| + () X ([6n) + [n)) = (D] = () X (I0) = [4P))

(37)
=i (Gl = i406al) X (160) + 160)) + ((Sg] + i08ba]) X (16) = il15)) )
to obtain
(| X [ton)]
X X
< 2%0) WEEREO 164 1 I + ) — LI + ) -+ a2+ i) — 1))
= 2r|{1pa§<!<san!X!<Pn>!,
(38)
from which the claimed inequality follows by maximizing over [¢,) and |¢)). O

We now apply Proposition 1 to compute the fermionic seminorm of Trotter error, obtaining

() — e_itHHn =0 <m$X [[Hoprs - [Hgy Hyy] HntpH) ' (39)

We find that the resulting error bound depends on the fermionic seminorm of nested commutators,

and the performance of quantum simulation can thus be potentially improved by simultaneously

exploiting the commutativity of Hamiltonian and the prior knowledge of initial state. However,

the main technical challenge here is to give a tight estimate of H [H%H, - [Hy,, H’Yl]] ‘ - which has

not been addressed in previous literature. To this end, we develop two approaches for bounding

the expectation/transition amplitude of general fermionic operators in Section 3 and Section 4 to
=

prove our main result Theorem 1, establish the tightness of our bound in Section 5, and discuss
applications and further implications of our result in Section 6 and Section 7.

3 Bounding expectation of fermionic operators by recursion

In this section, we present the first approach for bounding the expectation of fermionic operators,
and thereby bounding the fermionic seminorm of Trotter error. We introduce in Section 3.1 the
main techniques used in our approach, including an operator Cauchy-Schwarz inequality, a diag-
onalization procedure, and a Holder-type inequality for the expectation value. We then describe
our approach in detail and apply it to prove Eq. (2) of our main result Theorem 1. The proof is
based on induction: we analyze the base case in Section 3.2 and the inductive step in Section 3.3,
respectively.

3.1 Main techniques

Recall that the main technical challenge to estimate the simulation error of the electronic Hamil-
tonian (1) is to bound the fermionic seminorm ||[H,,,,- - [Hy,, Hy,]] Hn’ where vy = 0,1, Hy =V
and H; = T. Applying the commutation relations in Proposition 2, we see that we need to analyze
a general fermionic operator of the form

X:ij,k,l"'A}z"'Aky“'le“' (40)
Jik,l

14



Our first approach starts by reexpressing the fermionic seminorm of X using expectation of
XTX:
1X1];, = max \/ (¢y| XTX |¢by). (41)
[4n)
We note that XTX is a positive semidefinite operator, and an upper bound of it with respect to the
partial ordering of positive semidefiniteness will therefore give a bound on the expectation value.
We achieve this by contracting the corresponding indices in X and XT, using either an operator
Cauchy-Schwarz inequality (Lemma 1) or diagonalization (Lemma 2).

Lemma 1 (Operator Cauchy-Schwarz inequality [37, Proposition 3.4]). For any finite lists of
operators {Bj} and {C;} with the same cardinality, we have
Y BlcjawB; <Y Bicio;B. <> BlojaB;, (42)
j7k ]7k ]7k

where Hermitian operators are partially ordered according to the positive semidefiniteness.

Proof. We have

0< Y (CuB; ¥ C;By)' (CuB; F C;By)

7.k
=" (Blcicows; = BicjcwB; = Biclc; B, + BC|C;By) (43)
7,k
=2y Bicio.B; 2 Blcic;B,.
j?k J7k
This implies
+Y Bloiop, <> Bicias;, (44)
ik ik
from which the claimed inequality follows. O

Lemma 2 (Diagonalization). For any finite list of operators {B;} and Hermitian coefficient matriz
, we have

— Nl BIB; <> BB, < 6l Y BiB;, (45)
J g,k J

where Hermitian operators are partially ordered according to the positive semidefiniteness.

Proof. Since p is Hermitian, we may diagonalize it to g by unitary transformation w as

p=w'w, (46)
where 11 is a diagonal matrix with all eigenvalues of p as the diagonal elements. We then define

By := ", wy By so that

> wikBiBr = BB, (47)
jk I
which implies
— [[ull ZBTBI < Z:U'j kB By, < ||ull ZBTBI- (48)
7.k
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But ), EZT El has identity as the coefficient matrix which is invariant under a change of basis:
> B/B =Y B!B; (49)
l J
This completes the proof. ]

By applying Lemma 1 or Lemma 2, we can get a bound of XTX with respect to the partial
ordering of positive semidefiniteness, with one pair of the corresponding indices in X and X
contracted. The following result then allows us to perform this contraction recursively to get a
desired bound on the expectation value.

Lemma 3 (Hélder-type inequality for expectation). For any finite lists of fermionic operators { B;}
and {Cy} with the same cardinality,

max(y,| Z BICIC;Bjliy) < max{yy Z I B [v) max<¢g\0 Crle), (50)

where we assume each Bj maps the n-electron subspace to the {-electron subspace. In terms of the
fermionic seminorm, we have

I sicicn, < | i) mocic], 2
J J

Proof. The claimed inequality follows from

H Z}.L?j.cj()jJ%-H?7 - ZBjngojcjngBan
J J
< | |meciesme| BLs;
’ ’ (52)
<[ Y BiB)| max |neciomn|
— : 79 n k k
J
_ } f
= ZBijHnm]?xHCkaHg.
J
O

Using the above lemmas, we can now prove Eq. (2) of our main result Theorem 1 by induction.
We analyze the base case in Section 3.2 and the inductive step in Section 3.3.

3.2 Single-layer commutator

We now prove Eq. (2) of our main result Theorem 1 by induction. In the base case, we consider
simulating the correlated-electronic Hamiltonian (1) using the first-order formula .77 (¢). We know
from (18) that

<Cimvi,, (53)

where T = Zj,k ijkA;r.Ak and V = th U mIN1Ny,. Our goal is to show that

@) = e,

T, VI, = O (I71H1¥l e %) - (54)
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To this end, we apply Proposition 2 to expand the single-layer commutator [T, V] into linear
combinations of fermionic creation, annihilation, and occupation-number operators. We have

T,V] = ZTjlem[AAk,Nl }

Jiklm
= Y mavim AL [Ag, NNl + > T]Mm{AJ,NlN }A
7.k, lm T 7.k, lm Jr (55)
= Z Tj,ka,mAjAkNm + ZTj,le,kAleAk
Jkm gkl
— Z Tj7ij7mA;~NmAk — ZTj,le,leA}Ak'
j’kim j7k:7l

At this stage, it is possible to directly bound the terms in the last equality using Lemma 1, Lemma 2,
and Lemma 3 from the previous subsection. However, we will further commute the occupation-
number operator in between the creation and annihilation operators, obtaining

T,V] = Z Tj,k:Vk:,mA;f'NmAk; + ZTj,ka,kA;Ak + Z Tj,le,kA;r‘NlAk:

j7k7m ]7k j7k7l
T t t (56)
_ Z Tj’kl/%mAijAk — Z TchI/j,jAjAk — ZTj,k‘Vl,jAleAk-
Jkm J.k Jik,l

This additional commutation leads to an error bound with the same asymptotic scaling but a
slightly larger prefactor. The benefit is that the analysis can be directly extended to handle the
inductive step in the next subsection.

We now bound the asymptotic scaling for each of the six terms in the commutator expansion.

Proposition 7 (Structure of single-layer commutator). Let H = T +V = 3., TngA;-Ak +
th Vi m NN, be a correlated-electronic Hamiltonian (1). Then, the commutator [T, V] has the
expansion (56), where

1| St e m AN A | < Wl s
2 |San Al Ax] < Il

3 | Sk s ATNAR]| < 1
b S T AN AR < s

5 || S minis AT AR < I

maxn :

O[22k, Tj:k”lJA}NlAan <7l vl

Proof. We describe the proof of the first two statements here. The remaining justifications proceed
in a similar way and are left to Appendix A.
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Letting X =37, Tj,kyk,mA;‘NmAkn we have || X||, = HXTXHU. Now,

Ty — =, = . T gt
XX = le,kll/k’1,m17_j2,k2yk2,m2Ak1Nm1A]1Aj2Nm2Ak:2
Ji,k1,m1,52,k2,m2

— = - T
= Z Ti1,k1 Vk17m17-j17k21/k’2,m2‘4k1 Nony Ny Ak (57)

Ji,k1,m1,ka,ma

= ” T T A
- Z leyklUk?17m17-j27k2VkamQAklelAnglemQAkQ7

J1,k1,ma1,j2,k2,ma

where we have used the anti-commutation relation A;, A}2 + ALAJ-1 = 0;, j,1. For the second term,

we define B]Tl = Zkhml 7_'j17k117k17m1A};1Nm1 and apply the operator Cauchy-Schwarz inequality
(Lemma 1):

- Z Tj1 k1 Dk11m17j2,kzyk27m2"4]t;1 Nm1A;2Aj1Nm2Ak2
j17k17m17j27k27m2
_ T AT 4. R, T AT 4. . — T .
== B A, A;Bj, <Y Bj A A;Bj, =) B NBj,
Ji,J2 J1,J2 Ji
= Z Z Tjr k1 Vki,mi T ke VkQ’mZA;;;lel NNmzAkz (58)

Ji ki,ma,ke,me

_ = = , T
= Z Z Tj1,k1Vk1,m1Tj1 k2 sz,mzAklel Ny A, N

Ji ki,ma,ke,me

= 5 . T
- Z Z Tj1,k1Vk1,m1Tj1 k2 sz,mzAkle1NMQAk2‘

J1 ki,mi,ke,mo

This implies

xtx < Z Z Tj1 k1 ﬂkl,mlTijQVkQ,mQALlleNmQAkQN

J1 ki,mi,ka,mo

(59)
= Z Z Tj1k1 Tja ke (Z Vkl,mlAchle1) (Z sz,mszzA/@) N.

ki,k2 \ J1 my ma

Note that . 7j ki 7j k, gives the (K1, ko) matrix element of 717, Then, we define C,il =

> om, Dk1,m1ALNm1 and perform diagonalization (Lemma 2):

Z Z Tjr k1 Tj1.ka (Z Vky,my Azl le) (Z Vka,ma N, Akz)
mi

ki,k2 \ J1 ma
= Z (TTT) C’ZIC’kQ < HTTTH ZC’,ZICkl (60)
kK Pk k
1,R2 1
:HTTTHZ Z Dk17m1yk1,m2ALNm1Nm2Ak1-
k1 mi,m2

Now that the indices k7 and ko are contracted, we can apply the Holder-type inequality for
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expectation (Lemma 3). To this end, we let DZ;I =D Dk17m1A]t;1Nm1 and compute

Z Z Dkl:mlyk17m2ALle1Nm2Ak1 = ZALD];DMAIQ
k1 mi,me n k1 n
T i
< kz Ay Aky max HDlekl .
1

n

The first factor can be directly bounded as

YoALAL| =N, =n
k1 "

For the second factor, we have

‘i‘ _ _ o _
Dlekl - § : Vklymlyk17m2Nm1Nm2 = E Vkl,mlykl,msz1Nm2Nm1

mi,mo mi,m2
< HVH?nax Z Niny Niny Ny = HVH?naxN?a
mi,ma
which implies
|PLDw |, < Wl

Combining (59), (60), (61), (62), and (64) establishes the first statement.
For the second statement, we let X = Zj’k Tj’ka’kA}Ak and compute

Ty — = 5 ) T 4. gt
X'X = TJ1,k1Vkl,klTJ2,k2Vk2,k2Ak1A31Aj2Ak2

Ji,k1,52,k2

_ § = . T E = 5 . T At 4.
- Tj1,k1VE1 k1 Tj2 ko szszAk:l Ak‘z - Tj1,k1VE1 k1 Tj2 ko szszAkl Aj2 Ah Akz'

Ji,k1,k2 J1,k1,52,k2

Applying Lemma 1,

f = . T = . T At 4.
X'X < TJ1J€1Vk17k1TJ27k2Vk2,k2Ak1Ak2 + TJ17k1Vk1,k1leykzyk2,k2Ak1Aj2AJ2Ak2

Ji,k1,k2 J1,k1,52,k2

_ § = . T E = 5 ) T
= Tj1,k1Vk1,k1 g2 k2 Vk2,k2Ak1 Ak, + Tj1,k1 Vkl,lejl,k2Vk27k2Ak1NAk2
Jsk,k2 J1,k1,k2

_ = = ) ]
= E , Tj1,k1Vk1,k1 Tj1 ko Vk2,k2Ak1 Ag, N
Ji,k1,k2

— = - T
= Z Z Tj1,k1Tj1ka | Vi,ka Vi ke Akl Ag, N.
k1,k2 \ J1

Performing diagonalization using Lemma 2, we have

XTX <71 Ok ey Voo s AL, Ay N
k1
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Note that we could directly bound the above operators as ||7]|* [|[v|2,., N? and thereby completes

the proof. But we choose to instead apply Lemma 3 so that the analysis can be directly extended
to analyze multilayer nested commutators. We have

o] < 0 S 7 b AL AN | = 171 0] 30 P i AL A
kl kl
n n (68)

2 ~ 2 2
< HTH n ZA}LlAkl H}g?x ||Vk1,k1Vk1,k1]Hn_1 < HTH ”V”max 772'
k1

n

The proof of the second statement is now completed. See Appendix A for the proof of the remaining
statements. O

3.3 Multilayer nested commutators

We now analyze the error of simulating the correlated-electronic Hamiltonian (1) using a general
pth-order formula .7, (t). We know from (39) that

H‘gﬂp(t) - eiitHHn =0 (m’?x H [H'Yerl’ e [va H%]] Hntp+l> ’ (69)

where Hy =V = th VmNiNp and Hy =T = Zj,k Tj7kA;r-Ak. Our goal is to show that

-1
1y (s T = O (O 1 a2 171 19 72) (70)
for each multilayer nested commutator [H, .- [Hy,, Hy ]].
To this end, we assume that [va, - [Hy,, Hw]] is expressed as a fermionic operator of the
form
ij,k,l "‘A}Z"‘Aky"‘le"' (71)

j7k7l
and analyze its commutator with either T or V. For the commutator with 7, we have from
Proposition 2

|AfAy, AL | = b ,4L,

[A}Ak,Aky} = 01, A, [A}Ak,le} = Gra AT AL — 85, AT A (72)
To develop some intuitions about these commutations, we introduce the notion of fermionic chain,
which refers to a product of fermionic operators that has a creation operator on the left and
an annihilation operator on the right. Then, the above commutations either extend an existing
fermionic chain (in the case where commutator is taken with AL or Ag,), or create a new chain (in
the case where commutator is taken with N;,). On the other hand, we can also apply Proposition 2

to compute the commutator with V:
[Nle, AL} = 5m,ijlA;f'z + 6lvij;sz = 6m,j1A;r'le + 5l,ij;‘INm + 6m7j16l,ij;z’
[NiNm, Ak, ] = —0m ke, NiAk, — 61k, Aky Non = —0m ey N1 Ak, — 01y N Ay — O ey Oty Ak, -

(73)

Unlike the commutator with 7', these commutations do not extend an existing chain or create a
new chain. Rather, their effect is to append V' to an existing chain.

We now apply (72) and (73) iteratively to compute a general multilayer nested commuta-
tor [H% 1 [Hey,, Hyl]]. We summarize the structure of the resulting operator in the following
proposition.
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Proposition 8 (Structure of multilayer nested commutators). Let H =T +V =3, Tj7kA;Ak +

> 1.m VimNiNm, be a correlated-electronic Hamiltonian (1). Then, each [Hoy, .- [Hy,, Hy ]| where
Hy =V and Hi =T 1is a linear combination of fermionic chains:

X = Z H Tje ke H 6kz+17]9c qu (H B%y H C%Z) Akl' (74)
_ y >

j,k =1

Comment: add for some q < p. Here, each B, either equals Y, v 5, Ni, 3 Vie mNm, Vi, g1
or defines a fermionic subchain:

q G—1 q
w= 2 I o o4 T T Ber TT Coz | 4, (75)
=1 =1 \ ¥ z

ik =1

similar to the definition of fermionic chain, except one and only one B 7 equals Vi I Vi I or
0575 equals vi_ ja:[ Vg 1. Operators Cy . are defined similarly. Furthermore all opemtors By,

Cy,» and hence the entire chain X are number-preserving. It holds

q
X1, < Il%n T (H max 1Beyll, 1 I ] max HCx,zlln_1> : (76)
r=1 Yy v z z

Proof. We will analyze the structure of multilayer nested commutators by induction. In the base
case where p = 1, we have [H,,, H,,] = [T, V]. This commutator has the expansion (56), where
each term is indeed a fermionic chain and number-preserving. This completes the proof of the base
case.

Assuming the claim holds for the nested commutator [va o [Ha,, H%]] , we now consider the
structure of [ pias " [Ha, Hy ]] By induction, this nested commutator is a linear combination
of either

q q
H T]x» z+17ja: : [T7 A;qi| H <H Bz,y H Cx,z) Akl’
],k? x=1 Yy z

=1
q
H Tk 5kx+l;]z : A}L'q H H [T, B:ﬂ,y] H Cz,z) A]C17
ik xz=1 =1 =1 Y z
qg—1

H
=1
-1

I (

H T ko Okes1 o - A;r‘q H (H Bay H T, Cx,z}) Aky s

(77)

Jik z=1 z=1 z=1 \ y
q q—1 q
T
1L 7o I 0 - 45, T { 11 Bow 11 G | 17 A1,
gk z=1 z=1 =1 y z
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or

q q
H Tja ko H 5kz+1,]1 |: :| H (H B T,y H Cx z) Ak‘la

7,k =1
H TJ:L‘,kz H 5km+1’jz ' qu H <H [‘/7 Bw,y] H C$,Z> Ak‘la
7,k x=1 =1 =1 Y z
_ (78)
H zj,kx H 5k‘z+17]x <H B T,y H V CI 4,2 > Akla
7,k x=1 =1

q
o1l
q q—1 q
H Tk H 6km+1,jz ’ A;['q H (H Bx,y H Cm,z) [Va Ak‘1] .
r=1

=1 r=1

??‘

]7
In each case, we see from (72) and (73) that the result is again a fermionic chain. Specifically,
commutators [T, A}J and [T, Ag,] increase the “length” of the current fermionic chain from ¢ to

q + 1; commutators [T, B, 4] and [T, C, .| either create a fermionic subchain or give zero operator,
or they can be computed recursively when B, , and C, . are fermionic subchains; commutators

[V, A}q] and [V, Ag,] do not increase the length ¢ of the current fermionic chain, but they increase

the number of B, , and C, . by one; commutators [V, B, ,| and [V, C, ;] either give zero operator,
or they can be computed recursively if B, , and C; . are fermionic subchains. The claim about the
number preservation can be verified directly. This completes the inductive step.

It remains to bound [|X|[, for an arbitrary fermionic chain X in (74). This can be done in a
similar way as in the proof of Proposition 7, using Lemma 1, Lemma 2, and Lemma 3. We leave
the detailed justification to Appendix B. O

We now apply Proposition 8 to analyze each nested commutator H [ IMIPPRRE [HW,H%]] Hn We

already have the correct spectral-norm |[|7|| scaling from Proposition 8. To proceed, we need to
further bound each By ||, ; and [|Cys[[, _, separately. We have

H z :Vl:ijlHn_ \/H § :Vll,]:erIZ:]rQNllNlQ
|l = (52 e
n— 1 n—1

||ij7jzl||77—1 S HVH

L S e,

(79)

< ¥ llmax >

max

for B, , and similar estimates hold for C, .. In the case where B, , or C, . creates a fermionic sub-
chain, we can bound the subchain recursively using Proposition 8. In particular, we will introduce
a factor of ||v||, .7 each time a subchain is created. This completes the proof of Eq. (2) of our
main result Theorem 1.

4 Bounding expectation of fermionic operators by path counting

We now present an alternative strategy for bounding the Trotterization error of Fermionic simula-
tion. We will illustrate this strategy by proving a bound for the d-sparse Fermionic Hamiltonian,

H = T =+ V = Z 7—]7]{;14;14]4; + Z Vl,leNma (80)
jyk l7m
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where each column and row of 7, v has at most d non-zero elements. Recall from (39) that
[75(0) = €1, = © (s [y [ ], 41 (1)

where Hy=V =%, vy NNy and Hy =T = ij Tj7kA;[Ak. Hence to estimate the simulation
error of electronic Hamiltonian (1) using a general pth-order formula .7,(t), we need to bound the
fermionic seminorm

H[ To+10 H72>H HH (82)
where v, € {0,1}, Hy =V and H; =T.

4.1 Path counting bound

Using Proposition 6, we can bound the transition amplitude between any two states by at most
two times the expectation value.

H[ Tpt1s " [Hyy, Hy HH <2r|111/)ax|<1/1n][ Ypt+10 """ (Hy,, Hy H 1) |- (83)

We now aim to bound the term

- ‘<¢T)| [ Yp+1s [H’Y27H H ‘wﬁH (84)

for any |1,). First, we write out the superposition of |¢,) in the second-quantization picture:

)= Y. aclC), (85)

Cef0,1}37,|Cl=n

where C'is a configuration of the occupation number with 7 electrons, and we represent the number
of ones in C' as |C|. We also define the following notations

W=v, pl=7 BY=N;Ny, hj=AlAL (86)
We can expand everything to give

_ Tro+1 7 e 72 ae!
X = Z T Z ZZQCIQCQMJ:+1kp+1 Mk (Gl [ Jp+1kp+1’ o |:hj2k2’ h]1k1:|:| [C2)| (87)

Jp+1,kp41 ji.ki C1 Co

+
ot 11—,
<|r IIma‘fx1 v Hma?x1 4 > ) lae | lac,| (88)

C1 Co

S Y Ol [ [ ] )]

(Gp+1:kpr1) (41,k1)

(89)

where C1,Cy are configurations of the occupation number with 7 electrons, and (j, k) only sum
over indices such that the corresponding 111 7# 0 (could be 7 or v depending on 7).
Using the commutation relations in Equation (72) and (73), we know that the nested commu-

tator |7t . |R%, B can be written as a sum of
Jp+1kp+1 Joke? i1k

(1) AL AN (90)
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for some a € {0,1} and a sequence of Fermionic operators. We call each term a Fermionic path

P and write P> (AP ... B if P is one of the terms in the expansion of the nested
Jp+1kpt1 j1k1

commutator. If the nested commutator evaluates to zero, then we consider the set

{P such that P > (h7p+l Y )} (91)

Jp+1kp+1’ > gk

to be an empty set. The detailed expansion of the nested commutator is presented in Proposition 8.
This allows us to make a further expansion to yield

X <en Y. Slacllac] Y Y0 ) (CIPICa)], (92)

C1 C2 (Jp+1,kps1) (j17/f1>p>(h71’+1 R )
Jp+1kp+17" 91k

Zpt% Ya Zpt% (1=74) . cps .
where ¢ = ||7||max - ||V||max . We use the following proposition to characterize |(C|P|Cb)|.

Proposition 9. For any computational basis state |C), where C represents the second-quantized
configuration for whether an electron occupies each of the n sites, and Fermionic path

P=(-1)".. Al A,...N..., (93)

for some a € {0,1} and a sequence of Fermionic operators. We have P|C) is a computational basis
state with some phase 1 or P|C) = 0.

Proof. The proof follows from a simple induction. For the base case, we have P = (—1)® without
any Fermionic operator, so P|C) is a computational basis state with some phase 1. Now we
consider the three cases: P = NP/, P = AP, or P = A}P’. By induction, we have P’|C) is a
computational basis state |C’) with some phase +1 or P’|C) = 0. The latter is trivial. For the
former case, we go through the following three cases.

e If N, is applied on |C’), we check if site-l has an electron in configuration C”. If site-l has an
electron, then N;|C’) = |C"). If site-l does not have an electron, then N;|C") = 0.

e If A is applied on |C”), we check if site-k has an electron in configuration C’. If site-k has
an electron, then Ay|C’) will remove the site-k electron and add some phase according to the
rule given in Equation (27). If site-k does not have an electron, then A;|C’) = 0.

o If A} is applied on |C’), we check if site-j has an electron in configuration C”. If site-j does not
have an electron, then A}]C” ) will create an electron at site-j and add some phase according

to the rule given in Equation (26). If site-j does have an electron, then A;|C” ) =0.
Therefore, P|C) will be a computational basis state with some phases 1 or otherwise P|C) = 0. [
Corollary 1. [(C1|P|C3)| is either 0 or 1.
Corollary 2. For any set S of configurations, we have ) g [(C1|P|C2)| < || P|Ca)]|.

Next, we define a graph G = (V, E') where the vertices V are the second-quantized configurations
with 7 electrons, and the weighted adjacency matrix for the edges F is defined as

wo ey = Y Y > |{C1|P|Cy)| . (94)

(Upt+1:kpr1) (k1) p (;{,’PH m )
Jp4+1kp+17777 Ik
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The weight we, ¢, counts the number of Fermionic paths that can take |Cy) to |Cy). Note that
this graph may contain self-loop (equivalent to w¢, ¢, > 0) as there are Fermionic path that leaves
|C1) unchanged or simply add a phase of —1. We now define the degree of Cy as

deg(Co) = Z e —ngQ’Cl v
Cq
C1|P|C Co|P|C
S ED SIS S S e
C1 (Gp+1,kp+1) (J1,k1) PD(h;Ylelk IR 7h71k1>
y4 P

ClPCQ + C1PTCQ
Y Y Ly > Cipedl [CiPical o,

C1 (Jp+1,kp+1) <J'17k1>P|><h7P+1 R )
Jp1kp17 7 a1k

c Y oy 5 IPCI+ [P1C] .

(Up+1:kpr1) (k1) po (hf,’PH M )
Jp+1kp41777 7 Ik

which is equivalent to counting how many Fermionic paths exist that do not evaluate to zero on
the initial state |C3). The last inequality follows from Corollary 2.

kak

Lemma 4. For any symmetric, nonnegative matrix W € , we have

Z Wij’l)i’l)j < mlaX Z Wij, (99)
i J

for all v € R with vTv = 1.
Proof. Let us consider the eigenvector u; corresponding to the largest eigenvalue \; of W. Because

up = argmax u! Wu, (100)
uw€RF uTu=1
we have vIWov < ul' Wuy. Let us consider i* = argmax;(uy);. We can always multiply u; by —1
and still remains as the eigenvector corresponding to eigenvalue A;. Hence, we can always assume
(u1)i > 0. Therefore, we have

Wuy VVZ (u
W Wuy = A = ((ul)‘)* < 2 9 V; < ZWm < maXZ Wij. (101)

This concludes the proof. ]

Using Lemma 4, we can now simplify the upper bound of X to obtain

X<en Y Ylaclloc > Y S kalrie) (102)

C1 Cs (Jp+1.kp+1) (J1,k1) Pr (h;pillk +1’“"h;/11k1>
p+1kp
= Crp Z ZwChCE |a01| ’0402| (103)
C1 Ca
wey,cy T We,, o
=c )y ) B 22 Jag, | |ac,| (104)
C1 Co
<cr maXZ e ;wCQ,CI (105)
Cy
< ¢ry maxdeg (C). o)
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Hence the error of Fermionic simulation can be upper bounded by the maximum degree of the
graph G. Finally, we arrive at the following proposition by combining with Equation (98).

Proposition 10. We have the following path counting bound,

H [H7p+17 o [Hy,, H’YlH Hn < Cry mCaXdeg (Cy) (107)

n
where the degree is defined as

deg(C)= > .Y S SUPIEIHIPIC).  (108)

(p+1:kpr1) (k1) pi (;ﬂ,?“ M )
Ipt1kp17 i1k

. ., Zpt} Ya Zpi_%(l_’Yq) .
Recall the following definitions, cry, = ||T||lmax = ||V||max . Cy is any one of the (Z) second-
quantized occupation number configurations with n electrons. For all ¢ =1,...,p+ 1, (jq, kq) sum

over indices jq, kg such that

{qu,kq A0 if =1, (109)

quvkq 7& 0 Zf Vg = 0.

We use the following short-hand notation for local Fermionic terms: h?k = Nij,hjl-k = A}Ak.

Finally, we denote P > <h;§;1kp+1’ e h;yllkl) if
_(_1\@ T
P=(-1) ...Aj...Ak...Nl... (110)
is one of the terms in the expansion of the nested commutator h];’;lkpﬂ, .. [h}ij, h]llklﬂ We

refer to P as a Fermionic path.

4.2 Counting the number of Fermionic paths in d-sparse Hamiltonians

As an illustrative example, let us consider an upper bound of max¢ deg(C') for d-sparse Hamilto-
nians. We will use the commutation relation in Equation (72) and (73), restated below

[A}Ak,A}x] = 5 AL [A}Ak,Aky} = 0k, Ak, [A}Ak,NZZ} = Sr AL, — 8, AT AL (111)

[Nle, AH = S NAL 465, AT Noww [NiNow, A, = =6 NiAL, — 61, Ap, N (112)

We start with an intuitive argument. For every ¢ = 2,...,p+ 1, we have
Y 72 7 _ Y
[hj;’kq,... [hj2k2,hj1klﬂ - 3 [hjqqkq,P}. (113)
Yg—
P (10 ey )
Because P only contains Fermionic operator acting on sites ji, k1, ..., jq—1, kg—1, from the commuta-
tion relation, we see that at least one of j4, kq must be equal to one of the indices j1, k1, ..., jg—1, kg—1-

Furthermore, for every j,, there are at most d k,’s that have non-zero coefficient in 7;_y, (for v, = 1)
or vj , (for 7, = 0). Hence, we have the following bound

ooy > 1 < O(ndPth). (114)

(p+1:kp1)  (J1:k1) pi (;{YPH LR )
Jp+1kp417 7 Ik
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The n factor comes from the fact that only one index can freely choose between 1,...,n. And
for any two indices j4, kg, one of them has to be the same as the previous indices, while the other
one can only choose from the d indices as required when summing over (j,, kq). Hence we have
the dP contribution for the rest of the indices. Furthermore, we will later show that the rightmost
Fermionic operator in P will never be a creation operator Af. Hence, when we include the term
| P|Cy)||, the Fermionic path P must begin with a Fermionic operator that acts on one of the 7
sites with an electron in the configuration C,. Therefore, we have

DS > IPIC)I < Omd*). (115)
Vperkest) k) e (1L et )

Similarly, we have the following bound

)RS ) IPHIC) | < Omart). (116)

(p+1kpt1)  (J1,k1) pT><h]7§I11ka,._,,h]71k1)
Combining with Trotter simulation bound (39) and the path counting bound (107), we have ob-
tained the result ‘
|7 (t) — e_“tHH77 = O (crpd’ntPth) . (117)

Finally, because 1 < Zgi} Yq < p, we also have

p+1 P+l
q=1 ’7‘1 1( 'Yq) S (

> >
Cry = [T l[max ™ v || 17l & ¥l mas)” 17 | (171 (118)

max max) max max *

This gives an overview for proving the scaling stated in Equation (3) of Theorem 1. We now present
a rigorous proof by induction.

Proposition 11. When each column and row of T,v has at most d non-zero elements, for any
constant integer p > 1, we have

oy ) IPIC)I < O@md™). (119)

(p+ikpt1)  (G1,k1) py (;ﬂ_PH ! )
Ip+1kp17 Lk

Proof. We will prove the following induction hypothesis on ¢ =2,...,p+ 1.

e All Fermionic path P will start with either N or A, but will never start with AT (we refer to
the rightmost operator as the starting point).

e All Fermionic path P will have at most ¢ + 1 Fermionic operators.
e The total number of Fermionic path P is at most (ITZ_,2z)dn.

e The number of Fermionic path P that start with a Fermionic operator acting on site 7 is at
most (IT7_,2z2)d?.

The base case ¢ = 2 can be easily verified by noting that we only need to consider [T, V] or [V, T].
Using the commutation relations given in Equation (111) and (112), we can see that both cases
result in at most 4d’n different Fermionic paths and all start with either N or A. For every site
i, there are at most 4d?> Fermionic paths starting with site i. Furthermore, every Fermionic path
consists of 3 Fermionic operators. These results established the induction hypothesis (all four bullet
points) for the base case of ¢ = 2.
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For every ¢ > 2, we can use the induction hypothesis for ¢ — 1 to prove the desired result. If
vq = 1, then we will be adding another commutator with 7' =) Jarka qu7qu4;q Ak, We can see that

all Fermionic path P > (hj.:kq, ceey h]llkl) comes from the expansion of
T . Yq—
(AL Ay, P,V (s ), VP > (hjq{jkqfl, o h}f,ﬂ) . (120)

Note that the commutator of [X,Y;...Yk]| = Zszl Yi... Y 1[X, Yi]Yit1 ... Y. Using this rule,
we can easily show that the induction hypothesis holds for g. First of all, if all the Fermionic

path P’ > <h}:__1lkq_1,...,hj711kl) start with either N or A, then all the Fermionic path P >
<hj7;’kq, . "h;;k1> will start with either N or A. This is because of the commutation relations:

[AF Ay, Ay,) = =0k, ;Ax and [A}Ak,le} — G, AT Ay — 6;;, Al Ay, Furthermore, because P’ have

at most (¢ — 1) + 1 = g Fermionic operators, the expansion of [A;r-q Ay,, P'] will have at most ¢ + 1
Fermionic operators. Using the fact that the commutation relation always create a delta function
between j, or k, with an existing index in P’ and the fact that every j, connects to at most d k;’s
and every k, connects to at most d j,’s, there can only be 2dq different Fermionic paths for a fixed
P'. Hence, there will be at most a total of

q—1 q
2dq x (H 22) dtn = (H 2z> din (121)

z=2 z=2

Fermionic paths for ¢. We now obtain an upper bound for the Fermionic paths starting from some
site 7. If we take the commutator of A}quq with a Fermionic operator that is not the starting
operator in P, then the starting operator is not affected. Because of the sparsity constraint and
the delta function created by the commutation relation in Equation (111), we have created at most
2d(q — 1)x more Fermionic paths starting with site i. Now if we take the commutator of A}q Ak,
with the starting operator Ay, (for some index k,) in the Fermionic path P’, then the starting
operator becomes Ay and we have an additional delta function dy, ;.. In this case, k, can start
from any site, but there will be at most d choices of j;, hence d choices of k,. This means we have
created at most 2dx more Fermionic paths starting with each site. Together, we have created at
most 2dgx more Fermionic paths starting with each site. This leads to an upper bound of

q—1 q
2dq x (H 2z> 4ot = (H 2z> de (122)
z2=2

z=2
Fermionic paths starting with each site. The inductive step for v, = 0 follows from a similar
argument. Hence, the induction hypothesis holds for q.
Performing the induction over ¢ from 2 to p 4+ 1 shows that the number of Fermionic paths
starting with site 7 is at most

p+1
(H 2z> dPtt = O(drY). (123)
z=2

Because P start with either A or N, ||P|Cy)|| would be nonzero if the starting Fermionic operator
acts on one of the 7 sites with an occupying electron in the configuration Cj,. Hence there are at
most 7O(dP™!) Fermionic paths with non-zero ||P|Cy)|. Finally, recall from Proposition 9 that
| P|Cy)|| is either 0 or 1. Hence

> > IPIC)| < O(nd”*), (124)

(Up+1:kpr1)  (Jr.k1) p (;{,’PH M )
Jp+1kp+17777 Ik
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which is the desired bound on the number of Fermionic paths for d-sparse Hamiltonians. O

5 Tightness

We have already established in Theorem 1 multiple bounds on the fermionic seminorm of Trotter
error. However, a common issue with the Trotterization algorithm is that its error estimate can
be very loose for simulating specific systems. Here, we prove Theorem 2 that demonstrates the
tightness of our analysis.

Specifically, we construct concrete examples of correlated-electronic Hamiltonian H =T + V
and lower-bound the fermionic seminorm of nested commutators: |[[T,... [T, V]]||, in Section 5.1
and [[[V,... [V, T]||, in Section 5.2. We show that the results almost match the upper bounds in
Theorem 1. Since Trotter error depends on these nested commutators, this shows that our result
is nearly tight modulo an application of the triangle inequality.

5.1 Lower-bounding ||[7,...[T,V]]

I,

We construct the electronic Hamiltonian H =T + V', where

n—1 %_1
T=> A4, V=3 NN, (125)
7,k=0 u,v=0

Comparing with the definition of correlated-electronic model (1), we see that the coefficient matrix
7 is an all-ones matrix with spectral norm ||7|| = n, whereas v contains an all-ones submatrix on
the top left corner with max-norm ||v|, . = 1. Our goal is to lower-bound the fermionic seminorm
I, [, V]I,

Due to the complicated commutation relations between T and V, a direct computation of
[T,...[T,V]] seems technically challenging. Instead, we perform a change of basis by applying the
fermionic Fourier transform

max

_ 2migl 2mikm

1 1
t.4l. - il At o4, . _ 4
FFFT!. Al FFFT = NG §l e~ Al FFFT'. A4, FFFT = \/ﬁ% e n Ay (126)

This gives

T = FFFT! - T - FFFT = nN\,,

~ t 1 %71 2miu(k—7) %71 2miv(m—1) .i. T (127)
V =FFFT'.V FFFT = — D e e w | AlALATA,,.
gk Lm \ u=0 v=0
We also define the n-electron states
n—1 n—1 n—1 n—1

~ = ~ = —~ = . —~ =
_1010---07---1) +|100---0T--- 1) _[010---0T--- 1) +[100---01---1) (128)

’1/}77> - \/i ’ |¢7l> - \/5

The following proposition shows that the above choice of operators and states almost saturates the
fermionic seminorm of nested commutators.
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Proposition 12. Define T, V as in (127) and |@Zn>, |$77) as in (128). Then,

[l [T : [T, V]] 1)

Yl |T,. . | T,V |||tby)|, p odd _@ —

‘<$77’[T7[T7‘7H|$n>|, peven [ 7 + O (n” + m) (129)
P

A proof of this proposition is given in Appendix C. By rescaling the Hamiltonian constructed
in (127), we can demonstrate the tightness of our bound as follows. For any s, w > 0, we define the
rescaled Hamiltonian

n—1 %*1
s
T=— dYoAlA, V=w ) NN, (130)
J,k=0 u,v=0
Comparing with the definition of the correlated-electronic model (1), we see that ||7]| = s and
||| hax = w- The above proposition then shows that
| )| = [T (27| =P, (131)
——— n —— n
P p

where we have used the unitary invariance of the fermionic seminorm in the first equality. This
establishes the claimed tightness result (5) of Theorem 2.

Note that a similar example can be constructed to demonstrate the tightness of our bound for
simulating sparse electronic Hamiltonians. Specifically, for £,w > 0 and positive integer 1 < d < 7,
we define

d
d—1 31
T=tY A4,  V=wd NN, (132)
J,k=0 u,v=0
Comparing with the definition of the correlated-electronic model (1), we see that ||7]|,.. =t and
V|| e = w- We also perform a fermionic Fourier transform to define 7" and V/, but only to the

first d spin orbitals
1 d—1 _2migl ¢ .
FFFTT.A;.FFFT:{@ZIZM nA, 0=j=<d-1,

Vi ] Z d'
LSl B A, 0<k<d—1 15
FFFT! . Ay, - FFFT = { vd &m=0¢ " fm B =0=075
Ag, k>d.
The above proposition then shows that
| V)| = || [ (27 = @) (134)
—— n — n
P p

This proves the claimed tightness result (6) of Theorem 2.

5.2 Lower-bounding [|[V,... [V, T},

Recall from the previous section that we will consider the electronic Hamiltonian (125). Comparing
to the definition of correlated-electronic model (1), we see that the coefficient matrix 7 has spectral
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norm ||7|| = n, whereas coefficient matrix v has max-norm ||v||
the fermionic seminorm ||[V;...[V,T]]

max = 1. Our goal is to lower-bound

|,,- To this end, we define the 7n-electron states

— Srof3

%
——
01---10---010---0) 4+[11---10---000-- - 0)
——

) = nl ,
! V2 (135)

i{s

Al P
——N
01---10---010---0) +[11---10---000---0)
—— ——

’¢n> = - -

V2

Similar to the previous section, we have the following proposition showing that the fermionic
seminorm of nested commutators is nearly attained.

Proposition 13. Define T', V as in (125) and |1by), |¢y) as in (135). Then,

| (en] [V. p [V, T]]len) dd
\<¢:I [V: - [V: T]]\¢:> ) i cven (= 2O (136)
p

A proof of this proposition is given in Appendix D. By rescaling the Hamiltonian constructed
in (127), we can demonstrate the tightness of our bound as follows. For any s, w > 0, we define the
rescaled Hamiltonian as in (130). Comparing with the definition of the correlated-electronic model

(1), we see that ||7|| = s and ||v||,,,, = w. The above proposition then shows that

H v,... [V,T]]Hn — Q ((wn)Ps/n). (137)

This establishes the claimed tightness result (5) of Theorem 2.

Note that a similar example can be constructed to demonstrate the tightness of our bound for
simulating sparse electronic Hamiltonians. Specifically, for ¢,w > 0 and positive integer 1 < d < n,
we define the electronic Hamiltonian as in (132). Comparing with the definition of the correlated-

electronic model (1), we see that |7 .. =t and ||v||, .. = w. We may then use the states
d d
—N— —_——
01---110---00---01---1) +4[11---100---00---01---1)
~—— — — —
d _d d _d
‘wnd>: 2 =3 2 =3 :
V2 (138)
d d
—— " —
01---110---00---01---1) +[11---100---00---01---1)
~— — — —
d _d d _d
|¢ d>: 2 =3 2 =3
;s \/i
to show that
H [V,...[V,T]]H — Q ((wd)Pt). (139)
—_—— n

P
This proves the claimed tightness result (6) of Theorem 2.
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6 Applications

The class of correlated electronic Hamiltonian (1) encompasses various quantum systems arising in
physics and chemistry, for which the performance of quantum simulation can be improved using our
result. As for illustration, we consider improving quantum simulation of plane-wave-basis electronic
structure in Section 6.1 and the Fermi-Hubbard model in Section 6.2.

6.1 Plane-wave-basis electronic structure

Simulating the electronic-structure Hamiltonians is one of the most promising applications of digital
quantum computers. Recall that in the second-quantized plane-wave basis, such a Hamiltonian
takes the form

1

H= o Iii cos[ky, - rk_j]A}Ak
ik
_4r 3 G cos|ry '2(5"7 - Tj)]Nj Lo 3 COS[H;LZ' Tk NN, (140)
w o K w 4 K
Frt 0 ® J#k ®

u#0

1/3 are n vectors of plane-wave

where w is the volume of the computational cell, k, = 2mp/w
frequencies, p are three-dimensional vectors of integers with elements in [—n!/3,n!/3], rj are the
positions of electrons, ¢, are nuclear charges, and 7, are the nuclear coordinates. We further rewrite

the second term as

47 ¢, cos[ky, - (T, — 1j)] v ¢, cos[ky - (1, —1j)]
7? Z : u/-gQ : . Nj - 7; Z : “/{2 L ’ Nij’ (141)
Grtapi0 z " ko z

which is valid since we estimate the simulation error within the n-electron manifold. Comparing
with the definition of correlated electronic model (1), we see that

T'k:ig w2 cos[k,, - Tr_j]
e 2n 12 1 Jb

g (142)
47 cos|k, - (1, — 1] 27 cos|k,, - T
Vi = —— Z CL [ o 2( L )] + 22 Z [ 14 - m] (1 _ 5l,m) )
W o T gy "
To proceed, we need to bound the spectral norm ||7]] and the max-norm ||v|| . of the coefficient

matrices. We have

n2/3 nl/3
] =O <w?/3) ; [V ]| pax = O <wl/3 ; (143)

where the first equality follows from [5, Eq. (F10)] and the second equality follows from [5, Eq.
(F7) and (F9)]. We also consider a constant system density n = O (w) following the setting of [5].
Applying Theorem 1, we find that a pth-order formula .#,(t) can approximates the evolution of
electronic-structure Hamiltonian with Trotter error

|75(8) = e = O (U + 19l 1™ I 1 e 7287
P 144

n2/3
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This approximation is accurate for sufficiently small ¢t. To evolve for a longer time, we divide the
evolution into r steps and use .7, (t/r) within each step, which gives an approximation with error

r __—itH __—itH|| _ i/g 1/3,2/3 " 1/3 2/3&
pr(t/r) e }|n§rH5ﬂp(t/r) e 'r Hn_(’) 172/3+n n LAl (145)

To simulate with accuracy e, it suffices to choose
2/3 14+1/p
_ nYe o 1y3,2/3 )\ 1/3p,2/3pt "
r—0<<n2/3+n n )n n T ] (146)

To simplify our discussion, we choose the order p sufficiently large and consider quantum sim-
ulation with constant time and accuracy, obtaining

n?/3 1/3,2/3 | . o(1)
r=0 o7 +n'"n n . (147)

We further implement each Trotter step using the approach of [341, Sect. 5], and obtain a quantum

circuit with gate complexity
5/3
g=0 ((ZQ/?’ + n4/3n2/3> n"(l)) . (148)

In the little-o limit, this gate complexity improves the best previous result of electronic-structure
simulation in the second-quantized plane-wave basis. This is because our approach improves the
performance of quantum simulation by simultaneously exploiting the commutativity of Hamil-
tonian and the prior knowledge of initial state, whereas previous results were only able to em-
ploy at most one of these information. Indeed, previous work [5] gave a simulation with cost
@) ((n5/ Spl/3 4 pd/3pb/ 3) no) ) by computing the Trotter error within the n-electron manifold, but
the commutativity of Hamiltonian was ignored in their analysis. On the other hand, the work
[19] used the commutativity of Hamiltonian to give a Trotterization algorithm with complexity

%polylog(n)) .
Our new result matches these when n and n are comparable to each other, but can be much more
efficient in the regime where 7 is much smaller than n.

Interestingly, our result remains conditionally advantageous even when compared with the first-

quantized simulations. There, the best previous approach is the interaction-picture approach [3]

(@) (Zz—j:no(l)), whereas [31] gave an interaction-picture approach with cost O(

with gate complexity O (n%n%polylog(n)), larger than our new complexity in the little-o limit
when n = Q(y/n). A related approach was described in [3] based on qubitization, which has a
similar performance comparison with our result. See Table 1 for details.

We mention however that there is one caveat when taking the little-o limit in our above dis-
cussion. This limit is achieved by choosing the order p of Trotterization sufficiently large, which
can result in a gate complexity with an unrealistically large prefactor due to the definition (17)
of higher-order formulas. Nevertheless, recent work suggests that Trotterization remains advanta-
geous for simulating the plane-wave-basis electronic structure even with a low-order formula [20],
to which our paper provides new theoretical insights.
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6.2 Fermi-Hubbard model

We also consider applications of our result to the simulation of Fermi-Hubbard Hamiltonian, which
models many important properties of correlated electrons. This Hamiltonian is defined as

H=-s Z (A;[,JAk,o + ALUA]‘J) +v Z Nj70N"1, (149)
(VEORY J

where (j, k) denotes a summation over nearest-neighbor lattice sites and o € {0,1}.
We note that this Hamiltonian can be represented in terms of a sparse correlated Hamiltonian.
Indeed, in the one-dimensional case, we have

H=—s53 (Al Ajo+ Al ,450) +0 3 NN, (150)
J,o J

where j =0,1,...,n—1and ¢ = 0,1. Comparing with the definition of correlated electronic model

(1), we see that

T=—sy (G +1U+1+DEDe 00+ 1)),  v= gZIMJ\ ® ([0)(1] + [1){0]), (151)

J

so the coefficient matrices 7 and v are indeed 2-sparse. Similar analysis holds for the higher-
dimensional Fermi-Hubbard model, with the sparsity d = 2™ where m is the dimensionality of the
lattice.

We can therefore apply Theorem 1 to conclude that a pth-order formula .7,(t) approximates
the evolution of Fermi-Hubbard Hamiltonian with Trotter error

|-7p(t) — e*“HHn = O ((s +v)P tsv2MPptPth) = O (ptt1) (152)

assuming s, v, and m are constant. For r steps of Trotterization, we apply the triangle inequality
to get

|5 /) = e |, < v || Zefr) — 57| =0 (nﬂ,> - (153)
To simulate with constant time and accuracy, it thus suffices to choose
r=0 (nl/p> , (154)
giving gate complexity
g=0 <m71/p> . (155)
The Fermi-Hubbard model only contains nearest-neighbor interactions and, according to [18],
can be near optimally simulated with O (nl‘H/ p) gates. On the other hand, recent work [20] shows

that Trotterization algorithm has gate complexity O (m]1+1/ 7’) when restricted to the n-electron
manifold. Our result again improves over these previous work by combining the commutativity of
Hamiltonian and the initial-state information.
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7 Discussion

We have given improved quantum simulations using Trotterization for a class of correlated electrons,
by simultaneously exploiting the commutativity of Hamiltonian, the sparsity of interactions, and
the prior knowledge of initial state. We identified applications to simulating the plane-wave-basis
electronic structure, improving the best previous result in second quantization up to a negligi-
ble factor while conditionally outperforming the first-quantized simulation. We obtained further
speedups when the electronic Hamiltonian has d-sparse interactions, using which we gave faster
Trotterization of the Fermi-Hubbard model. We constructed concrete electronic systems for which
our bounds are almost saturated, providing a provable guarantee on the tightness of our analysis.

Our focus has been on the asymptotic performance of quantum simulation throughout this
paper. However, we believe that the techniques we have developed can also be used to give quantum
simulations with low constant-prefactor overhead. Such improvements would especially benefit
the simulation of plane-wave-basis electronic structure, where many pairs of Hamiltonian terms
commute and the number of spin orbitals can be significantly larger than the electron number.
Previous work on such problems almost exclusively used the second-order Suzuki formula [4, 20,

], and we hope future work could consider other low-order Trotterizations that are still easy to
implement but may offer advantages over the second-order formula in practice.

Our analysis is applicable to a class of electronic Hamiltonians of the form H = ) ik Tj7kA;r.Ak +
Zl,m V1,mNiNp,. By imposing further constraints on the coefficients, we may somewhat sacrifice
this generality but instead get further improvement on the simulation performance. One possibil-
ity is to consider the subclass of systems that are translation-invariant, i.e., 7jx = 7Tj1qx+q and
Vim = Vitqm+q- Lhis translational invariance is used in the circuit implementations for both
our applications (electronic-structure Hamiltonians and Fermi-Hubbard model), but is nevertheless
ignored in the proof of our upper bounds (Theorem 1) and tightness result (Theorem 2). By in-
corporating additional features of the Hamiltonian such as translational invariance, it is plausible
that our current complexity estimate can be further improved.

A natural problem that has yet to be addressed is the simulation of electronic-structure Hamil-
tonians in a more compact molecular basis. Such Hamiltonians typically take the form H =
Zj’k hj,kA;Ak + ZLk’l,m hjykyl,mA;AkA;Am, more complex than the electronic model (1) consid-

ered here. In this case, the exponential of the two-body terms Z]}k’l’m hj’k’l’mA;AkA;rAm does
not have a convenient circuit implementation and our current approach is not directly applicable.
This may motivate further developments of hybrid quantum simulation, in which Trotterization is
combined with more advanced quantum algorithms to speed up quantum simulation. We leave a
detailed study of such problems as a subject for future work.

More generally, we could consider quantum simulations of other physical systems. For example,
previous work by Somma considered simulating bosonic systems by combining the commutativity of
Hamiltonian and the initial-state information, although his solution seems to have a divergent issue
in general. We hope our techniques could offer insights to such issues and find further applications
in quantum simulation beyond what have been discussed here.
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A Analysis of single-layer commutators

In this appendix, we complete the proof of Proposition 7 on bounding the terms arising in the
commutator analysis of first-order formula.
For the third statement of Proposition 7, we let X =) ikl Tj7kV17kA}NlAk and compute

Ty — = 5 . T oAt
X'X = T]l,klVl1,k17—32,k21/12,k2‘4k1N11A31Aj2Nl2Ak2
Jisk1,l g2kl
_ = . 5 ) T
- Z le,klV117k17—J17k2V127k2Ak1N11N12Ak2 (156)

Ji,k1,l kel
E = D ) T T a.
- Tj1,ka Vin ke Tha ko Via ko Akl Ny, Ajg AJl Ni, Ay

jl)k17l17j27k;27l2

Applying the operator Cauchy-Schwarz inequality Lemma 1,

T = 5 ) T
XX < Tj1,k1 Vl1,k17_J1,k2Vl27k2Ak;1Nl1leAkg
Ji,k1,l,ka,l2
= 5 ) T Ta.
+ Z TJ1J€1VllJﬂThJ€2Vl2,k2Ak1Nl1Aj2Aijl2Ak2 (157)
Juki,li,g2,ke,l2

_ = = ) T
- Z Tj1,k1 Vl17k17317k27/l27k2Ak1Nl1leAng-
Jrka,liska,le

We now perform diagonalization using Lemma 2, obtaining

xtx < HT”Q Z DlhklVZQ,k1ALINl1N12A/€1N' (158)
k1,102

Using the Holder-type inequality for expectation Lemma 3, we have

HXTXHHS ||7-||2 Z 17117161Vl27k1AlTelNl1leAk’1N :||7-”277 Z Dl1,k1yl2,k1AJ]rglNl1Nl2Ak1

k1,l1,l2 " k1,l1,l2 "

< |l ZA]JE;IAIQ max > Oy ke Vi Ny N, :
k1 R | TS 1 50
159

2 2. This completes the proof

max 17

t _ _
where szl Ay, Ak, o n and Hzlhlz U1y ey Vi ey N1, N,

of the third statement of Proposition 7.
For the fourth statement, we let X = ijm Tj,kuj,mA}NmAk and compute

<
<l

_ = = T T
XTx = Z Tj1,k‘1le,mlsz,k2Vj27m2Ak1Nm1Aj1Aj2Nm2Ak‘2

J1,k1,m1,52,k2,m2

= Z Tj1 k1 DjhmlleakZle,mQA-l];;lelNmQAk2 (160)

Ji,k1,ma,k2,me

§ = . . . 1 A,
- Tj1,k1Vj1,m1 Tha k2 Via,ma Akl Niny AjQAh Ny Ay -

Ji,k1,ma1,52,k2,m2
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Applying the operator Cauchy-Schwarz inequality Lemma 1,
xTx < Z 7_—j1,k1Ejl,m17j1,k2yj17m2AJ]21Nm1Nm2Ak2
Ji,ki,ma,ka,ma

+ Z Tj1 k1 Djl»mlTij?V]’l,mQALlelA}QAjQNmZAk2 (161)

Ji,k1,m1,52,k2,ma

— § = 5 ) i
= le,’ﬁV31,m17j1,k2yjl7m2Ak1leNm2Ak2N'

J1,k1,ma1,k2,ma

We now use the Holder-type inequality for expectation Lemma 3 to get

HXTXH < Z 7_'j1,k1’7j1,m17j1,k2’/j1,m2AllelezAng
K jlvklvml’k27m2 n
(162)
<l D Tk Tk AL Ak, max > iy Vinms Nony Nom
Ji.k1,k2 " mi,ma n—1
The second fermionic seminorm can be directly bounded as Hzml ms i1maVirma Nmy Ny <
) nil
||1/||12nax n?, whereas the first seminorm can be bounded using diagonalization Lemma 2
Z ?j17k17j17k2A21Ak2 < Z HTTTH ALAkl < HTTTHT]. (163)
Ji.k1,k2 n ky 0
This completes the proof of the fourth statement of Proposition 7.
For the fifth statement, we let X = ij ijijJA;Ak and compute
_ = = T T
XIX = > T Vi T ko Visa Ay A AL, Ak,
Jusk.52,k2 (164)
_ = 5. oAt AL = . oAt AT 44
= Tivka Vg Thn,ke Vi,gn g Ok Tjv,k1Vin,g1 Tha ke Viz,ga Ay A, i1 Ak -
J1,k1,k2 Jrk1,52,k2
Applying the operator Cauchy-Schwarz inequality Lemma 1,
= t = = Togt
xTx < Z Tj17k1le,j17j17k2yj17j1Ak1Ak2 + Z Tj1,k1 V117J17j17k2’/j1,j2Ak1Angj2Ak2
Ji,ki,k2 Ji,k1,52,k2 (165)
_ = t
= > Tk P TikeVing Ak, Ak N
Ji,ki,k2
We now use the Hélder-type inequality for expectation Lemma 3 to get
_ i
HXTXH = Z Tjhklyjl:lejlakZyjl’leklAkQN
K Ji.k1,k2 n
(166)

— = . 1 D e
=n E: i1k ik Ay Ak n;.?XHV]lJlV]ly]lIHn_l'

'7k7k:
Ji,k1,k2 n
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2

The second fermionic seminorm can be directly bounded by ||v|] whereas we perform diagonal-

max’
ization to the first seminorm Lemma 2:
Z 7_'j1,k17'j1,szchlAk2 < HTTTH ZAITQA’CI = HTTTH n. (167)
J1,k1,k2 7 k1 n

This completes the proof of the fifth statement of Proposition 7.
For the sixth statement, we let X = Zj,k,l Tj7le’jA;-NlAk and compute

Tx = A o oAt At
X'X = T]1,k1Vl17J17327k2V127J2Ak1Nl1AJlAjQleAkz
Ji.k1,l,52,k2,02
— ) o oAt
= Z TJ1J<¢1Vl17J17_]17k2V127J1Ak1Nl1Nl2A/€2 (168)

Jukali skl
. o At T A,
- Z 7_317/61Vll,JlTh,kzVl2,]2Ak1Nl1Aj2Alel2Ak:2-
Juska,li,ge kel
Applying the operator Cauchy-Schwarz inequality Lemma 1,
T A e AT
X'X < T]1,k1Vl1,J1TJ1,/€2Vl27J1Ak1N11leAkz
Jisk1,l,ka,l2
) o AT T a.
+ Z 7'31,161Vl17J1TJ17k2Vl27J1Ak1Nl1Aj2AJ2Nl2Ak2 (169)
Jrk1,l,52,k2,l2
— A . AT
= Z TJ1,k1Vl17J17—J1,k2Vl27J1Ak1N11leAkzN-
Jrkali ka2

We now use the Holder-type inequality for expectation Lemma 3 to get

T ) o AT
HX X . < TJlJ€1Vll,JlTJLkz’/lleAklNllleAk2N

Jiska,la,ke,l2 n
(170)

_ E T E

=" Tj17k17—j17k2Ak1 AkQ HE?X Viy,j1 Vi, Ni, Np,
i1,k1,k 11,1
Ji,k1,k2 " 1,02 n—1

The second fermionic seminorm can be directly bounded by ||v||%,., 7%, whereas we perform diago-
nalization to the first seminorm Lemma 2:

Z le,lejl,kQALAkQ SHTTTH ZALA’@ :HTTTHT]. (171)
k1
n

J1,R1,R2 n

This completes the proof of the sixth statement of Proposition 7.

B Analysis of multilayer nested commutators

In this appendix, we complete the proof of Proposition 8 on bounding the terms arising in the
commutator analysis of pth-order formulas. Recall from Proposition 8 that operator X is called a
fermionic chain if

q q—1
X = Z H Tjw ke H 5km+17jz ’ A}q (H Bm,y H Cz,z) Akla (172)
=1

q
gk x=1 r=1 \ y 2
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where all B, ,,, C; . and hence the entire chain X are number-preserving. Our goal is to prove the

bound .
X[, < 7170 ] ] (H H}aXHB:c,ylln_l H%aX\ICx,zlln_1> : (173)
x=1 Yy ¢ z *

We will prove this bound using Lemma 1, Lemma 2, and Lemma 3 in a similar way as in
Proposition 7. Specifically, we write X =) i A;[q D;,, where

Z H Tja ke H Oy 41,z ° H (H Bey H%) Ay - (174)

]17 o L= 1 z=1
Jq 1,k

Then,
Ty — T . At . )
XX = Z qul qu Jq2 Z DJql Jay — Z D ]qg DJ‘JQ ' (175)

Jay+Jao Ja Ja1-Jas

Applying the operator Cauchy-Schwarz inequality (Lemma 1), we obtain

XTX§ZD}q1qu1 + Y Df quZAJQQD]ql ZDT i NV (176)

Jay JaisJas Jay

Next, we write D;, = Hy By FEj,, where

= > H ok H Okair o * Hoqz H <H Bay Hox,z> Ap,. (177)
Yy z

]17 . x=1 =1
Jq 1,k

Invoking the Holder-type inequality for expectation (Lemma 3), we get

X1, = /IX1X, < oV \/H D!, ;[ <n" \/HZ
Ja

Jay
We now write E; = qu TjgkqFhys Where

Fy, = Z H Tjoka H Okyir o * HC7 H (H vayHCW) Ay, . (179)
y z

J1,- ,]q 1, =1

Hmax 1Bayll,_y - (178)

Kiyeokig_1
Then,
T - E E = ) T
Zqul EJ(H - ' TJQ17kQI qu17k‘12 qul qu2' (180)
Jay kqy skqq Jay

We perform diagonalization using Lemma 2, obtaining

il T
qu Jq1 < H HZF% kqy (181)

Jql

Next, we write Iy, =[], Cy .Gy, , where

Gr,= Y, H Tja ke H Ohpir o H <H Bay HCr Z> Ap, . (182)

Jlsensdg—1, =1 z=1 Y
k1,..kg—1
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Invoking again the Hélder-type inequality for expectation (Lemma 3), we get
1X1l, < li7ll 2 \/Hzakql o], TTmaoc 1Bl T mas 1€l
Yy q 2 q

Note that we can write G, =3, | Ok, j,_, Hj,_, with

qu—l = Z H Tje ke H 6k1+1 Ja H (H B, Y H Cy z) Akla (184)

J1yesdq—2, T=1 =1
klv 7kq 1

L (183)

which implies

ZGLquq Z I Hi - (185)
kq

.]ql

We can now iterate this procedure g times to get

q
H H max || By y
n z Y Jx

=1

11, < Ir1n? |37 4L, A,
k1

n—1 ];[ Hkix ||CI,Z ”77—1>

) (186)
=|Ir|*n ]| (H max | By, | [ max HCz,an_1> :
r=1 Yy Jz z z
This completes the proof of Proposition 8.
C Lower-bounding ||[T,...[T,V]]|,
In this appendix, we prove Proposition 12 that lower-bounds the fermionic seminorm ||, ... [T\, V]]||,,
for the electronic Hamiltonian (125). After the fermionic Fourier transform (126), we have
T = FFFT! - T - FFFT = n]\,,
n_q n_q
~ 1 3 2rmiu(k—j) & 2miv(m—1) (187)
_ T — =" _—— T i
V =FFFT! -V - FFFT = — D e e ATALA Ay,
7k, lm \ u=0 v=0
which gives the commutator
~ =~ 1 1
7.7] = o okt AYARAl A — S Tioum A Ao A] Ay,
l;,l,m J,ll,m (188)
+ = > Tirom Al A AT A, — - > T Al ALA] Ag
j7k7m j7k7l

with

]

o
) 2miu(k—j) 2miv(m—1)
Tjklm ‘= Z & n Z e n . (189)
u=0 v=0

We will choose the initial state from the two-dimensional subspace spanned by

-1 -1
- A _ T
o) =1010---01---1),  |¢h1) = [100---0T---1). (190)
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Denoting the projection to this subspace as I = \%)iﬁ(ﬂ —t]{/;ﬁ <1Zl|, we have that II commutes with
T = nNy, which means II[T, ... [T, V]]Il = [T,...II[T, V]I]. We simplify the effective commutator

II[T, V]II based on the following observations:

1. AgAkA}LAm: This will always nullify [o) from left. For (JﬂAgAkA}LAthl) to be nonzero,
we must let one of {k, m} be 0, while the other is equal to [. For <1/J1‘A(J5AkAerm’1/Jo> to be
nonzero, we must let one of {k, m} be 1, while the other is equal to [.

2. A;AOAITAm: For <J0\A}A0A;Am\1zo> to be nonzero, we must let [ = 0 and j = m. For
(1;0|A}A0A;Am|1;1> to be nonzero, we must let one of {j,1} be 1, while the other is equal to m.

For <$1\A;A0A;Am\{/;1> to be nonzero, we must let j = 0 and [ = m. For <1Z1|A;A0A;Am|{bvo>
to be nonzero, we must let 7 =0, =0 and m = 1.

3. A;[AkAg;Am: For <J0|A}AkA8Am|1ZO) to be nonzero, we must let £k = 0 and j = m. For
(1 |A}AkA$Am]1;0> to be nonzero, we must let one of {k, m} be 1, while the other is equal to j.

For (JﬂA}AkAI]Am\{/;l} to be nonzero, we must let m = 0 and j = k. For <@Z0|A;A;€A$Am|1z1>
to be nonzero, we must let m =0, k=0 and j = 1.

4. A;AkA;'AO: This will always nullify |1,Z0> from right. For (@ZﬂA}AkA}LAOMl) to be nonzero,

we must let one of {j,l} be 0, while the other is equal to k. For (1;0|A}AkAZrA0|1Z1) to be
nonzero, we must let one of {j,1} be 1, while the other is equal to k.

After removing double-counting and canceling redundant terms, we obtain
1
= W + =Y mu Al AL AT A Zm AT AT Ay + — ZTOWA AL AL A,
I
W— —To111 A5 A AT A,
1
W— — 27'101114 AoA A —— ZTJOIJA AgAlA W— 570001142)140143141
i
1
W+n71011A1A0A1A1

0

w+ ZTJJ(HA A;AL AL + — ZTJNJA A Al AM+ ~T1000A] A0 Af Ag
1 ;
— — T 0 OA()AO _ETHOlAlAleAl

0

1

W— ZTjjloA A;AT AOWA/O_ *Zﬁkkoz‘l ApAl Ag
1 1

W—F ;T1110A1A1A1A0.

We merge the remaining twelve terms into four groups:

(191)
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1. The first group contains terms

1 1 1 1
E Z TOlllA(T)AlA;rAl - E ETlOllAJ{AoA;Al + ﬁ ZTjjOIA;[AjA;[)Al - E Z TjjloA}AjAJ{AO
l l J J

51 51
=N | eS| Al - N[ e T ) Al
u=0 u=0

(192)
We will see that this is the dominant contribution to the effective commutator that is at least
Q (nn).

2. The second group contains terms

1 1 1 1
- 570111148141141141 - 570001143140148141 + ﬁTloooAIAoA(T)Ao + ETIHOAJ{AlAJ{AO

%71 2mi %71 2miu (193)
— e | ALAL + Z e~ n | AlA,.
u=0 u=0
These terms have asymptotic scaling O (n) and thus do not dominate the result.
3. The third group contains terms
1 1
- > Torr A AL AL AT — - > Tieko AJ Ap AL A
k k
1 1
_= T - Toat
-—nTMML4m41+112:7UMﬂAkAkA0A1
k
1 1
— —m0Al4g - = AL AT AT A
5, 71104140 n%ﬁkko kARA1 Ao (194)
2170001ATA1 +1 > roek1 AYAL — L > row AL ARAf Ay
n 0 n 0 n k 0
k k
1 1 1 +
- 571110141140 - Zk: lekOAJ{AO + - Zk: lekOAZ;AkAlAOa
where
1 1 [ p [
27miu _ 2miu
*7‘0001143141 — *7‘1110141140 = 5 e n A(T)Al — 5 Z (& n AIA() =0 (n) N
n n u=0 u=0
(195)
and
L > rork AfAr — L > rieko Al Ag
n 0 n !
k k
n_q n_q n_q n_q
1 2 2miuk 2 2miv(l—k) 1 1 2 2miu(k—1) 2 _ 2mivk .i_
:n e n (& n AOAl — EZ ZC n ZC n A]_AO
k u=0 v=0 k u=0 v=0
21 2 .
= et | AfA - e | Aldg = 0 (n),
u=0 u=0
(196)
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We rewrite the remaining terms as

1 1
- Z Tork1 AL ARAf A1 + - g ko AL AR AT Ag

n n_q n_q 51

2xink . 2riv(1—k) i i 1 T 2miu(k—1) Czmivk | ;
:_72 Z Yot | AAA A+ ST e e o | Al ApAlA,.
u=0 v=0 k u=0 v=0
(197)
4. The fourth group contains terms
! At AgATA; + Al A AT A
—;ZTJ'OU jA04, j+;ZTj10J’ ;A1 404,
L f 1 T] i 1 i 1 t A AT (198)
= — 57—1011‘41‘40 + E Z Tj()lejAjAlAO -+ 570100140141 - E Z leOjAjAjA(]Al-
J J
Similar to the previous case, we have
1 f 1 f
- ETlollAlAO + ETmovoAl =0 (n), (199)
whereas the remaining terms can be rewritten as
1 1
ﬁ Z TjouA;AjAJ{AO — E Z leOjA;r‘AjAgL)Al
J J
o 21 1 51 51
27-rzu] 2miv(j—1) 2miu(l—yj) 2mivg
=*Z Z S Al alag - 3T T (D e | Al
=0 v=0 J u=0 v=0
(200)
To summarize, the effective commutator Il [f , XN/} II has action
Il [T 17} Il
-1 n_q ,
—N e AfA - N[ Y e | A4
u=0
21 21 5 21 21
4 27r'Luk 27r1',v£11—k) + + 4 21riuilk—l) _271—51;)@- 1 T
PSS ) (S alaaia s 20 () (S ) alaaia
u=0 v=0 k u=0 v=0
(201)
We now take the expectation of this operator with respect to the state
n—1 n—1
|010---01---1) +[100---01---1)
. 202
) = 7 (202)
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We have

51 3
~ 2miu _ 2miu -~
(Wl [ N e | AlA =N [ DT e | AlAg | [4y)
u=0 =
~ 2 2 ~ (203)
=n{y| (mATAl — A AO) [1by) + O (n)
1 — €en 1 — € n
= — 21| (AhAr+ Al Ao ) [iy) + O (n+m) = =T+ O (n+1).
On the other hand,
21 1 51 51
” 27”uk 2mév(1—k) 2miu(k—1) _ 2mivk ~
Wyl [ == Z S Al A AL AL + - YD e e | Al ARATAg | [dn)
u=0 v=0 k u=0 v=0
_ n—1 _ mik 1 _ ,wi(1—k) n—1 _ mi(k—=1) 1 _ —mik _
1 1—e 1—e 1 1—e 1—e
:w)ﬁ‘ n Z 2mik 2mi(1—k) AZ)Al + n Z 2mi(k—1) Zzik ATAO ‘1/}77> +0(n)=0(n),
k:n—n+11_e n 1l—e n k:n—n—l—ll_e n 1—e"
(204)
where the last equality holds since for integer k exactly one of k and k — 1 is even. We have thus
proved
~ T 1, ~ n
Wl [T,V 1) = =21 + O (n+1m). (205)

The above argument can be extended to analyze multilayer nested commutators. Indeed, for
initial state

—1 —1
1010---01 - 1) +[100 0177 1)
. Z ... ...
: 206
|én) = 7 (206)
we have )
~ ~ ~ o~ ~ n ~ ~
(Ol | T | T2 V|| 160) = ==l (4541 = AlA0) 16 + O (n? + 1)
T (207)
n’n 2
=—+0(n"+ny),
and similar results hold for general nested commutators [T',... [T, V]]. This completes the proof of
Proposition 12.
D Lower-bounding |[V,...[V,T]]||,
In this appendix, we prove Proposition 13 that lower-bounds the fermionic seminorm |[[V, ... [V, T]][|,
for the electronic Hamiltonian (125). Recall that we have H =T + V with
n—1 *_1
T=>" Al4, V= Z N, N,, (208)

7,k=0 u,v=0
which implies the commutator
V= Y Nu< DY )A;AH( Y >A;.Ak YN

0<u<®-1 0<j<Z-1  2<j<n—1 " 0<v<Z-1
2<k<n—1 0<k<Z-1 2<k<n—1 0<k<Z-—

(209)
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We will choose the initial state from the two-dimensional subspace spanned by

3 5
e N——
|¢0>:|01---110---010---0>, yw1>:|11---110---000~--0>. (210)
n— n—

Denoting the projection to this subspace as II = |tg) (10| + [11)(¥1], we have that II commutes
with Zogugg—l N,. Meanwhile,

n( 5 - 3 JAmn=ads - s a1

0<j<2-1  2<j<n-1
2<k<n-1 0<k<Z-1

This shows that the effective commutator II[V, T]II has the action
— | T T T
mv, = 3 N (Afdy - Ahag) + (afay —Aba) > N (212)
0<u<?2-1 0<w<2 -1

We now take the expectation of this operator with respect to the state

5 3
T N—
01---10---010---0) +4[11---10---000---0)
—1 —1
|ty) = — Z : (213)

V2

which gives

Wl V. Tlle) = Wl | 30 Nu(AhAy — Al do) + (afay - abag) > N | |
0<u<Z-1 0<v<Z—1
= 2n(uy| (AfAy — Al o) [¢) + O (1) = —2i + O (1).
(214)
This proves the desired scaling for the single-layer commutator. This argument can be extended to
analyze multilayer nested commutators. Indeed, for initial state

01---10---010---0)4+[11---10---000---0)

e e

‘d)n) = Z \/i ! 9 (215)
we have
2
(GallV V. THon) = (0al | - Ny | (AfAg + AL 40) loy)
1<p<n
20 | SN, (A(T)A% +A%A0> SN | 160 216)

1<p<n 1<g<n
2

+ (@l (ahag + AL o) [ D0 Ny | )

1<q<n
=47’ +0(n),
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and similar results hold for general nested commutators [V,...[V,T]]. This completes the proof of
Proposition 13.
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