
SPARSE RECOVERY OF ACOUSTIC WAVES

Mohamed Mansour

Amazon Inc., USA

ABSTRACT

We present a general model for acoustic wave decomposition (AWD)
on a rigid surface for a general microphone array configuration. The
decomposition is modeled as a sparse recovery optimization problem
that is independent of the shape of the rigid surface or the micro-
phone array geometry. We describe an efficient algorithm for solv-
ing the optimization problem for broadband signals, and establish its
effectiveness in practical systems.

Index Terms— Sparse Recovery, Elastic Nets, Acoustics Mod-
eling, Plane Wave Decomposition.

1. INTRODUCTION

The mapping of microphone array observations to their constituent
spatial components over the entire voiceband frequency is the main
theme of microphone array processing. A canonical transform will
ideally map the microphone array observations to components in the
spatial domain in a way that resembles the Fourier transform map-
ping to frequency domain. Moreover, the canonical transform is
required to be computationally tractable and invertible for sound-
field synthesis applications. This canonical transform is difficult in
practice as it requires a large number of microphones usually with
a special geometry of the microphone array and the mounting sur-
face [1, 2]. This work is focused on designing this invertible trans-
form over voiceband frequency range for a microphone array with
the most general configuration: arbitrary number of microphones,
arbitrary microphone array geometry, and arbitrary form factor of
the mounting surface.

A common approximation to the target canonical transform is
through beamforming [3], where a set of beamformers are designed
to cover the entire three-dimensional space. Though practically vi-
able, this representation does not form a proper basis for the decom-
position, hence, the transform is not invertible. Moreover, leakage
from adjacent directions is unavoidable especially at low frequen-
cies. The other common decomposition approach is to express the
observed sound field in terms of a basis that constitutes a general
solution to the acoustic wave equation [1]. For example, spheri-
cal and cylindrical harmonics were utilized to represent the sound
field for spherical and cylindrical microphone arrays [4–6]. How-
ever, this representation is limited to a specific microphone array
geometry and does not generalize to arbitrary microphone arrays,
and it requires in general a large microphone array size for practical
use cases. The plane-wave decomposition is another common ap-
proach for modeling the wave-field, and it has been used in seismic
applications [7–10]. It is referred to as Radon transform [11], τ -p
transform [12], or slant stacking [13]. It has also been investigated
for microphone array processing for spherical and cylindrical mi-
crophone arrays [4], and for arbitrary shape microphone array [14].
In this context, spherical harmonics have been used as a proxy for
plane-wave decomposition of the sound-field in microphone arrays.

Another relevant body of work is in the context of sound-field repro-
duction, e.g., [15–17] where sparse plane-wave representation was
used to approximate the sound field. For example, compressed sens-
ing techniques were used with free-field plane waves in [17] to rep-
resent the sound field with a relatively large number of discrete mi-
crophones. The formulation is restricted to narrowband processing,
where each frequency is solved independently.

In this work, a general formulation of the plane-wave decom-
position, that does not require computing spherical harmonics, is
developed. It extends sparse plane-wave representation to broad-
band signals (up to 8 kHz) and to microphones mounted on a rigid
surface. The formulation works with arbitrary microphone array ge-
ometry and arbitrary form-factor of the mounting surface. It accom-
modates the scattering due to the device surface through the acoustic
dictionary, which captures the total acoustic pressure on the surface
due to free-field incident plane waves. With this formulation, the
acoustic wave decomposition problem is reduced to a multidimen-
sional elastic net optimization problem over the frequency range of
interest; whose solution is sparse. For this optimization problem, we
introduce a novel solver that leverages the physics of acoustic wave
propagation to significantly reduce the complexity through a multi-
stage procedure that prunes the spatial search space prior to running
the solver on the entire frequency range of interest. The computa-
tional and memory complexity of the solver is relatively small and
it is suited for embedded implementation. The effectiveness of the
proposed procedure is established through evaluation of typical mi-
crophone arrays in smart speaker systems.

The following notation is used throughout the paper: bold small
letters denote vectors, non-bold letters denote scalars, bold capital
letter denote matrices. If Λ is a set, then |Λ| denotes its cardinality.

2. FOUNDATIONS

2.1. Free Field Model

The propagation of acoustic waves in nature is governed by the
acoustic wave equation, whose representation in the frequency do-
main (a.k.a. Helmholtz equation), in the absence of sound sources,
is described as [2, 18]:

∇2p+ k2p = 0 (1)

where p(ω) is the acoustic pressure at frequency ω, and k is the wave
number. Acoustic plane waves are eigenfunctions of the Helmholtz
equation, and they constitute a powerful tool for analyzing the wave
equation [19]. Further, an acoustic plane wave is a good approxi-
mation of the wave-field emanating from a far-field point source [1].
The acoustic pressure of a plane-wave with vector wave number k is
defined at a point r = (x, y, z) in the three dimensional space as:

ψ(k) , p0e
−jkT r (2)



where k is the three-dimensional wavenumber vector. For free-field
propagation, k has the form

k(ω, θ, φ) =
ω

c

 cos(φ) sin(θ)
sin(φ) sin(θ)

cos(θ)

 (3)

where c is the speed of sound, θ and φ are respectively the eleva-
tion and azimuth of the vector normal to the plane wave propaga-
tion. Note that, k in (1) is ‖k‖. A local solution to the homogenous
Helmholtz equation can be approximated by a linear superposition
of plane waves [9, 19]:

p(ω) =
∑
l∈Λ

αl ψ (kl(ω, θl, φl)) (4)

where Λ is a set of indices that defines the directions of plane waves
{θl, φl}, each ψ(k) is a plane wave as in (2) with k is as in (3),
and {αl} are complex scaling factors that are computed to satisfy
the boundary conditions [19]. Even though the expansion in (4) is
derived using pure mathematical tools, it has an insightful physical
interpretation, where the acoustic pressure at a point is represented
as a superposition of acoustic pressures due to far-field point sources.

2.2. Rigid Surface Generalization

When an incident plane wave, ψ(k), impinges on a rigid surface,
scattering takes effect on the surface. The total acoustic pressure
at a set of points on the surface, η(k), is the superposition of in-
cident acoustic pressure (i.e., free-field plane wave) and scattered
acoustic pressure [2]. The total acoustic pressure, η(k), can be ei-
ther measured in anechoic room or simulated by numerically solv-
ing the Helmholtz equation with background acoustic plane wave
ψ(k) [20]. If two incident plane waves, ψ(k1) and ψ(k2), impinge
on the surface, then from the linearity of the wave equation, the re-
sulting total acoustic pressure is η(k1) + η(k2). Hence, if a device
with rigid surface is placed at a point whose free-field sound field is
expressed as in (4), then the resulting acoustic pressure on the device
surface becomes

p(ω) =
∑
l∈Λ

αl η (kl(ω, θl, φl)) (5)

where the free-field acoustic plane waves, {ψ(kl)} in (4) are re-
placed by their fingerprints on the rigid surface {η(kl)}; while
preserving the angle directions {(θl, φl)} and the corresponding
weights {αl}. This preservation of incident directions on a rigid
surface is a key idea that enables this work. It should be mentioned
that in (5), secondary reflections, where scatterings from the surface
hit other surrounding surfaces and come back to the surface, are
ignored. This is a reasonable assumption when the insertion of the
device does not significantly alter the sound-field in the room, as
for example when the device dimensions are much smaller than the
room dimensions. A similar formulation to (5) was described in [14]
by using measured/simulated HRTF response, and it was used as an
intermediate step for modeling through spherical harmonics. This is
not needed for our formulation as the representation in (5) is utilized
directly in our analysis.

Note that, the acoustic pressure p(ω) in (5) could be represented
by free-field plane waves, {ψ(k)}, where the scattered field is mod-
eled by free-field plane waves (which are the eigenfunctions of the
Helmholtz equation). However, that would distort the insightful rep-
resentation in (5) as the constituent components will be merely a
mathematical representation. Further, the entries of the acoustic dic-
tionaries have both magnitude and phase information, which allevi-
ates the spatial aliasing issues at high frequency.

2.3. Acoustic Dictionary

To enable the generalized representation in (5), the fingerprint, η(k),
of each acoustic plane wave, ψ(k), is computed at relevant points on
the device surface, e.g., at the microphone array. We refer to the
ensemble of all fingerprints of free-field plane waves as the acous-
tic dictionary of the device. Each entry of the device dictionary can
be either measured in anechoic room with single-frequency far-field
sources, or computed numerically by solving the Helmholtz equation
on the device surface with background plane-wave using the device
CAD model [20]. Both methods yield same result, but the numer-
ical method has much lower cost and it is less error-prone because
it does not require human labor. For the numerical method, each
entry in the device dictionary is computed by solving the Helmholtz
equation, using Finite Element Method (FEM) or Boundary Element
Method (BEM) techniques, for the total field at the microphones
with a given background plane wave, ψ(k). The device CAD is
used to specify the boundary in the simulation, and it is modeled as
sound hard boundary. To have a true background plane-wave, the
external boundary should be open and non-reflecting. In the sim-
ulation, the device is enclosed by a closed boundary, e.g., a cylin-
der or a spherical surface. To mimic open-ended boundary we use
Perfectly Matched Layer (PML), which defines a special absorbing
domain that eliminates reflection and refractions in the internal do-
main that encloses the device [21]. Standard packages for solving
partial differential equations, e.g., [22] are used, and the simulation
is rigorously validated with measured acoustic pressure on different
form-factors. The acoustic dictionary has the form

D , {η(kl, ω) : ∀ ω, l} (6)

where each entry in the dictionary is a vector whose size equals the
microphone array size, and each element in the vector is the total
acoustic pressure at one microphone in the microphone array when
a plane wave with k(ω, θl, φl) hits the device. The dictionary also
covers all frequencies of interest typically up to 8 kHz. The dic-
tionary discretizes the azimuth and elevation angles in the three-
dimensional space with angle resolution is typically less than 10◦.
Therefore, |D| ∼ 800 entries; which is the same order as the dis-
cretization in [17] for free-field plane waves.

2.4. Model Validation

The acoustic dictionary model was rigorously validated in [20],
where the matching between simulated and analytical acoustic pres-
sure for different form factors were presented. In the following
experiment, the plane wave decomposition model with rigid sur-
face in (5) is validated using a spherical microphone array with 32
microphones [23]. In Fig. 1, we show the reconstruction error of
the acoustic pressure at the microphone array with two different
source signals, white noise and multiple harmonics. The expansion
is computed using the orthogonal matching pursuit method [24], and
the reconstruction error (a.k.a, Goodness of Approximation, GoA)
is defined as:

GoA ,

∫
ω
‖y(ω)−

∑
l∈Λ αl(ω) η(kl, ω)‖2∫

ω
‖y(ω)‖2

(7)

where y(ω) is the observed sound-field at the microphone array. As
noted from the figure, a small number of plane waves (∼ 20) is suf-
ficient for sound field approximation with reconstruction error less
than −20 dB; which is sufficient for many practical applications.
Note that, there is no overfitting in this case because the number of
observations at each frequency is 32 which is larger than the number
of nonzero elements in the output vector.



Fig. 1: Reconstruction error of the acoustic pressure at a spherical
microphone array versus the number of acoustic plane waves in gen-
eralized acoustic wave decomposition in (5)

3. OPTIMIZATION PROBLEM

3.1. Optimization Model

The objective of the decomposition algorithm is to find the best
representation of the observed sound field at the microphone array,
{y(ω)}, using the device dictionary D in (6). A least-square formu-
lation is the intuitive choice, where the objective is to minimize:

J(α) =

∫
ω

ρ(ω) ‖y(ω)−
∑
l∈Λ

αl(ω)ηl(ω)‖22 + g(ω,α) (8)

where g(.) is a regularization function, and ρ(.) is a weighting func-
tion. An equivalent matrix form is:

J(α) =

∫
ω

ρ(ω) ‖y(ω)−A(ω) . α(ω)‖22 + g(ω,α) (9)

where the columns of A(ω) are the individual entries of the acoustic
dictionary at frequency ω, i.e., {ηl(ω)}. Note that, Λ in (8) refers to
the nonzero indices of the dictionary entries; which represent direc-
tions in the three-dimensional space, and it is independent of ω. This
independence stems from the fact that when a sound source emits
a broadband frequency content, it is reflected by the same bound-
aries in its propagation path to the receiver . Therefore, all frequen-
cies have components from the same directions but with different
strengths (due to the variability of reflection index with frequency),
which is manifested in the components {αl(ω)} [25]. Each compo-
nent is a function of the source signal, the overall length of the acous-
tic path of its direction, and the reflectivity of the surfaces across its
path. This independence between Λ and ω is a key property in char-
acterizing the optimization problem in (9).

The typical size of an acoustic dictionary is∼ 103 entries, which
corresponds to an azimuth resolution of 5◦, and an elevation resolu-
tion of 10◦. In a typical indoor environment, ∼ 20 acoustic plane
waves are sufficient for a good approximation of (5) as shown in
Fig. 1. Moreover, the variability in the acoustic path of the differ-
ent acoustic waves at each frequency further reduces the effective
number of acoustic waves at individual frequencies. Hence, the op-
timization problem in (9) is a sparse recovery problem and proper
regularization is needed to stimulate a sparse α. This requires L1-
regularization as in standard LASSO optimization [26] that is en-
countered in numerous sparse recovery problems in statistics and
signal processing. To improve the perceptual quality of the recon-
structed audio, L2-regularization is added, and the regularization

function g(α) has the general form of elastic net regularization [27]:

g(ω,α) = λ1(ω)
∑
l

|αl(ω)|+ λ2(ω)
∑
l

‖αl(ω)‖2 (10)

3.2. Solution Strategies

The strategy for solving the elastic net optimization problem in (9)
depends on the size of the microphone array. If the microphone ar-
ray size is big, e.g., ≥ 20, then the observation vector is bigger than
the typical number of nonzero components in α, and the problem is
relatively simple with many efficient solutions in the literature un-
der various conditions [28, 29]. For example, the orthogonal match-
ing pursuit algorithm [24] with only L2-regularization was used to
recover Λ and α in Fig. 1 at individual frequencies. Other exist-
ing algorithms to the sparse recovery problem [28] can be used with
similar performance.

The problem becomes much harder when working with a micro-
phone array in existing consumer electronics products; which typi-
cally has less than 10 microphones [30]. In this case, the optimiza-
tion problem at each ω becomes an underdetermined least-square
problem because the number of observations is less than the expected
number of nonzero elements in the output. For this problem, elastic
net regularization in the form of (10) is necessary. Moreover, the
invariance of directions (i.e., indices of nonzero elements, Λ) with
frequency could be exploited to reduce the search space for a more
a tractable solution, which is computed in two steps. The first step
computes a pruned set of indices, Λ, that contains the nonzero coef-
ficients at all frequencies. This effectively reduces the problem size
from |D| to |Λ|, which is a reduction of about two orders of magni-
tude. The pruned set Λ is computed by a two-dimensional matched
filter followed by a small scale LASSO optimization. The search
procedure to compute Λ is as follows:

1. For each angle (θl, φl) in the device dictionary, compute

Γ(θl, φl) =

∫
ω

σ(ω) ‖〈 y(ω),η(k(ω, θl, φl)) 〉‖2 (11)

The weighting σ(ω) is a function of the SNR of the corre-
sponding time-frequency cell. This metric is computed only
when the target signal is present.

2. Identify local maxima of Γ(θl, φl), and discard the ones in
the neighborhood of stronger maxima (e.g., within 10◦). This
pruning is needed to improve the numerical stability of the
optimization problem.

3. Find a superset Λ̄ with the indices of the strongest surviving
local maxima of Γ(θl, φl), with |Λ̄| ≥ |Λ|.

4. (optional) To further refine Λ̄, run LASSO optimization with
coordinate-descent solver [29], but with entries limited to Λ̄
and choose the indices of the highest energy components in
the output solution as Λ.

This search procedure runs only on a subset of high energy frequency
components rather than the whole spectrum, and it does not need to
run at each time frame. The LASSO optimization in the last step
yields a much higher accuracy at a small complexity cost because a
small number of iterations is sufficient to converge to Λ.

The second step in the solution procedure solves the elastic
net optimization problem in (9) with the pruned set Λ to compute
{αl(ω)}l∈Λ for all ω. In our implementation, the coordinate-descent
procedure [29, 31] is utilized, as it provides significant speedup as
compared to its gradient-descent counterpart. Moreover, it has guar-
anteed convergence for the given elastic net problem [29]. The



regularization parameters, λ1 and λ2 , vary with frequency because
dictionary vectors are more correlated at low frequencies.

4. EVALUATION

In the following experiments, an acoustic dictionary of a circular
microphone array, with 7 microphones mounted atop a cylindrical
rigid surface, is used. The dictionary is computed using acoustic
simulation as described in section 2.3. It has an azimuth resolution
of 5◦, and elevation resolution of 20◦.

The first experiment evaluates the accuracy of computing Λ with
the pruning algorithm outlined in section 3.2. Monte Carlo simu-
lations with speech stimuli are used with 20 random directions to
evaluate the accuracy of the proposed multistage solver algorithm,
as compared to full solver with standard coordinate-descent algo-
rithm. The results are shown in Fig. 2, where the lowest point in the
multistage solver performance corresponds to the performance with-
out the LASSO optimization (i.e., using only the two-dimensional
matched filter). Note that, there is a steep improvement after intro-
ducing the LASSO optimization at the cost of a small extra com-
plexity. Nevertheless, as noted from the figure the complexity of the
multistage solver is about one order of magnitude less than the full
coordinate-descent solver running on the whole dictionary.
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Fig. 2: Accuracy of computing the pruned set Λ with Multistage
Solver and full Coordinate-Descent (CD) Solver

The second experiment evaluates signal-to-distortion ratio
(SDR) [32] of the decomposition algorithm. In each trial, a source
speech is drawn randomly from LibriSpeech dataset [33], and it
undergoes reverberation (using a set of measured room impulse
responses in different room environments) and interference from
coherent noise (i.e., directional source) or incoherent (i.e., sensor)
noise. In Fig. 3, the AWD output is compared with beamformer
decomposition with minimum variance distortionless response
(MVDR) beamformer [3] (which is optimized for coherent noise).
The AWD provides a relatively uniform improvement with the two
noise types. It provides a significant improvement of ∼ 9 dB over
beamformer decomposition for the incoherent noise case, while
slightly worse for the coherent case.

5. CONCLUSION

The problem of mapping microphone array observations to their con-
stituent spatial components is at the intersection of acoustic model-
ing and microphone array processing. There is an existing gap in
integrating acoustic modeling and microphone array processing in
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Fig. 3: Average SDR Improvement for AWD and beamformer (BF)
decomposition with coherent and incoherent noise

practical real-time systems. This gap stems primarily from the im-
balance between theoretical modeling that emphasizes model accu-
racy; and practical processing that emphasizes systems constraints.
A rich relevant literature in acoustic modeling is frequently deemed
inappropriate for practical systems because of the underlying sys-
tem constraints. These constraints include, for example, the number
of microphones, and the geometry of the microphone array and the
mounting device. Moreover, computational, memory, and latency
constraints in practical systems frequently becomes prohibitive for a
modeling methodology.

This work provides a balanced solution that addresses the afore-
mentioned gap for the mapping problem. The two key contributions
of this work are the general formulation of the acoustic wave decom-
position problem and the efficient multistage solver of the resulting
elastic net optimization problem for broadband signals. Both con-
tributions are necessary to enable real-time mapping of microphone
array observations to their constituent spatial components on exist-
ing consumer electronics devices. Although the focus is on acoustic
plane waves, the device dictionary might be extended to spherical
acoustic waves to model near-field sources for increased efficiency.
In addition to performance advantage as outlined in section 4, the
proposed framework has the following merits:

1. It is an invertible map and it accommodates the scattering of
the mounting surface. Therefore, the resolved directions cor-
respond to true directions of the incident acoustic waves.

2. It accommodates any geometry of the microphone array and
mounting surface, and any microphone array size. All these
variations are modeled through the acoustic dictionary, which
is computed using acoustic simulation of the device CAD
model.

3. The proposed multistage solver is scalable with graceful
degradation in the performance versus complexity. It can be
customized to existing resources in the embedded system.
The degrees of freedom include the angle resolution of the
acoustic dictionary, and the number of iterations in the solver.

4. The magnitude information in the acoustic dictionary allevi-
ates spatial aliasing to enable high frequency support.

This work establishes a technical foundation to enable many appli-
cations for microphone array processing; which were not discussed
in this work due to space limitation, and this is a subject of future
work.
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